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AISDACT 



A lar$e corouter prolan h** !»**** devaloped to aid applied 
ciattienatlciana in the tolutlon of probltuu in non-nu«ric«i analyiu* 
whleu Involve tedlou* nanipulACLana of ndUicnatltoL expreffatoo*. 
Tb* otfthena tit Ion u«i typed conrand* and ■ light pan to direct the 
Luvfiuuii In the Application <*f n»t hn*»tie*l trans lomat low; the 
lntornedUte re»uUs are dUplnyvd in tftamUrd coxt-oook foroot *« 
that the cvaccti u*er can iJeclda tha n*xt step in the proMen aolution. 

Three probleva neUcUd tron tha literature have been waived go 
Lllu*tr«te the uk of the *y-tf*r. A detailed analysi* of tha problem* 
ot ioiiot. transformation, and dUfiUy ol natheftatlcal e**ro»nion* l« 
Jl jo presented. 
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AMTRACT Z 

ACrjiCVLBtCHHCOT J 

(Diopter Tiilcn Ate Fnllnued by a Share Description of Their Content*) 

Cfum* i, TjrraooiFcncw s 

The purpose of the thesis 1» stAted la be the 
*d varus mint of the coanputor programing tocltnoluny 
naepssary for A useful syv&allc aethenatlcdl 
lAburAtury, Other reinvent rescArch work 1* Mien 
briefly reviewed for the purpose of eacAbllshing 
the strategy used In planulug Um work. 
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\ 87RP-AY-STEP SOUTTW OF THREE PROBLEMS IN 

WF-HMHUW AMliVSIS 
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Un describe- how Che pro^iATiflng *y-uu I* used. 

The font i»T the typed coisands to the syatcn If 
*pad fled , end e brief description Lb plvcn of each 
i - the Avellnble tmch coat leal treriglortietlcna. Ihc 
stcp-by-atcp solution of three pro-blcna of current 
Interest Is then preeenced to den&natr*tc tiov Che 
s yd ten la actually used. 
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ArfcHtinnAl re*Lure£ are presenccd whiih vmilO 

nAlte die systea described In Chapter II aorc 
i-ocvunfunt far the user. These features are divided 
Into three elASf&s: vechode Tor addle* nev 
nachaiMitical structures* algorithm, and nutatlonst 
nochods for handling error condition* And helping 
che user to understand cite s^stcn; and nothods for 
helping the user with che bookkeeping Involved in 
che solution of his probien. 
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rjcrKowcrioN m nus iumisisc chapttm 
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7it* retaalciac cnaptera Aitalvxr m greater 

d*t*H TMTir OipeCtl Of tUO i^;m nr*»*nted 1TI 

Ciapter IX end Chapter III. 
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A Rtmbvr of areas la tathenatlca enuuld be 
i h A'KhM/m^ in order to enlor&a th* natherottcal 
laboratory* they a fc claaairied according to Ehc 
<1esr*e to vhleh cboy appear to r*o/uirr aev 
heuristic tnetboda. 
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INTfcKKAL aEPHEBEJtTATTOS AST) WilFUlATlON OF 
NnlHEHnllLAL EXPRESS IfM t t t , , , , . 
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The first part of chl» chapter contains a 
daacrlptlon of the opcrattona neceaaary for 
aanlpiilat Inc, rathemitical expreeaione, and nct^ 
proper! lev of the expression* vhich determine 

the flow of program centra, Oporitftma on the 

clcmrntary function* are analyzed and th*n the 
need for additional not*atlon for atrucUirva 
Involving a«tc la dlacusood. The rest of tba 
chapter contain* a detailed description of each 
of the major L1SF cransfortutlon routlnaa used 
in On eyac*n, ThU description would b* good 
preliminary reading for workers planning to 
construct a similar system, 

QiAPrEB VII. a4SH-O30IKC PlWZlOtS Of A COhTLEX VAHnBLE 15* 



A L'omw op+ratlen in the routlnaa dracrihe^ 
In Chapter VI la the comparison of aynhullG 
oAth^mticiit vApr**4alonK. This, operation v«* 
accorqillahed by **hash-eodtog H th* axprvvaions 
uatng Finite field eritnmatic and ih<*n ccxiparloi. 
the r (j » tilting hash code number*, Tho acheoe for 
generating the hath coders is explained In this 
chapter. ThU scheme ls> the noat unurpected 
result of the cheals* 



rAsiK <W QJSTEWTS (continued) 



OWITta VIII* THE LUtGUAGK OF rtATKEHATlCAL EXPRESSION . . . , 

A *yst**i which naUicrottclans will accapt 
nuBt Hhvu a coiwcnleut language* This chapter 
divcue&xH sima possibilities for such e language 
and introduce* cbe discussion of swv&ral 
lan£u*u** found in the following chapter** 
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SVIfTAX AND DISPLAY OT KAIUEKATICAL 7XFRS5SIOH5 

'[lils chapter describes a protean for 
dtsn Laying mi h*o**tlcal expressions In stundarO 
textbook r;itMi[*iH. A conplctc set of «ynux 
rules for this cooplex textbopfc lancuuao Is 
etven. A tabltf driven picture conptler vhlth 
usee thasa syntax rule* Id then described. 



LSUl Draa or H*raeyAncAt i^klssiohs 
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CUATlKli =H* 



The production* of an operator ftaontr, 
vhlch contain* tba *y*toai comands am e aubn*t 
of Its ternlnal strings, are described. A 
pamlng algorithm for tbia ^rutur Is then 
described* 

TWO-OIKKNSIOTAL IfcWl OF WAT RKHAX IGA1 EXPB£$310NS , . 234 

The problem of parsing *> tvo-dlntnsional 
array of character* Into a vncbetutlcal 
expression Is discus*od. two ne-thods of 
convert In* the tvo- diurnal una I arraj Into ■ 
linear serine er* given, Fit«t t sons 
restrictions prupueud 1 t»y Klerer vhlch olv* 
the arm? s linear urder are discussed, Tlwn 
a swthod of reverAlug the Generation procedure 
In tlie previous chapter Is (iven, A raatlunl 
for handling caiitext dependent relationships 
such ss 



In (?) 1* otill ne*«M, 
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the advantaji^B "f aystvn piuaraR* are listed 
anil tbe use and acceptance of the systen p erg rami 
described In the following tvu chapters la 
discussed. 



TAMLg OF 0:_lf-rE^TS (df.Clnucd) 



Xlil* t'W-fr LL£-> LMTT-VUlTJI FOft 1MB OATAfHCM 
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The use of a routine vhich ollov* PDP-ft 
LISP to coentmlcace Trith Project KAC time 
shnrinft Is described * 



L'-L*UTE*\ XIV- 



F3F-b LISP IftTLT-OLTrJT FUR T"rfL tflSFLnTr' 



Hi 



Tin u»c And I19 lenentatioo of a display 
language which has bene enl^e Jr .] In a. terston 
or PDP-b LISP Lb described. This language mkes 
it possible co vrlec LISP functions which 
generate displays and analyec the nations of 
cfie Uuht pen- 

APPEKDIX A. LISTtST- OF "Itt LT5P PROHKAHK 267 

BIBLIOGRAPHY 731 
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Chapter I 



The purpose of this theils in t*» advance ct:e t^TifAitcr ;. : '-i i auaiinv. 

technology rehired (or the real cine volution o: noo- numerical problem 
in applied rathenatice. Generally* the first use of covputers in any 
are* ha* been the nechan I ut loo of the routine parts of taeke In 
essentially the sa»e mnner as tbey ucre loroerly done by hand. Later, 
¥*ictt the coaputer resources ace better understood . the oetbod* of dome 
thpffp tasks arc altered to make better use of the roaster. J. t. k* 
LtcklLder ha* described the "*an-c tauter ayafrloaLa" tfilch vould 

result fron the nose ecooonlcal utilisation of the abilities of nan 
and currently available nachine* in a problem solving situation. **Bon 
will isake approximate and fallible, but leading contrthut ions t aid 
thay will d-fir-H criteria and »*rv» an nvaluatura, judefiui the 
contributions of the equipment and guiding the general Una of rhtnjght. 
In 4dditlon ( nen wilt handle the very low probability tfituaticn* vhan 
audi altuatluna aria*. « M Ui Intonation-processing equtpoetit, fur 
its part, will cenvart li^pothaaes into testable isodels And then test 
the nodels against data." LtcklLder stated further that the *qulpe*Dt 
will alanine*! transform. Interpolate, extrapolate, carry out 
routlalaable clerical operations, and rcnetrher precise values and 
rxacl details* 



Thin degree of nan-natolnc cooparation ha» b**n and will coctinue 

CO W apprcarhed by ataftea. Thia 1* bccouaa It la vary difficult to 
dctcrnitHt the «*ny small featured neccsiaiy to odka workable a syaten 
that differ* greatly froos thoftc currently In ufte t and brcautr 

oathotuulciana will nuc uie a aystcn vhlch l* not clearly n>r* 
cunveutant than their tried and true aids, audi as pencil and paper. 
Turtba-raory . cenalderable research vill bo required to dvirmine ]u«t 
how nuch of naUiwatlt:* tu too tin! table- Or* night oovialoo Tour roU* 
which the coaputer could take, aach requiring increased responsibility' 

The firat step wuld bo tu help the l-athoaatlcian overcoat* 
aireightfrrvard drudgery. Tula I* oftt*n done by programing the alc^U 
iterative operation* needed In straigricfrrvard problem in rmovrical 
iMlyiltt A second poal would be to hfb the nathctmt lcian work in 

ataei t hat he uncerataiuU In principle, but xfaere he doa* noi_ have t|Te 

lg<;:micai facility, ^alitfd fr(^ lona practice and aicnraey.wblah Fr—a 

|,|T1 t »._« ^ H3.3.:. the ^ - ^t I.. it r n. ::f r>7 _. T >Uj » Sl^-Ii * *V H -< 

requited, for cusple. for the approximate solution of different lal 

equal ion* uainji ierii;s expansion tanhriL tpie*i .the rn'Af^n^^R ivaca 

camruct+d for thl» thesi s oocratea at- ih£* \wvw\ . A third goal vould 
b* to help the nathe&atlcion in areas w>hor» he is nnly a bcainncr-- 
where he knpws the naocs and purposes of the atgnrithtttt, but doc* not 
know chair details. The coooutor mat know and apply criteria vhlch 

deternlh* what nathods should bo uat-J on a given exarplc. Soae Current 

research on synbolle incegratlon sec** to be a acap toward aystene of 
this type, teaearch in cmaputer prabtan-salvina. tactic a for tha uaa 

oE CUcd re- tauten a on soertfic taaka would ho uaafoL for ayvtevui at thU 
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level. A rourth *ral would be the construction ot an almost wtflnooflu* 
probUo tolusr; the nacTunt MttlJ Hwlp foruulata the fienerel etretagy ot 
Lli* probleo id lotion. It in at this level that any nroductlya research 
in CL«rMiii thcor eo-pro vin* strategy would be soat applicable to a 

Of course, tn build a warfclns; *y*t-n which represents ■ significant 
advance toward incse ftoela rfQMVTr* it great deal of research In «v»r*l 
eraaa. oftao too ouch for any on- pCBjftMfc. It la difficult to work aucb 
Id advance ol the general level of nroftrsanlng technology without liauloft 
to do a lot of ground work, which only builds tools for the project at 
band. To develop th» sysfeai In this thesis, which rsallre* In the 
laboratory the second of ths above eoali. It vac necessary to set up 
aystca* procrans and a programing lancueKc cnvlrorn*nl for real-tiess 
interaction with large syshuiIIe prvdran*. it require*! u*w tachniques 
for input ami output of utltenai leal expressions. Hatbeitstical 
agression* were raprssvnted as data la the cnoputer» and w* had to 
Investigate algoritlun* neadad to transform then* $p*clflc probleo areas 
where aathctutlclan* could aost benefit fron such a sysien hail to be 
defined. Working In so nany areas, only *one of in* possibilities could 
be esplored end a fixed strategy vtth respect to the trade-otfs between 
prosrsnaer effort, program efficiency and useruln*HK > and the ruubcr of 
new id*aa had to be followed. 

ttie particular ettphasU of the thesis can best be understood through 
a review ni work dewlopeil concurivntly vllii it. A bibliography of the 
work tn the field has been prepared by Saansst » and no actenpt will 

be wade to wtition every paper, in the eectiona ui follow sone r*aasrch 
areas will be llttrv, lh*n tlia different research project* tarried out 
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by other people will be iHacuaocd* croups according to their ate* or 
vaphaai*. In conclusion, the choice of research far iriin tl-.esu will 
he stated. 

To bettet uae the computer a* on aid to the natbenatician, tb»m 
are aeveral line* at rrsrarJ: uhlcb con be pursued t each affording ilia 
pnaaibillty nt doing aoscthiruj new vithout overreaching for currently 
unrealistic levels of overall per romance. 7b**e «r* a* follows: 
X, The provision of conpucer capability for solving p>UUii^ 
problem in nachenatlc*. Special progran* aUght b* urlttan 
for a particular prnbleth The prop roan wojld be ataxia, but 
thu prohlen solution vould be new. 

2* Tt»e dcvelopnni or coi^lvx prt>critnniin& structures and lanpuagv* 
suitable tor s*r* tonpl** nathenatical algorltlu**. 

J, Ihe development ol Input-output technique* to brlni the 
vatheoatlcian closer to the computer. 

A* The discovery of procedure* for B*rlt*nl*Ja( the nor* routine 
thstheaatlcal transfoniacion*, 

li The dcvelopnent ot mtthods for solving problems vblch ore 
feasible, only vith cmrpotcr Usplctientacioa. 

6, The extension of nathcnatical rigor to carcniter procedure* and 
lanftuoc.e* in the context of nathetMtiral procedures* 

Dmr* ie naturally anac difference ot opinion a* to ch* u**tuines* t 
slgnltlcance, end leaalblllty of mMtdi In the different area*, and 
ovvr the past five >ear* sure than tlfMn people end projects have takan 
Ltolr Hard. 
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Several progrons have been written in the LIS? 1*3 language, vhlch 
van tl*v*Lop*tl by tha n.l.T. Artificial Intelligence Grtmp* LISP 1.5 

prorldva both nutiarlcai and Hoc structure data aod ouDroatlc storage 
allocation. In audition, the spec ill cation of algorithm) as rrcuritive 
functions la particularly suitable for nperntinj: on the glgrantarv fmietlpna 
fn analyala, which can be represented as e tree structure «f *ubv»p re as ions. 
To demonstrate the capabilities of LHI\ Hart wrote a ptJfirAT* to fml 

the cleaentary functions Id a Mnplicini farm, lie had to «*fin- » 
canonical order lor expression* representing the rlewntnry functions 
and Ua found that not only vera tone oinpllf lent Jons very bard to protraa, 
but that tha use of an expression dec trained it* "flintiest" f^rn. 
Carrying on this vork, Quaxell and Wooldridic ' at Stanford* also 
Interested In coaplltatad LISP prograns. added new featuraa tti cops vitb 
tin inefficient: lea and abortcoalnjis of Hart's protean, Ihay Intruducud 
user option*. such ■• expansion or product*, and special representation 
for polynomials. They added routine* fur diffrrantUtloa, They bad 
ideas for discovering subexpressions such as sin r. * eo« x and mthods 
to avoid stxpliiyinjt identical suba-xpreratana mors- than one*, but tnoy 
«ult writing and the proftran van nut lav>roo«d further, probably because 
cacli change required nany snail rvvisians, A now alnpHfleaclon proxran 
uis vrltten by Korevuld, Re reduced the anount of fixed pragran 

atruciurw and laplaaonted a vay tor adding simplification rule* In th* 
lorn of patterns containing a free varlxM*. M* bad a rwtUuu-J 
strategy fur applying the ml», out tha natchlng ct the rule to the 
data t*nly cuv*n*d instil- r-**iuu At the sane tin*?, Fcnichcl at 

Harvard roLognltod the importance of an explicit body of ivlaa; thU 
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body of hlaaVJ ubuU provide pro e r*re flexibility. To contract to the 
othera, Pvotchel enpheaUed th* fom-l power and inuumi of hia 
prcgraa ln*ci>-«d uf ahawing how hi* Joqilenentatlon vu An efficient 
n*del Tor the data and algorithm, I'r caphaalied th« in*a of coagulation 
uj Local tranaforootloa*. 

Thar* are two iwt* euapUfa of roxplcx pre&iauu tor ntbeoatlcal 
exprvufiltm trans function, Mill* Hart we* writing th- rtrat ot the 
program for algebraic aiapliricaUoii. SUc,le ( 7 * wrote a nroitran which 
solved irethnan calrolus integration praMm*. Although ftUjle 
priuarily waatad to show how tteurlatica and a JudUiou* choice of 
eubprobleoa could be used to aolvo ™/ktij»|m» tn an area lot which a 
central algorithm was cot known, In* aleo bad to find propertie* or 
nathoaiat leal expression* which would be uaeful In selecting a trial 
trans Joruiii Ion. Ttiu» t be wrotw a ruojpUcated routine for natchlng 
nathei*atfc*i exprcaatona agaln»t ■ pattern* SU«l#'s program 
deronetrat*d * working atheea Tor the beurtatlc ealectlon of subxoela 
and provided food for theugtn about executive ctmctureH, but it 
mated jmw people to think that few integration problems could be 
solved aluoritrmically. latently N*mv haa IntrejAad the raw of 
Manic* whlrh can be integrated with alsoritha**, Naaa* fBJ haa 
contlmird the wort on pattern oatcnlng routine*. 

Concurrent with thii work wan the- work or thane woe ton* a skeptical 
view of tlw p°e*fblltty of treating conpiex program wbUh were efficient 
•noaah for irawdtatu use. The al?ak evil*** 9 , developed at &*1| 
Telephone Uboratortca, la a polyoanial Banipulatlon package which has 
been used to solve problem Cor th* rwsearch worker* than. It La au 



u 



mcb wore efficient than the eyiten* above, that It provide* a definite 
Incentive to prtfuuc* opcioun coding Cor coonon chfl«» of prublena. In 
Addition, it pruvide* iwtbnuiKunt with a uaetul foclllty, but It t* 
Halted to prohUna which can be aa-lv+d by polynomial wnnipulaUon* An 
euelteot pnlyn^inl uanlpuldtlon pacfc*B° luu Jlw been developed by 
Collin/ 101 at I.H-H- Ift ht» paper. >«* ftlvc* « fi^d dl»r»e*|on at the 
relative efficiency of different eyetenj. The n»WC Uuguagc . aieo 

lUnlPpli at Uft»M.. l« intended tor the efficient eolation of problem 
reouirins nltebiaic unLpulatioiu FfflQUC program* ere etullar to 
rOBTRAS program* and require fUeleneata which are m»r* fonlllar to 
pro^ramer* then to imttienaucmtut, eueh A* the declaration of systolic 
variable* and th* direction of input -output, The iancuase I* not as 
flexible d-t the- LTJtP lyftOM, but It 14 raster* Another language is 

FCHOCU AWOL , Vhlcb l* being developed at Canwil* Tech. It l# d 

version of AL&OL which contain* lUt etiucturc and watheeutleal 
upreeeion data typ** *orf * huilt-in pattern natchlne, facility* It 
contain* ramrou* dealgQ decision*, *ucb *• the n*e of an addition 
operator with only two arguwent*, wMch aecm controverelat- 

Darlng tbl* tana period, better aan-nachlne cunvuntcatton was 
developed Ln certain a/stcns for real-time Lntcrnctiou wltb programi 
tor numeric o I nnalyui*. One of the fitet prosran* we* cha JOSS syeten, 
developed et EAHD in 1M1. <13> Tne fact dial it *« lwplenented on a 
■mall rachlnc United Its capability to * topic calculation*, but it 
etand* as an exnnpl* of the attention to detail* of "Iwwan enjUneerin*" 
which itakea a ayatcei pleaeaut to ute. mil*/ dawrnatrnted tba rcol- 
tine eolutlon of nuprricet problem* by nethode which could not be uecd 
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Ln ii cloved shop computer facility, since they required fr^n-m nen- 
aachln* impure iw. Luller Introduced the graphical display of 1?7 

point* epproxlrot tag * function CO bo £ransfoiw*d nuort ic*l ly. He 

Pitrnpipd to use special keys oft a user cent* o Is co alnpllfv the Input 
of expression* end connends. The prtoaiivo* or Culler's ayst«n are 
wery rJenm-tarv; the ucer nasi first cooblnc th**« operations Into 
progrnnt *hJch perform the tranatornatlon ho needs* 

OthIIdo numerical analvnls Is alau p^rforwd try MAP , vhlch 
operates at Project MAC. MAP contain* ertor«ch*i:kln| ard roonent* to 
t^iide the wer aa he leerns. It also snt*bl leliea * *t of conventions 
for the addition of new subroutines, no Muii thsy can be used 
conveniently* KATOLAB U the flr*t wurklng program for on-line 

non-nuoccrtcal analysis* It is being U*v*lup#d al the HITAE Corporation 
vith computer support from Project HAC* The Inlllal version contained 
the RueteU-Vooldrldge sLnpliricntlon pio D rem* In addition to the 
routines for expression expansion and dlf ferentletioni there were 
routines for factoring *nd Integration. Ihere at* many differences, but 
vith the exception of the factoring and integration routines, the initial 
version of KATHLAd uss e^seotUlly m tobayatami of the system described 
here* 

There bss been only a little work on the nathetsatlcs associated 
vith algebraic symbol uenlpulat ion. Several programs have bean wrtttia 
to e^canplinh a specific task which roqulrae nathenaticat nenlpulation t 
but th«sa are rather oinplc fro* o progr amain ft point of view, and there 
have not bean enough of then to change the applied nsthenetlelan'e 
concept of the rcaoutcw* available to him. Therefore, they have not 
reaulted in iw '■- nev tuLhcutlca* 
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To throve iho efficiency of hit polynonlal o*nlpuUt Ion package. 
Col lint ditvclofiei! * nev greateac cmnflc dlvlaer algv-rLthfi far polynonlele 

-ft- lnta£»r eon ff i*:i(jnt* . Hoeut ha* Invett l Bated alaruitfrrt for solving 

nys(i*n*i of ptflynonlal aquation* *nd for lntetration* Manovr hat 

mrrhanlxed the Integration at rational tuoetioat, employing e prognm Tot 
i b-i* factor lent Ion -'J polynomlale Lo te*eral varleblee over the integer* 
vrltten by nlooaT *■ Enpelnaa la Fxpandlnu hie MATHLAB through 

the IncltM lot) of eheeo routine* ea veil it othert that hev* b*»n written 
for the tt en l pu 1 * i li"ii of rutricea, direct and Invert* Laplaea transform*, 
the tolution Of equatlona* and the typewriter dleplay end editing or 
tnathenat Icnl expre*Hlune* An interesting theoretical reevlt vav obtained 
by Richardson* . tf».' recently proved that the citation* of whether (i) 
an aleventary function la identically aero or (II) It (.ntegrjble In 
closed font, are recursively untolvable. 

n.v nntiiatutlcii laboratory dsccilbed In M1J1 thesis is vary 
conplrK end explores a number of ocv ideas about haih ending, descriptive 
propertiea of mathematical expressions i end systen orjtanlmi Ion- An 
elimination la rwde of the typos of progreatiing structures needed In 
non-Domer icel analysis. S<w»e very conpltcated routines for expression 
anslysis ar*l display ar* explaloed* On the other band, no new 
netbenstlcal algorlUitui are introduced and the proetan* am mqitetnci* 
vltnout Eieibeaatlcel formalist!. At op-po-ttKI to the other couples LlUP 
■patent, the syet«n vje constructed to be InreJietrly oteftil as en eld 
tn applied neiheruiHc-lnns in ins solution of certain problene. As 
apposed in son* of the other problcn eolvlns svate«( It doee not polva 
these probleaie In an economical manner- Instead, attention baa been 
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ccmc.KitreL.-d on providing * rich enough not*tlon f<ir input And (Uppity 
*nd 4 &rvat enough variety cf oethesutlcel creDafonatiooe to ecltl#v* 
batter nan-toftputer ujnfalnsfa during tbo probWa lotalng procedure* A* 
it dtacmetratioa oi thi* nun-nttrMne interaction, v* will prceent "icriptc 
ahoutng the totutlon of aocw nun-lrlvljl probleafl In applied cutbenjtlce. 

Th« current Sardvjr*. cunfliuretlon tor tbe n«i!imc icai laboratory 
i» altotm In Figure 1. 




Tbe ayeteo In quite inefficient, in tern of the attune nf ihe 
lotol computation Uw rehired by the hIov iraneaifftlon of Infernal Ian 
over the datephone, ihe frequent dl»h *cc*soei neceealtecod by the 
null 7094 cote amory, end the fact that nany of the routine* tun 
ipterprettvcly. Theae In*ff.c.eixle» could be eliminated by Introducing 

the enttr* ayatrn Into the PDF**, with the Urge cor* n*onry not* 

evei table. 
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l*e configuration in Flpire I *-i& newl Initially *« It *■* Hi* only 
(icatui then jrvaUeble tor obtaining the nlnbriuu mqulr«trnt» for the 
• yaten: a ilne-ahflrcd oachine vlrh Urge Mrorr connected to * 
£ Up ley vlth fast iifcht pea rea?ortae» Tha u*o ot J peripheral conpurer 
for input h« the disadvantage that the input nUriaU cannot be 
lntreprettd by th» peripheral tnaputer In ttfte* ol the nhole data bait*, 
uhlch la In the nain utMnc Ihi* Unite, the Imnedlatc feedback vliich 
can be uoed to si*p lir y lb* uaer'tt Input tasV- In addition^ the u*e of 
two machine* cwrpllcaina the dar-£o-d*y rnut inn r*qulr«d to develop a 
flym«. The justification for tvo ruchlnev would be thu nor* eeoneoteal 
itfia 1 gnnent of the different types of confutation to be done, or the reed 
tn have the user located at * tcrialnal renote. rnw thv euln nachine. 



A STEP BY STEP SOUTTIOM Op 

nm ROAM '* »os-KimraiCAi T analysis 



Ttie luchuuiiMra] laboratory tonaist* of a FDP-G roaputcr Linked by 
danphone vlth th* project MAC tie* Khnring nyaLuit* When the laboratory 
1* to operation varalona of the LISP progmlng languor* are running 

to bnth the PDP-* Bfiaaadttt nod the Proj.ct XAC /OW coscxjttr. The ua.r 

citoviDUnUi «ldi the PDP-6, which 1* uaad only for Input-output, by 
oeafla of a teletype, * OCC type 10 dltplay. * light pan, and a CaUn.tr 

plociar. The FW-6 relay* rvt^<u to and fro* the Fro>rt MAC Cleat 

aridrln B ,y*te», vhere iransfornatloo rontinee written in the LI5P 
Un AU *cc art applied to the nathcnatical eKpreailon*. Haihewieal 
e*pr*a*Lona can bar dlaplayed and plotted in standard teetboot fomai. 
Input of expreatlcn* and roimnanda la Iron the teletype, hut subetpresclon* 
of dlepUred ctpreeslona m be rcicreoced durinft input. If the Light 
pen ta pointed at the Data connective of a *ube*pre«alon t the 
fiutexpr#ielon can taw be referenced 1ft lha typed input airing. The 
•uct foneat of the input csnmnde and e brief ueicrlpttcm of the 
available itathauUcal trancroneatitin* vill be pra.mttd in the next 
aecttniu Tbla daeoriptlon la followed by the atan-by- atep aolutlon of 
tlnae rrs'frlens In applied Rathenatlt*, The detail* of (be pre*r«ia wtlt 
be preaented in later chapter*. 






Ttrf jfcthfTfttical Opera tort 

The corenanda tyned at the FDP-fr ore aiulUr to Algol ata:eneeta» 

Tne comand* are typed and rK*cutad one at a tl»*. Jto** cnonle* 

operations involving the definition tail alteration or coroanda ecd th- 
Introduction of oore pneuw*nlca and nan rachln* Interaction will he 

described later. The em*nt!a ccnaiat of lnfl* operator** function*, 
and .-([ LAblc*. Functiona and variables can be aub*trip:ed and any 
aubcKpraaa Ion can be quoted. A aauple consauid vhlcl* requires nost of 
the notation la; 

#'I1*-'(X + V) * ■imv(*rT»t»1nlV( i, C l Z,Bl)) + :E2»20 * '(*|t,Jl(*,T})tX* 
lrt vurd*; the aane Cl i* aaalgned to the evpraaelnn which lo the 
aui of three t*ra». Tbe first term la the product of « + T) «lth the 
uncvaluated flrat darivatlve vlth rwapect tc lover case T of u»e aecood 
derivative wltl raapect to U of the eapiotaloo currently turned EU The 
aecuod tern £• th* 20th aubexpr-aai«n uf i dlaplayad #*pre*»lon currently 
none*; «; IM* aobexprewion haa b**n Indicated with the llgbt pen, Th* 
final tern la tha aauare of a anbmxtlpted function of I and t* The 
notation nay asm* imevhat foipUx, but aa will be aean, a conplev 
notation la required to egress in a conpact war the nany arull step* 
required to aolvo a particular prubleuu 
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The infix operator* eret 

A^6 1* glvco none A. A* ouch Lt i< vrltcen on thd 

(Hah, The value of*- 1* B. 

!A,N Ih*» Kth ttuh^xprraairm of A la tbe value or I 

Intensify the desired subexpression of A h» 
pointing la Its tmin connective with the Light pea. 
Titan type iA. And the ctvrputer vlll type P. I* the 
expression hen iwi nein connective, point to one of 
its etemwnie *nd ty?» ;!A Instead of IA* Consider 

4ll rclnu* sljiin ta be unery. 
A - l Equate A and B 

A plua ft 

A-» A Mlnut & 

k*n A UthI d 

A/D A divided by 6 A/»*C le equivalent to A7(B*C) 

AID A to UM pwet B 

Ttic functional. Subscript ing, and vet notetica If! 
A(C,D.E) A la a (unction with ur&vnentv CD. end E. 

A(I ( J) (C»D t E) A x j U a function With ecpnwitf C.D. IDd I. 

AiI.J) Aj J la A variable, 

(A.JI.C) This la a set with thtae elwmnt.a. By ennventlon 

IA> - A, 
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Either an fcxptvaalon er a variable naoc car. tic ^uoccd. 
A function nana alvays atandu fur ItMlft Quoting 
a function n*tv wflr^ that LU irfl»MH will b* 
evaluate but that the function xill not tir uvuliiaiPtl, 
for cxanpte let ftX,*) - X-Y be A functinn an4 let 
X and T be nanea for A; then 
F(X.Y) evaluate* to 

*P<X.Y) evaluates to K(A t A) 

F('x,r) evaluates to x-a 
'(Ftt^M evaluate* to F(X.V). 
Quoting a functlua or variable natre does not nume 
Ita suhscrlnca . t'unher* arc taken an quoted 
autrtratt catty. 
! Causes the Uttera which fulUiw It tu bo Iwt: case 

for purposes of display. 

Aa In CTS3 , there are two editing character*! 
T Delects all tbc characters of a connand back to th* 

Initial f, 
Dvlctes only the ImedLotely preceding character* 

M e*' irast be the first and late character of every comand. ";" 
cause* Lite current Intensified subexpression to be ralaad on* loval. Jar 
eMTTol*, if the A In A D + C U intensified, then vboo ; la typed, A B vill 

b* Intensified. 
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Other AVAtliibltf uptrmiurti *rr* 
ALL£UNEX?AStHEXP} Applfce* StrKEXPAftT) |o every s'jnuM-ir In «pr**»lua 

EX?, 

UKir4COVER(EXP, X) SuUi»piK*Hijn X, which he* been Indicated villi cttv 

light p«n L» hrought Co the other aide of equation 
EX*. 

COLLECHEXP.Srr) Top level terns in EXP ere coU*cL*d im puvrrs of 

the etrprcseliwis In tot SETT* 

OF.PntnENCE (EXP) Returns a sec at tha nrUblo and function nuvs 

In £KP. 
DCt.ftlTQ5T(GXP,0LDDCL r BCUDCL) £1 . ■ * _ En EM Itstjl 

U OLDthU d HEVHL 
su*>e«pre>itlon In EXP, 
0R»(I l4 « l W V) **i*I*«»tUtB Y K t t it.. - uith respect Co 

I ( fat inch i. 

D*VDO<EXr\X) All Indicated derivative* with reelect co X in EX? 

are c*rrUd imii »k far ns piieolhle. 
MUVACIOk<EXP. X. K) _ 



T 1 :1 *l" i 

JH« ^ — H "* — % ' '° r CflCh * uch ■ ub *KP'*Mlon in 

dc de da 

nr. 

2nY£ntO(EXr\X) All derivatives vtcb reaped to X in EXP ore act 

equal to tero. 



M 



fEVALUArC(EXP,$E?> 



ty<:MAh»;rti3Pj 



£<U'AflU(BIP) 



srr la * ict of equations; vhfliwwr thu left aid* 
of oac ot thcae equations ran Se imtchiul ta a 
aubaxprcaaton in EXP, The right hand aida ia 

■ubatltuted. H»c left aidrji euat Sr varl*M«a irr 

functlona. A natch occurs whenever a binding t»f tha 
funcEloa variable* nod subscript* ran ha rudti. 
If the cop level connective of EX? la Mnorr, lc» 
argunant* ate exchanged, ri^c to left* 
flultlpllca out all expreaalnn* of the firm **(h+c) 
In EXP. t . addition, 

dx dm d* 

FACTC&OLT(EXP,r&CKm,Y) Tha factui FACTOR I* factored from each tora of 

DIP. The third arjnoannt Y la upcletwl. If Y I* 

prctt&c, Uic t«tvf FACIW I" foiuosd r, 
GttHTP<K£T) Ibe set !>FT of tarw which have boon Indicated hr 

Che llaht pen In £XP arw grouped within the associated 

awn or product. The valv* or GSTOP la tbc arauperf 

awe at terra. 
LKttfEXT) Ratuma the left arcmaent of the main binary 

connective u.f FJCf. 
UHirtEXP.X.K) Decenoinea the limiting value ol OF aa X approaches 

If. 
Hin/r£PLY^UKWGH(EXPiX) ttjltlpllesi eoctt top level tern of IBCP Uy X, 
XDJKAJCO Creates 4 nane of the fom Fn, wh*ra 11 la an Integer* 



r^JlJOLYfOT.X) 



<&V\Ai7.{Z t X t \) 



richt(exp) 

sihfufy<exp) 
S0LVt(TO,X> 

SPLIT (EXP) 



SUBSTITUTE (EXP, X.YJ 

5UHEXT«*D(BXP) 
TEKH(£XP.K> 

TRUNCATE (EXP, VAH..N) 



Every sun in EXP I* l return ap a poLi-tu-vnlal In X 

and * pnwur **f X I* factored out ae that the lowest 

ittfurr of X la the Mi.vrj.mlJl vlll be sera. 

Expression X replaces T in the expression na»d C. 
T 1> i tern indicated vith die light pan or a group 

of rrma indicated VLtb CRODP. If the lisht pan 

ha* been used to construct £, the resulting 
expression position in nancd BOLE. ililLC can then 
be used for the third arguncm. tr X I* *qunl la 
HIL, then the third arp,uncni la aalttcd fran the 
Hxpr**«nlnn mined E. 

Returns the right arcurent of the train binary 
connective of EXP* 
Simplifies expression EXP* 

Solvw* enusticn E3CP for variable X as far as 

possible. 

Subpart* of EXP are naned and replaced br their 

nana* in Expj so tl-Jit EXP vlll contain UM thAll 

100 subexpressions. 

Substitute X for each occurrence of Y In EXP. 

f(s+b) -*<a * lb 

txpjr.Jn chc finite: swsnttlarL EX?. 

Upturns the Kth arituxent of the top levul conaectlua 
of EXP, ur tflL If there Is no Sth arEuncnt, 
Expands EXP up to pouer N In variable VAK. 
Sun rxpresiinn T Tor values of I fron VI t» !i-. 
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rn-(K ( LUU ( Y) Integrate Y wtth r*op*ct to X between limit* 1.1 

and LJ. 
tvpreaoinn* vhirh *r* *«wf £ti«>«J nam* *rn kept mi the Jink* The 
ettpreaalon noat recently rmrniiterf aLwor* h^a ih« nam) 1AST. When MB U 
executed. If A la doe "LAST" and La already the nmrr of an evpreaaton, 
men thl* old value MAU given trie nanc OLD. Thue t If A*A+£ la 
executed and ebon it found to ba lacorratc, the old value nt A eon be 

Operator* uaod for input -output and dla* storage arti 
KDISFUtf(E) Dl*plaf# cbo oxprasaion omndd E on the PDP-fr *cope. 

Bl'ILIKf(E) Prima out the: LntaroJl fora or the expreeaicn 

nmwd E vUh PLS, PUl. IQN, and PUR in infix lorn; 
the other operator* in prefix fon»» 
EDELCIE(S) Delete* e*pt***Lon naned £ from the dtafc. 

Thl* coaplctec the deacriptioa of the PDP-6 cmanand*. 

Sfl. P_ir.lti_ f -jir_e.*_t.ltitithtH yrnee_*.iure _Apg ItFiJ to X * ■'%. * r i< 

TUe PoLticari-LLfJi thill procedure la typical of a nonber of procedure* 
u*cd to find tbe flrvt few tenia in tba aoynpiirtlc axpdnalon of the 
function which la tbe aolutioa to a nildly non~Un«ar differential equation. 
The equation ciioacn here la that fee a honoonlc oscillator vith a null 
forcing function. These tolutlon procedure* involve «**u»ing a serin* 
eapnruUon in power* of the wmll paraneter « for one nr note ot the 
paraaeteca and variables In the e<ru*tiao, oubatltutlnA tbeae aerlea Into 
the differential equation, and thus obtaining a aerlea or relatione 
between tbe coefficient* of UU power* of E. Bach of the** equation* 
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in then treataO in lure by wherever nothL>Ji seen appropriate* Thus It Is 
la g*n«rBl rmcH»a*ry to a** the** equation* before the aeat step* In the 
solution procce* can be detrnrin#d. 

When a tvprd ctitnunil ha* been collated, the adenine irakei a response 

of ihriciii>«i*ii£{iiitaHi, villi* atandArd retponie will be eaitted id the dialogue 
to fallow, only the lypm! toaminda and the displayed equation* will be 
«hawiu A running dl*cui*loa of the dialogue la Included, and the displayed 
taxation* «r* iliOvn en ploitod by Lho CALCCHP plotter on the pu^ee following 
their oee* A photograph of thr oenw equation* dl*ple>»e1 on the icon* la 

■diovn *l the end Of the eecClMu Th* reader should be ewer* that ID the 

eauitton syntax us^d, wre than on* Itnr of en expression can occur owr 
n divide bar or vilbln brockets. Tbi* le Uluetr«t*d by equation Q16 lo 

the lest section. 

£ni«r the differential equation. 

t<KK^(p|ff(|T 1 2 l 3C(lt» * CWBflA*2*I<:T) - IF+(X(iT))+3)tf 

#EI»TSPUYl'El)fr 

A new independent variable r U Introduced in order to stretch the 
line. Type in expression* for serlee expanalona for X end t In teroe of 
functions of t- , That U. ■ solution for XCO rather then for Xft> will 

b* found. Sine* t dapend* on * ( equal ion «1 can b* us*d to find en 

equation In derluAtiveft of X(.->. Ae •» find,] atop Uie incurs* relationship 
r(i> will he round. 00 that X'.-> will glv* X(tK 

eVK-'ttCTAII) - SUK(I t 0.lNF.EP*l*I| i](TAO)))* 

#CDISPLA7(*B2)«I 

tt'ES^'OKMU) ■ TAU +■ SUM(J»l > llBT.EP»-J*l , TlJ|(rAD»)iV 

HEDTSNAtVKI)* 
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In order Ln substitute o> for dt lc La necessary to Apply th* 
t r a a a io mot 1 on 

dt dt dc 

to r*: -Jill. tor. El. 
t'EA^DnVFACTl ft(El ,' :I . I .♦.' 

DIflplfly K fur c^*r Uuii with Lh*) nubaticiited mbuU h*1ov. 

*ED13FLAY<'K<»)tf 

Now vubstitutt dr for dt. and X{r) for X(t> 

#'E5*SUB3TlTUIt(l«lSUftSV(E4 .'(HELOT)). , <DCLClAU))/l»VrTAlI,l f JUCKT(Ci)» . 

•OCOAUH/ffOT)))!' 

Hov *ub«cttute the <■■ ti< -- for X<r) am perform the Indicated differentiation 
vlth respect to^t 

#'l6*DKVDO(8U&STriVTK(E5 t R1CHT<£2) , ' (X<TAU») . TAB)* 
•fcJJlSPLAY (*&*)# 

fJov expand both atdea to firot ord«r in*. 

* ' E7-TWMCAT» (It > ' EF f I )# 
#EJ)I5FLAX('E7)# 
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[be rero order term fore tliv Imroonic oscillator equation; tlte solution 
can be written down by Inspection s* Acos wt. Use the U|>lit pin to fern 
an equation of the firm order Lonv» 

#Et>I5PLAY('K8>* 

srlC£ the tern* in X (t) to the left lido of the first order n qua t Urn. 
SubsUmis Tor X |r) and carry out the Indicated differentiation, 

#T>-$tmm(DftVIW(SU*5TmJTE^ 

ttDISPLM{'A*9)* 

It 1* no* necessary to aubsULuta mti Identity for co* wr end to collect 
teres on ainwr and* coawr, 

#'no*<#uJOT(m«D($UosriruTe^ 

, (<O3S(OMECA*T^))t3>)) 1 U(^Sl(CMECAnM0 t C0S(0)€CA TAU»»* 

Theoretical considerations require that the coefficient* of coiwr and 
alnwrnuat be zero If there 1ft to tic a periodic solution for X.(r). Fruit 
the coefficient of slnwT it la apparent that tj(*r) nuat be sine constant C. 
This constant is do to mined fron the coefficient of coe»"* 

fBDlSPtArX'Xll}* 
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Sn ^ - A cosur and Co first ordec t • T + € — - T 



Thu* W Tlr« order >* c(l - ^r ) awd K « A cn» (I - ^7 It 



One effeci of th* iion-ltnoar Cam in Uais aocti to be an alteration 
la the frequency of tha wm urd*ir torn. 

In cooclualon, note the Ur^ nunhar »f milt atttp* nacoaaary to 
aolvc UiLa prablcfi* Bpw Are the result n£ doing almnnt tha antflto 
solution in the nochlne* in the cnae nf a email prnblen nich a* chla, 
iooa uf thoat ctcpa could be dane by hand, the object herr is to 
[Huatrate tha atepa which would be required for a larger pro^len, 
lnia probl*n also llluatracca hov rather lcflgthy lnterocdiate 
calculat looa can laad to acme rather concise rcsulta. The perturfcat inn 
of tbe frequency in th* jttro order (unction la found to have a surplo 
expression. 



PUro Accelerator Electrode Boundary U 

ttoe second probln la a duplication of tno work In the first three 
sections of Chapter Throo of a 19li3 Hasten Thesis by J. 5. Draper Tar 
tbe H.I.I. Department of Aaronoutlta aad Astronautics. This thesis 
Investigate* ilia lanlndr canpreoslhlc boundary layer on the electrode 
valla of a dlrect*currcot crossed field plasna accelerator undur v*ry 
apodal physical conditions. Many of th* aaawtpLiona ua*id uruhrr those 
conditions are set forth In th* papar "Rlactrodo ftoumlsry Layers la 
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Ptrrrt-fhirrem Pluana Art* I era to ra n by Jack L* Kcrre brock lo the Auauat 
1961 Tm«« ft th* Jawmal flgjfrfrpttnwuc Sciences , forrrbnvk ■» paper 
invii«tlg*c«a 4 anlutinn involving lean mthenntlcal nonlpulaLlao Uidit 

that iinH'Ttaknn by tk*t*ra Th**ia atudrnt Draper. 

In lumry, tbc entire satutlcn procedure la as IMlova; 
L| Write dtivn 1 Don-llr-car partial tllf r«r*intial uquai^*n»; 
Hncntu» 
Suit « 
Continuity 
Eoarsy 
Electron nubility •* ■ function of te«p<»r«ture< 

Thafla *qu*tioua relam U Btrean velocity 

V lateral velocity 
t tenpexaturc 
p density 

u electron nobility 
P pr^nmirp 
In remit «f th* irnU , jvi*r*ii'nt variables e and y* The constants arc: 

j current 

H trdcneitjc field 

C specific heat 
K cimrrrsslhillty 

G eunuWUviLy 

ft &as cuimioiit 



V 



2, Toe obaence of variation In the y direction In Lit* ftae *ti*ai» la 
u*ed to find the irmentun and nt*L* *t|uatfpna thura. Tneae two 
reduced equation* are aolved for ~r~ which ta *linln*i*d frum 
the rive Mln equationa, alnre P le not a function nf y. 
J. The relation * C-t + XTtZ la u>rd lo aubetltuta darivaiivea of H 
far thoae of t In the eoorsy *quatlnn which th*n li*cii™* ad 
enthalpy equation* t la thus el initiated trm i.hia venation. 
StvplLflcatinn of the resulting eonreaaion requltf* Introduction 
of the aaaaatum relation* 1Mb at*?p is periorrrd Secauae the 
enthalpy equation has a tern proportional to 1 1 • — I wh»Jt* P la 

V 

— — and can b« approximated a* I, thua ellnlnatlrxg this crtw* 
4» He*l t a change of Independent and dependent variable* la nade. 
the change of Independent variable* la turn that it approvinare* 
n pinilaritr iranafornatlon for low Mach ounber. Theoe 
trnnvferratlon* change * and y to » and * . In addition — la 
defined » f ,7 aa *, and — aa q. The iMMntun and 
enthalpy equations are tran*fore*d » u*lna the continuity and 
atate equettcna ae aide cendltlona, 7 la than changed 10 h^ 
There reault twu non-ltneer differential equation* in T and g and 
tbclr derivative* with reapect to * and Hf- 
1* f and $ are then approximated aa f*(n,MJ " b(MJn + c(F.Jn% 

6(n»>L) ■ c(J^)n + E(r1„)n . Tnewe approxleat Lena are oubatltuted 
Into the two non*linaar differential equation*. The equation* are 
then Integrated with reapect to n boiveen the wall and the cdae of 
the velocity boundary layer An and the edge of the enthropy Smjndary 



layer 6e respectively- MHl and *M>0 arc eliminated frim the 
result by the relations f'Ou.HJ - t and n(&d t K r ) * 1. lh«r* 
result two ordinary Linear differential aquations for cin + 
derivatives of 6u . t t 6c, and f vtth respect tu H^ i 

6* luv iwre linear differential cquitlona for ft", e, iv, and f are 
generated by choosing the coeff icluats or eba apprttiinaticme Id 
atop i *u oa to satisfy tit* mwntim and enthalpy conations 
produced In stop 4 exactly at the extrpnal point* i" - G and g' * 0* 

7- Tlw four resulting linear differential equations am salved t&v the 
derivative* j-^ t *^- t —p. ami Jrr- by Gauaalan reduction. These 
four eaprens lima are then numerically Integrated with a Su*ig*-CuLt« 

Thin pmblen ban several Interesting features. It Is a demmairat iuti 
nf th« no la 1 1 fin use by vorkere In this area. Tlyj algebraic «*pr»s*lune 
era at a ai« difficult to nanlpuUtc by hand, but within tl>* capabilities 
or currant pvichinea. The final aynbollr result la Urge; It la difficult 
I » vril* the rorreepondlnc numerical Integration propria correctly when 
thl* tvwuH mist be Input by hand, but here It U developed to the nachln* 
and could then he transformed Into the required nuaerlcal pragraa. flote 
that the ayubullc etepa are needed Id order to caat the problem In tarns 
nf the Independent and dependent variables of Interest* Tbc problco la 
characterised by thv eppl leatlufi or Mlic;! ifylny. aide renditions and 
physical assunpttuns, Au such. It luvulvea a nunber of nanfpuUttrns 
for the purpose ef cxprc&slfn condensiatton. Tlila trill ba apparent irmt 
tbe follovlng step by step reproduction of tha first three sections uf 
Chapter lilt 'IHeae steps brine the described solution through tha 



tippllL4tlin\ of the rjlnltirUy iron* formation to the nontiuurt ifpftfiiMi 
Input the ffowniun equation; 

* , l»l*' , <HHO*(U*0RV(X i l l U) + V*DftV<Y,l.tJ)) - DftV(Y.l t «D* 
WIV(YJ,W) * DQVtX.l.P) ■+ :J*B># 

Input tnc cnrncr *qw*tlon; 
^ , D2*Maao*cifl*{y*twvfx f i ( ;T> + v*otv<t.i«st» » 

4 U*l3KV(3C a liP) + ;J*2/SICHA* 

7h** boundary layer flotation* tu«t natch lIiv free »Ltvb» *(ilutLon, 
Ihe free etrean valusa arc Indicated t»7 ttic euuecrlpt * ■ At th# :r*«- 
atrrarr, there 1* tit* variation in tte boundary layer with reepect to 7, 
To aave rcvrttmx. define • *** cuntal nlfig the variable* to be «ut»crtpted. 

A'D^'OtflO.StCnA.U.tT.H)* 

f'Db^'fRMOltWltSlCiWbllliPKUltliPl.fTlTNPl^lTVrl)^ 

Htwii tn tliu Tree ittcan Dl <nd D2 becone; 

♦ 'D^SiMPLirYCSUBSTtTUlEfMVZEROtOl/^jW.OS))* 
*' D^SlhPUFY<SUBSTITlTE(DRV2EW)(02 f ' Y) ,M ( D3»* 

REDISPLAY {'D5)lP 

Redisplay <'iW))i» 

DS and DO irtll now bo uoed to «q>r*jsa a™* or rha a*prcafl ion* In Dl and 
DZ In cenrj of the free atreon quAntLtie** In order to flubntitute for 
sow of the t*nwi in * *w* t tha toraai nutt bo grouped u»ltu the llxht 
pen. IbU in notmAidt Inconvenient. 

#EDIflP£AY(Ot}t 
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Now the lost cwo tern* la DL art* Ttplic^ by Cho iftlt tide ct »- 
*'D7**ENACE CD^UFTrjn), CTOUPUJDl ,33, :&l , J8>))* 
*E3ISP IAT('D7)# 

rtckt(d2> ( uan(SOLVE(w, , <oitv<x 1 i l p)))>, *(bkv(i,i.p))))* 
^EDispiAvra*)* 

Th* lui two terns in DQ arc now put In * factored form 

r^DMOt^rc^FAcroRmrrtciu^ 

1 HOLE)* 

«niSPt-At('DS)* 

lo order to effect * <*nc*UaUun., equation Dft vlll iww be 
tr*n*rorned by replacing the trnporatiira, t f with the enthalpy, H, 
ualn£ the definition 

H * C p t + D 2 /2. 

Flr#c H - t p t H M 7 fi t* Halved for temperature t. 
f-|»tS0I.Vi:(*(H(JE t ¥) . qP|*iT<X,Y) *na,Wrt) i i fcTCW)>)# 

Saw tbe substitution ie twda for t and c„ * 

*'DlD--EXPAmKSCrBSTrroie(M,(D^^ 

DM».rov(%l,RXGUI(D9)))- v '( lttV{X>l,:r), 0RV(X V 1, STIIHT]) . 

WW^ljiT))))* 
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Not, ther»» ■*!*■ a nuie*cr of tedtptia gnat? I fig utc^a. 

Flret, factor KHO out of tvo or the tcnu on the left aid* of Liu* aquation* 

*EOTSPLAY<'Dll}# 

Kox factor RltfJ-U fim the other two terra end brins then to Che right tide, 

f'Dll+SiTOCXKTirDH.r^KttOJtf^ 

A tuchine nacchlng operation would be better for the next factoring 
step which »w»t be done twice when ll$ht-pen pointing te uteo\ 

rawusfC'Dii)* 

The quantity X/Cb 1* factored mil of two of the torn* and set ccual 

to i/r r . 

I'Dl^ltfrl^ErulIJa^^ 

MDlSPLMCDll)* 

f'Dll^UMAarDU.FiU^O^ 

Cjl/I Is the Prandtl nweber P . It U cloee to 1, and eetcLn* It Co 
L will effect a suiollf tcatton If the Identity 

le alto »oh*citu«J, Tills i lnpllt Icatlon tieone that the heat conduction 
ever froet e point le juet equal to the vieccue dteslpetfon et thet point. 
v i Dii^swPLin'(srasTirt-it(DU/(UORV(t ( i»tflj*i;(X,Y)*W;v<v f i. 
u(x,v») -u(x 1 Y)»iHv(v p l ( w*oav(yj,u))> l '<riM*>«nwv(Y J i.u)>*2)>)* 
^EDispuLvemi)** 
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KcAt, tha aubacltucltm In Dll uf «U rljhfc aide of equation D? tor 

Ui left Bid** -ffMci* 4 Tili-o cancellation* 

* , 01l'SrMPUFY(REPUCE( , DU,(-ftlGIIT(D7)) f C«DUP{(:Dll - ii7 fl !Dll > l22»»f 

f'Dll»LKPt(PU) - SlKPLlFY(EXPAJD(SOBSTITUn:(ainHr(Dll) r , (D,PllKr|) f '(D,(X ( ¥j, 

LllBFl OC.T)))))# 
ttDlSPlAYCDU)* 

The nonancun aquAUcn D7 atnl thv enthalpy equation Dll are oov 
ready tor cl>« similarity t rati* fornut ion. 

The trdnfifcmatiiKM of independent variable* arc: 

*'D1*' (ETAtX.Y)* (UllKTj/U((H)*({UtO|/(2*IW|0J*XB(X»#(i/I»* 
riG(f.o.¥,wto/ntO|0)))# 

3ext« Co confute the require J df fr«mntieta, 

#'Dl4*WW('X J l # WCUT(DU))*MDtl(rrA)HlWV( , X l l.aiaiT(Dl2)>* , CCLaB>)# 
#Ef>lSrWV<'DU>* 

014 rm contain* the *xpr*i*loc> for " aa a factor. 

♦ , DU-ftEPlACE( , DlA l PAC70IU^^{:W4,4 # KtQft(Dl3)/(BTA(X.Y))). l H(>LE)* 

f('D141# 



nia ncv substituted for lea deflnltluu and (P • P»)/(P n - U-J U 
tactorad out, 

>'Di^SIMPtIFY<FACTOIlttn(Sara^ 

, (DRV(XJ.XB<X)))) 1 'P*C|TSF|/(P|Ol*UfO|»»* 
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The diffmnttal fur 1/dt U 
# , DUr|mV(*r,l 1 RICHT(0n)>* l (Di:L(fiTA)>* 
#EULSriAY< , D15)# 

Expnuolond Dli end D15 are the icqulrcU differentials foe jj * nJ J^ 

respectively. 

Sow to transform r**c noncntun equation D7. Flrct, sutritUue for 
the differentials or the Independent variable* and the iwv uornallfced 
dependent variable f, doftned hf e/B_ - f'tl^). 
# , Difr<si«iT.iJT(SVBsrinnT(ceLSiiftST(aEi-stm&T<D;/(DCL(i)) ( DU) ( 
•<OSLCr»>D13) t B MLW|<3tB)«DRV(BTA l t i 

;P(XB 1 f»)> v 0|IWj(X8) v ]C» v eU) a 4 (U t U(lKr),3niCX) l 

CTA{X,f)»>* 
Nov sssune u - p.t/t.. 

^'W?'SIrtPl.I7V<SUDCT^TVre( , Dl6 l , WfOj^TViTlOlj'IfU))* 

Uae the equal ion of state to rccocctlze that 



i- irfrt - a . 



(ITT) 



d* 



since? le taker. Independent of Y. A substitution for P should therefore 

be nado. 

#n>I3PLAY(*M7)# 

rhe fiaehina r**p™Js vlth "EXmsSIW* TOO LAJtGE" 

rnerrfflce, the luft tide el eolation D1J will be traated first, the 

substitution for Pvill be deferred. 

* , Dlo>LErr<Dl7)# 
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An arpraMion f**r V ulll iwv be developed anc' subatltutvd Into Dt 
It wa» obnvn in Chapter tl nT the clicaU that Hie continuity equation 
yield* 



Rni*r thia axpr«sfttoti, 
#'Dl^(-(ftH0|0l/IWO)niRV(X^ 

Wk« substitute the ft*v lnri«p«nd«nt varUblaa: 

# , D20rSCBSTITtTE<0£LSlTB£T(Di9/(DfiL(X)) # D14>, , (UtISPJ(Xn>.XB.ErA> t 

Vv, substituting this oppression lor V Into the partially transforred 
left aid* or the ttonencum eeuatlon. Did. the entire expression 1b 
differentiated a* far as possible, expended oad siapllfiod. 

^*D21^EXP«0)(nR7ro(DRVCO(SUKSnTOTE<DiB f DM > l V). l CTA) t 'JCB))^ 

Xov sms shorthand vltl be introduced to nnke D21 easier en read, 

#'D22*' (:F t C,FI ,F2 .FOl ,Fli ,01IhTi) 
*'D23*- , {^W*E7*>^(^>.Dav(ETA»l»sF).DRV(ErAj.lF> t DRV(Xn > UlF) 1 DftV 

(BTA,i,xs»i,!F),if|wl(xa))* 

M>l5IUY{'IHl)tf 

It is new convenient to factor a Uri* coefficient Inm uoch tern 
and s*t It equal to I since It will also be factored fron the other aide 
and flat to 1 there. 

#'D2^Sim*m(FACTO!Wl7TW^ 



Returning to the right *ld* *if D17* 
#'D2^RK;in(l>l7>* 

»EDISPIAVC*D25)# 

The deferred tutotltutlon for P U mrv nade* 
#'02^Bi^Ura( l MS,FAnVJWI7r(!0?5 l 4&/(OuiO*:T>/<RHCHO|*:T[0|)) t 

7hv *Kpr*s0lon Is now differentiated a- fur mv pc«9lble t a* vas Mwt 
un »ldo. 

Tim amplifying nutation U substituted* 

# ' Daa^suRst nurR(M8 , d?2 > d? J) * 
*CDTSPLAY('DZa)# 

Finally tr*c Ur&e factor i* rrax>vcd fro* each tern as 1l hu frim 
the right Aide, 

# 1 D^^slMPUFYc^ACTO^ouT(Me ( • (rho*vi jwi* w/a^ioiMJioJ^xit))!!))* 

Trie tvi? aides u£ the trAiuftHtwd rcmwntxm i*Gu«tif-n are now rocoxM&ad, 

Redisplay <d' 30) * 

Diini son* were relations developed earlier in th* tSrtls, o final 
substitution will b* ittriQ, fron the equation of iuu at constant praasuro* 



o 



• 

_3 



C: 
X 



33 









■ 
_3 



N 




• 

IN 



33 

v. 



IN 



+ 

■* 



*m 



CD 



O 

X 

or 

(N 



It 

*■■■ 
I 






N 

Q 



36 



ID 






T 



g 

i 



1 

la 






- ■ 
■ 



T 



x 






£ 

* 

2 






:■' 



8 



m 



a 

"V, 

D 



a 

-I* 






S! 

a 
a' 



"■* 



a 



ex 
lo 



i ■ 
i 



.3 



': 



3 

■ 

E 
II 



■ 






s 



s 



N 



X 

u 

-■» 
U 
i 

i'- j 



I 



X 
O 



• 



Tj 



u 



m 

X 



+ 



1 

X 



re 

j x 
□ 



u. 



■:■* 

Ll 
I 

ii 

X 

■ 
— 

u 

'- 
■; j 



■ft 



"5 






* 



r 

v 



i 
a 

r 

u 



H 



Oj 






1T1 



r t. 



Luc 



II 



*— * ft w r 21 * - 0, tod ttott Chapter II M 



<». - v + K - <% - »>« 2 



l + ^-Mi 



# l D^i^SDiPLin<suBCTrnnfi(itEFt-*cac , rao ( FAC70RaTTt;D30,J8. , <RBo| uifi/kbo), 
*(l+<GAmA- l)n!lINP|f;U2)/(mTAi3|)>» 

#Dispuy( ( miy 

In c<mclu*loa ( atttcc physical approxuiattoTii are involved in the 
»]rrci*LOQ cccrfcflajtlTn, clroc MD-oachLoc LDtcncti^n if rtquU^t Th? 

tr^arrfit drav hack* to •ufflclant Intaracllun am thu Input notation uo£ 

che lark of sufficient ficlittl** for uVbrnvlailui tin output* 

AjijugU c»*nTKl QuttKlm r™Hgi 

The third probleo is taken frim Interim Technical iUpori Ko, 13 oC 
the til.Ti Center for OpemtUmn Research vnililwd "A Claa* or quauisin* 
Frcblena". Tnle verb in ■ 1955 Doctux*» Tfc**l» by U.K. ftarbcr* Tfc« 
(guanalng Hltuatiou aht*/n by tlie gMurplc . ■ Figure 1 la treated* 
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Arrival tit*?* at tli* quouoino, coopleo are exponentially distributed with 
uuan X- Arrival* enter any channel which Imcowi vacant and aMgnM 
ihrouuh NTVll phage* of aervic* with aipooant tally districted »ervic» 
tine* vUti icon loj. Thora ara H channel* ond k phase* of service In id* 
general case. It io desired lo find ih* probability distribution ef the 
nuobtn of unit* In the systefi* The solution «an he carried a nuaber of 
Niupu for thu general case. A set of equation* miming the probabilities 

of the state* are written, where a lUtc of the system U taken as a 
certain nunber P in Ac system and a dencriplicn of which phase* of which 

riurtrwU are occupied. Bach CifiJfttnn ia then ntilttpUed by thv 

appropriate variable on that th« mtnwtiwi of iha equation* vlll yield 
*u equation with the fte&ereUnt functiun fur ih* state: ptobablUtlco aa 
Ita loft aide. Uaicriunotely, the generating function aloe appear* in o 
irunnatloii on the right aide. The Independent v«UbUi of thv generating, 
function arc enrtotrained C» nake oech teres of this aussuiilon e^ual to 
acrn* Thia c<*netrnlnt la expressed In a chanpc ot independent variable*. 
It io then ahovn that a auwattoo over value* of the new independent 

variable* will yield the old Generating, function. 
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This generating futuM ton *t.lll i nvnlveti the stele probabilities tar 
4 partially lull systwai u* cutMient* i ** be determined. There are a nua^er 
of relation* whUh can W mind in deternfne tbeie Initial probabilities, 
A: the Uitrd problwn this evaluation vill be carried out tor the can* or 
two dummls with tvt* pbaten nf service* 

The source or expression cinctlmt ltr in different In this problta. 
In the first problua conpUxtty erita* b*r*uav a snail parameter allwed 
4C cnoolvablc problwi La b* ipltt Intc a spectrum of solvable ones. In 
the second proMesi ti*c»l*xlcjr wee the result of the ouubor of Inportam 

phenomena tu the physical prncesi Seinj; described. Bore, coapls*ltv I* 
the ruutc uf rhi- mmbcr of states In the procca* being dascribed, all 

at which ere very airtllor. In elite prablcn ttiure would b* the best 

chance fnr reduction la coeatleKlty Lhruun> proper notation. 

ThU problem ha* been Included so that the rentier can better nfvl 

his Intuitive notion or tho typos or suHhsntftical operations and notation 

needed to solve problem) In different areas of applied nachci*atlca. 

Sumnstlon expansion, function avaluuilmi. Units, and snne tore £rouplnn 

operations are Introduced, 

Ihe function in the t ran* fn nm J variables iai 

#'Ql*- 1 <JCC3*Q[1 J.QI2 1> • «X4(2*tK + l))*SlIH(Ii,l|i*itt*&)* 

A|JL] * (!E<(2*?I*I*Q(l|*a/:K>*iE»(J»PI*I*<HJl*l/:K)»)/ 

{2*(2"U(J»:I0 - ALPHA{Qlll.Q[2J)»)# 
Whore V, u, and A are defined bw: 
f < q7*'(U(£*:K) - I + THETA - thtta*^ = i:)* 
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*'QW<A|ft|(2) - P<l.ft*l,0) - <MI(X*:K) - l}*r(l t ft»0))f 
#BSttH4SMQl)i 



It U useful to have the denunlnator or qi contain only power* of t . 



Thi* i* Jon* by ufling tb* Identity (X-Y) (X " "*f - 



) - K& - Y k )- At 



prvtitnt the *>«ien contain* no operators for aehinvfinj ihu |u*l, 00 It 

auat be done by brute forte* 

#'Q5^LEFT(qi) * Vsimu.O.tR-i.C^^Ci'sKJX^J'AtJniAfQin.qfiiHCK-i-j)))* 
suEsriwrK(Ricin(Qi)* '((tf:D*flrBf**>*iK) -alpkacqiik 
QU9r:K). '(rw;« - AtPUA(qnUQUJ)))# 

#IDlSPUY('qi)# 

Hov vubatlcuta 2 lor the nunber of phase* &t «errici». k. ni#n 

expand thr ttuttiuilLona* 

4 *!>5eSJWLlr^{AU^IDtXFA«n(SD*LirfCSUESTrrUTS(Q5 ,2 t ' :K)»># 

^EDISPLAY('Q6)# 

Ibe pubic Ltutina k ■ 2 U c&id* In all tin Initial equation* as veil 
*lnce they vill be used Mttfftl l int.*. 

#'QKHI>FLlFT<SUBSTlTUTe(<31,2 v ';lO)# 

* , Q2*Sl«rLlrT<SU5STlPJTE(<J2 t I/ :H)>+ 
»■ l Q5r5IH?Lirr(SUBSTtTU7e(Q3 p 2 > ';K))# 

#'C^SIKPLIPY<5UB5TITUTe(<a4,2/.lO* 

Ifcw vrit* dam an exprebaton tor the jteneratlrxc iunctmn as a 
auantiot, of qb over the tranaforoed independent vartublaa, ihe {'a. 
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rt7*/(mZf2,VllJ>V|2|) * (1/"4)*5I!M(Q[IK0,1, 

am(Q|2) > o,i t ((v[Lj/£)*(*L)*qtil + v[iif3/(2t;»^ 

AEDISPLAYCQ?)* 

flaw «?kpar*Jlng Hi* «usatt«n», vubaEltutUig iht* appropriate! values 
of Q6. QJ, And k . and tfinpUf?laa k 

^'Qe^SDTLIFttEVAXJJATHCALLSUHEXPANOW/J.CQt.Qa)))^ 
fEDtSPLAT('qe># 

To epjluaL* fdjl.Q) and F(l,I,0) certain kncvn coadltLone ate aexi 
ltrpo«*d. (>5 it htiLVt to :»*vc a aero uf t*r*ier four Ln Z for all value* 
of V^ and V,« *o cue vculd like u collect tern* itn Z * Ttoe Ati^Un vny 
to explore thl* would be lu etpend Q8 and collect tarn* on Z - 
Uotuctuaately* this leede to ruugltly a tUtcen-fold grout* io *Kprv*>lon. 
site and t r » nvnory overflow, 

Tn*pt*ctfnrj of tjfi ahova that If nlftlic be rearranaed white In factored 
forei. A* t!i* ft rat step* aubcxpreasloa* which are polvnenULs In Z, V 1 . 
or Vj. have rectors of Z, Vj . nr V 2 raooved eo that their lcwat order 
tern li at zero erder in these* 

#'<pifrSlKrUFf(*QlOT0LV{M3^ 

Meat the center tvo terra aro conbinad* 
j*0W>RE* , uci:( l ^) l rAinOBarrtcBcrjp((:«wi,»^,* , Qei.i03>), 

' <X\2]/U(Zt2))) /HOLE)* 

#EDlSl'LAY<'Q«)p 
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Tim ru Milting mrw I* than expanded. 

**Qaj*KWLACE<'Q3*» KXPATOOqftJ^O) . 'UOloW 

*W>ISPIAYCQS3)* 

Nov Ota other tvo tvrea *rr conbtned. 

<E0*SFUY('(*S4)A RJErUSSUW 100 LARGE 

QW trill not duplay. *o It It reduced la alae by tuning a nubpart.* 

Xcxt the cuwrato* df th* lartfar term in Qfl5 i« arranged on potrcra o* L 
t'QlhVltrYtJeCEC'W.OT^ 

mtSPUffCvfli)* EXPKKS5I0B TOO LABCE 

#'QS7-SPU7tQW># 

Pomtne a :cm fro* the renanaJ ptrta aC QH7 on* hat for the 
coefficient of Z in Q67. 

4'Q8cVSrMPLIFY(P2 * H + F* +■ '(**AL) ♦ F5 + Po)# 
* EOT SPLAT* *q&l)# 

Looking at equation Qlt/ » one can *uc that In a double pdmr H«rf*« 
pyp*nT*ton in V. and V~. only the coefficient of V.V, doe* nut have u 
tero at ord«r 4 « 2 • 0. Setting ehU coefficient equal to aero one 

obtain* by ingnectl0o fit QB7 : 



■a * *i + * z - v<z 2 )a 2 

2tf(Z*> Z<Z* - ui(Z-f) -1> 
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Entar th** Ration Into che vachloc. 
# , Q9^(A|2|/(2^n;f2» + (A(t) + Z*2m<Z*2>*Al2|>/ 
(2*<Z*2*(V(2t2))f2 -I)) - 0)# 

Evaluating V, Ai and Aj on* obtains at Z • 

**<J10^SlHPLlFY(3UasnrtnT(EVALUATB((>9 t (0i.Q2)> t O/l»f 

tfEDISPLAVCQIO)* 

lUcognieltie that by definition ?(l,3 t 0) ■ ?(! ,1 ,0) 

this equation can be solved tor F(i,2,0) t 

# , QlKSlMTtirV<SOLVt(SCTS7ITLTE(QIO/(P(l ( ( 0))/(pa t l t O)))/(P(U? - 0))>)# 

ttDBHJff<'QU)f 

QU can bi» Minified soaewiiat. 
# v QU r LEFr(QU) - <-SlKPtlfy{PACTOROUTt!qil,H t :qH > 29)/ 

FAaonourCQn.43 ( !qii g ^)))# 
rantnitCQiiji 

t*t « M , thr generating rtmct ton fcr tb* unconditional attitu 
probablllttc* C(u) y_ u"p(n) <:a» nw far vrtrten* There are special 

case* tcnu fur ft - t| And n - 2, The other terns are found from Jl(g,l,l)« 
The ,>■»! tonpad formula for U l* q&i- 

#*qi2-'<cm) - '(p(a,o.o» + 2**u*C(p(i,i.o» + marr(qii)) 

*srKPiirv<ftiPiMn-nvrK(EVAuiAXE{Ricar(q!i6) ? (Q2. g*)), 
'(m<i/i) l 1,0/(2. 

V|ll,V(Z|)))# 

The L.[Uidil transition Bqucims £vc P(l t l t 0> - &P(O t fl.O), anttcinatin* 
that Pf.1,3,0) n*y tUo occur, fubttltute F(l»3,0) - Wl^O) ***tO,G\0). 
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Than tun? QU to eltalnata PU.l.t'). 
f'tH^Suwnroratqia, hightaii) , i <p(l b 2 1 o)))# 
'•qi^sraruFrtsuasriruTEtqtj, *aiiEU«r(0,i> 1 0) v thetah^oao)), 

'CPO.J.O). P(l t l,0))))* 
Qlft rnntalna oaly cha unknown P<0.0,0) vblch cun Ha deecrnlacd from 

tha cpntltcinn 0(1) • I. 

#'Ql5*SIMPLlFY(5UBSTITI^E(BIQrr(Q14) ( t/|?) » 1)# 

th* (ucMitt trim* oul IX&mXMIKATS, Itultcactnx that-* haa own 
replaced by UhHLTlXRDi 
VEl>ISPLAY('qi3)fr 

The operator LIMIT vili be triad; this operator uiu l'flapltnl's 
*nl«. It itf &lcv> and so ii thould not b* u*ed vben *ubiUtutton will 
•tfflc*, 

**qi6»UMiT<Ricirr{qi4) l 'P,i)# 
#RMSPLA¥('Q16)# 

qifi can b* vlnplKlcd by fuctortnx and cxpanalna. 
* , Ql7trACrO«OW(£XPAKD(Ql6)/(i((3nHKTA + l)*(l^*THErAMM* 
-» , Ql^LEP7(Qt7>*EXPAK»(RICirr(Q17»# 

>»E0ISPIAY('Q17>I> 

QU le equal to 1 and can b* *olv«d Tor P(D,0,D), 

rf'QUrSOLVE (QI7-1, * (P(0,0.0)»# 
*CPISPlAT(*Q18)fr 

TUn •xprvanlDQ for P(u\0.P) ataff that the SOLVE routlna could b* 
Utfrovcd, Thla uxprpsvlort Id niv »ub*Lltur»d Into qin tn ardcr to prodncw 
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th* final exprvaalon for die pcaeraclns fuiictlun K. 

#'Q19*$IHPLIFY<I:VA11IATK(Q14. Qlt!)}* 

Taking 4 e*n»u» of Q19 »bw* tfi*t It li prGtoaMy LM larft* to 

•ttapUy without h«lnj| *pUt. 

fcnnmu)# 

In the dm*U tlit* o*pro*«lun v>« evaluated mutrrliaiiy to torn a 
table of valuta. TM« probl*n vuuld provide a 'jj(U far further wrh 
la autocutic amplification. 

Tnc pracadlng probl«n aoluetcns n<"+ that ttic current syattm car 
be u*rJ for wirrk on *xtatlfta problcn*. No one part vt Out *y*:-« U 
particularly v*ak, but tb*»rc are a*ne interesting pesalb I It: I*h far 
|*pravaaa*t. 
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Chapter III 

ADDl'llONA! CKHKBAL FEATWRPB 



In the prccedln* chapter a ayntcn tor nanlpulm Inf Retheaatltal 
cxprrcaUms w*u introduced. In thl* chapter wu dl*cus» eddltenal 
featurea nl.uh wuuld mkp thl* oyatcot once convenient in a wider variety 
of «ltuatlon*» Hany of theae would let the uaar tailor the prc-craa to 
hip particular need*. 

Utanerer * uaer l« pruvldud with hmdr for CJtparyiUij: and iodising 
a prograsi, the queatlon or aide itucy heronea an Upnrtrat one. 
Efficiency noratUy re*ultn Iron pUnnlnc a program function a* a udLi; 
bultdlna Ihe function up bit by bit u*u*lly leoda to waste* To an 
extent, though. It nay ta puaaibl* to dm Ik a tbc ays tea to guide ch» 
OMTj without umMwly ruatHccing bin. Into avoiding e*ny ajtrlovf 
inefficiencies A careful analyst* of the u*ere' need* l* required in 
order in deternine what aheuld be built Into the ^rojjrair and what can b* 
added later. Sane of the feature* which EM ut-r mtaht want are 
dlatueaad In tht* chapter. The* are divided into thru* GlMaME nev 
nachanat leal etnjeturee, alBurlUine, diul cKitaiJen; t»u*k«F;iln|ii end 
"aystena" Instruction* to th* u**r and correction* of hi* rt*Mftrfl. 

Tbem ate iuny rrr^nrntlyuctpd r*thendtlcdl structure*; aettt, ring*, 

axuvp*. field*, vector apace*. «« trice**, and t«-nnnr i , t^ none a few. It 
miabt Ik posalble to define none of these atrtictuiaa partly In tern* af 



• 



?r 



the otlwre. but each structure will probably itawl It* wn unique data 
repraaantatlon lor really efHcWnt computation* Sooe very food 
polynmial nenlpulatlon pr^tranjt hav* been wrUuu (as noted In Chapter 1); 
Kur*r* 'u*e» J special repreeentat Ion fo* finite group** an*i Krarn 
baa devised a data represent*! tan far tensors* Housekeeping; prupran* 
ahould be written to accept th* wld*i variety oi data Com* which can b« 
expected. Special ixathmnatlcAl structures can fori) an inportaat part 
M an input lancuajie even If they are not turn if. t ateu . sine* tbuy let 
Uia nathematielan state his prublsn lit concise and fcsaltar terns. For 
axamle, the initial at*?* in ilw solution at a net of equations can 
touitliies be expressed coneisiily In vector notation* The oathlr* can 
perrons the npernttona on thu Individual conponcnt*. 

Spatial nathcciatltal structures will require synbols to represent 
Lh+m Hi* u*ar should he able tr> drfinn n«v iiyadwU. and &ov jrrannefflciiti 
of iyjibol*. Hand-written input would nakr It easy ID define new eytibelo: 
they could alao be assigned to blank buttuim Df *uys* In tbc current 
HT«irt* t a airing of input character* aurh ha CKKA can be assigned an 
output synbol eucn as eh The system couU b» Kittfudiid w that ttie user 
could define a new output aynbtil by rhooufng point* to be displayed from 
a raatar or by drawing a series of airaluM IIma with the llnht pen* 
7b* u**r should also he able tu nak# Hbbr<r via t Luna such ae a* for j^» 
h>v r-mliliml'JuL ot synbol* such aa hotmHod, ~ * . could be 

d**crib*d in the picture language given later, but a ■«>» Interesting, 
possibility would be to general*** fron hand drawn oxaapleii* 
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Al gar Htm* 

The uaar vill vjnit to D Jd nev mathcuAiltfAl fund li»n> and trannforat)- 
ttotw It* acvetAl way*, Spaelal properties will be luportant for a liven 
operation. For Aaaaplv, * alirpllficAtlon rouciiw nu*d* la know thai 
nin x + cos x - I, while a differentiation rtui imi nrntfa to know that 

— J^- 1 * COftX. A ui*r nay want to detlnc A tuatclou Only Eftf rrrtaln 

ar&joxnte and latar expand bit dcrlDltlou, All il>* narhinery pf the 
"ajvlcv taker" prusraiift, aoch a* TeltLenaa'e MIOT 1 **, c-ajld be used* 
when a trAoafonntfon reaches arpunenta for which li id undefined, it 
can Aak the u»*r for advice. Tor eiuuple. In tlw cur runt aytttcn the 
power acrlca m pan* Ion routine will query the user About tin- polite df 
etprcaaiona, or airily aak for tKe expansion of. a eulteapraeiiiirn. It 
would be better If the uaer could input a general oethod for handling; 
tmch exprefalona, Itovever. In that taxe he mat daflna ihe renditions 
under which it Applies, ODd cbtr require* a Ui..uui>- whirh deals vich 
concept* auch an "rational (unction* 1 * The probten or cunbininA new 
information with the old la an Inportant one And ahould be purauad In 
the future. 

Kew transformation* could Alao ba duflned as rroMnatlon* of old 
onae, if Uie striae oi uaer coesuuals la ranonhfred by the riAChloe, the 
uaer could repeat An operation by raferlng hack to hin earlier corebinds, 
Tfc< etrloft °f comands could be displayed, ao that the uaar euuld edtt 
It or Add comanta* ila n:flht avalon A n&rte to a Qubttrlnfr uf cunranria 
And Rive It Areuawnta co produce a function. Tneee conaand atrlne.* 
could fora a programing leaguee* vlth the addition of conditional 
expr- <* \ ir-, Purtberoore, ihc comdnde could be treated as twitticnAtlCAl 
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expressions and ohcjld b* le&ltlnate data for the evsten, w> that they 
could be simplified or otherwise transiorned. The d*vtOiip>**ht of a 
couund lattauace vlll r*nufr« the lncroduccinn of prepare!** useful for 
descrlblcst Mtbeutical expressions* For cxairpU, a nvthod night Apply 
only Co expression* rational 1a sines and cnaipea. A *jt*cif it it loo ct 
this rwthue would require a check to wr if the expression had this 
fom t S«c*i a lansuefC would aIIw a r»sth**u*tii:lan to describe bis 
problem noluUoa to the machine in the nest general way, thereby 
increasing the nunber of problca* vhlch could he *nlved with the nuic 
striae of comande. la applying the sane c^ttinndu to uthor problenn. 
the ruichine ceuld ransnber certain characteristic* of the urLcinal pruble*> 
end ask the user Tor help when r.« pmbleno rehire rurther generalisation 
or oew nethmi*, 

I>i:7f.:: rM fljffij ■'' «*■■ pj -': £fl£J3 

A lOwKtlPil laboratory also steeds a strong runcrlcal capability. 
Even when synbcllc miilpuletlon is an essential part, no*t practical (and 
probably ff JJ **i theoretical) problems will require nunsrlcal eaecbode 
■nrrjewhere in their solutions* Sanctis** the *qju»i ions describin*; a 
mtncrtcal nelhod mat be tailored to suit each problem For nxanple, 
an Iterative technique nay have a starting procedure which depends on 
the boundary conditions. Tble tallorint nlfiht be dona with symbolic 
routines* In other case*, tfie e qua t tone to be processed trjnerically 
ujst be trannfomed symbolically before the runerlcal routines can be 
applied, This wae tbe case in the second pruhlen eolvud In the previous 
chajitar. 



Xiiuttlcal evaluation »n a tan i»r used tn order to gam ln*i E ht 
regarding e*nct or approxlnata symbolic solution*. For nuaarical work, 
mAthcnatical structure* mm b- represented as nunerlcal arrays. 
Method* are needed t&t converting expressions turn symbolic ram to 
minerlcat for* and th* rouaru. In addition, * method 1* needed to 
link vlth the larjc store of existing ram-rtcol routine*. Finally, 
there rust be Input-output for tun-eric nl data tn the form of tabln* 
and BPflphi, The MAP system and tint Culler rystem provide many of cho 
feature* Deeded, such an autonattc acallnn; of crap hi. icrnatttiuj of 
table* * and Uiir ua* of the Itcht pen and paranoicr knob* for de»cribinc 
and altering mmriral functions anil constante. 

ftortkeoeifia, 

Routine bookkeeping ;s often required for ilw solution of a laroc 
probl<*t. The machine should a*suae thl* function In an inobtru*lvc 
manaiir* For example, the tuchlnc ml$ht keep e record of what expression* 
bo-! Utin contained to font other expression* and di* r ls_ v this intonation 
tn cue fffu ol a graph. Touching tone part or the graph with the lUht 
pen would cau*e the nachln* bf display that part In £reat»r detail. 
There night be a way far the user in nane page* *>f aiprei*(on# or to ark 
for all of Hi- nxrraailon* with certain property. 

Ihe oachine tould tlnd miaalnr, relettings needed to solve a set of 
•mjattons, to that the u*ar would nut haw to specify the argument* 
completely. 
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There vould probably be ncmy question* vMch the tree h toe oxild 

iin.ii.-Lii About pd*t Input*. Of cfjrae, thr machine can nlnn collect data 

of intercut to *yfite*i dcdtgnrrs, trjch ■■ the distribution uf propertl** 
of crprctctantf tn witch a given trAnnfumatftro in applied. 

Finally, tfte nachine ntut help the u«er avercue* hi* dlff Icultlne 
Id uttoa Che «y*tcti* It might he pututblv ID develop a lytcwMtlir 
oethod nf rejecting input* nhUh ere *ynt*tlcelly or fteaaut lenity 

tre Mingles*. Hie furnel etrurLiim «f BAthanatlca uakrt thin UfflAc 

than it vuuld be far »w* ather real-tin* *-Y«teau», Use nechlne can uac 
he*nr I -it I f» to deternliw vliei the user night have want* Optional 
iDfttruirtivi* ft-ment* 1 fkn that* in Dm* KAF *y*te». vould Aleo be u^tuL 

An ceii b* *een frrni Mi la chapter, the vnrhlua; uatbesatltal 
laboratory will be a rery coe^liCAted ayateo. Devclapcrent of the 
n«And n*ca*&*ry in order to create tucta a ayateo will be one of the 
Lrtportant itc.ii In the ncKt Reneratteti >i pr^gramln^ r^irnrrb. 



Chapter IV 
ir/n»OOflCTlO» W THE KffiUIGilKi CliAttEKS 



Tlw rtiraitilng Lluipturx tl«»rrib* th* ftynt*t» in great detail and 
euajaat p04«ihlUU*a EOf further w»ri. Theie chopper* arc Largely 
EflitpMMlM u' 'jtm another Had run hi* rr.vi In any order* Caen chapter 
or *«ctlcn b«cttw« mitti tlutul]«l i u^nrH th* **nH. Therefore, one 
&trut«gy would b* u n*«*l th* fir« part of each chapter and the© read 
woe of thro to the ami* D.aptwr VII, Chapter U, n**d th* flr« part 
of Chapter VI contain Uiu >u*t ulgnlficaat maulta. 



Chapter V 

Ffit&LEK ARlAlt 



In thin abort chapter vv acntlon n nunbur of cUwlul MEhcoutlcel 

tTA&ffonmtlLma for *blth It rhrjuld be povalbl* to urlLe cotrp^Ur 

programs, $uiw Iijlw already been investigated by otbare, Ujt All of 

then need rare etudy. For note area* it seeiw poiielbl* to Hod ao 

dlg.-iriihn which will lundlc uonv of the egpreaalon* uulch arise in 

practice. Exnplf* or these arc differentiation, solution or elation* 

by Gausaian reduction, And certain natrut and t«n»ar oparatlona* Even 

though aii aUortthaaay in theory haedl* all expression* of a ntven 

clasa, It usy In fact be United by space or tU* consideration*. Often, 

bwuvur, it can be inprovrd throuab u»* of the okitheuatltal properties 

uf the ttausrjrutloa to b« perfomed, ror **nv^i ** *«** with a positive 

integer exponent can alvayi tic expanded by repeated aultlpllcacum 

follnvad tiy collection of Ilk* terne. Hoeeve r , expansion of (a^ -«- A^) 

In this otinoar leads to (n+1) t«m, vhlch cooblne to yield 
A***) |W) 

In/ different leta*. the ^ n / tern* can be round directly by the 

miUlnoctlal tbeore*r. thus, in general, reducing the Hoc and the mxlniit 

storage required. In the case of Gaussian reduction, savings can be 

■ade rtji th e n>»rnaM through nanlpulatlon of teru** 
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In other problen aresn, algorithms con be used to transform only 
vw rMOplcs. but the ra>i||0 jf nannies vhtch can be tranafornfld cmd 
probably be considerably ^i^ilr-1 vlth heuristic oethods. Kxaxplee o£ 
these areaa are lieilte, Ltplace transforms, expansion In a tdurvni »erl*g 4 
Integration of elrattimry function* if. elated iora. and solution of 

sow differential opinion*. 

riaally, Ic the can* of nnn-Unear differential equations, for 
rumple. It set*t that only (eulated special rasee could be eolvad by 
the oathloc. It la, however, difficult to csttnoxc a' priori whether 
further research ulll Ued Id useful nrthode. As atated la the 
lntrc&ictlon. Integration of the cleecntery functions In clo^d font 
has been proved recumively unsolvebU* Such a praol not only afflra- 
che futility of finding a general arhene but can also Indicate which 
subclasses nay be Jnpoeelble. Perhaps mre such proofs can be found. 
In the essence of such a proof, another ocasurc ot problem difficulty 
t* the extent to vhlch the solution la a glutei function of the Input 
nuih-aatlcal expressions talking up the problen ftt tenant* When the 
solution i* not a global function, than local pruperttoo of the input 
nay ufv* clues to local properties ol the aulurlunj thus unking it 
poatlhle to guess ot the for* of the *ii*v«r. 

ttatheaatical trans to mat ions should be a ft»id twdluei for the 
investigation of conputer problem solving 



Chapter vi 

lttlEAHM. MlPRfcS£XTAVluX AND KANtPL'LATtOSI 

op ewmehAiirAL £xpbessioks 



Jnirgdu^t^n. 

^f rain hi*iy at chl* long chapter contain* detailed description* of 
tn* m':) 1 :!'! of thn LISP rOutltiaa itblch have been vrittvn tu uan:(iula:c 
natherutiral rxnr»a*lc>na. Tbla detailed description is introduced by a 
g*n*r*l dLecuaelon of the problem and poiiiibilltlcfl involved In writing 

Pitch r jut In**, At Lit* *tr\icturCfl CO be wmlpulated bccoe* noru COtfilvft, 

elm methods Tor representing tlwu and for describing tbelr traaafonutlOQ 
Ucjik, In the curienL ueafio, »Jie a natter of cb?lce. TMe 1* because 
the ccoc>l«x iLnicLuree ar* described witb a very general symai, the 
anbLgultl** being resolved through contest, and aecauee there are fever 
veil established conventions fur representing these structures* 
nmitfnrc, the problem of nam; ulntlng the eleoentary function* will h* 
discussed in msr* detnil he fur* mire |>«n*r*l airucuir«e involving set* 
are intri^ucri* 
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Thr *lr*rgtttft_ry l"u n_E t_t_jic»r 

A. Introduce I ™ 

lb* •ipr««ttion« for thw elen»iit*ry function* ore defined 

racuretvel/ an follow** All floating p»0tllt nunbtro, integers, aiu! 

rtir* of intrc^r- rvpre*rntina '«t«mo! mintem ate eleoentary 

function*. If v and v are rlcnrntary functions, then tr+v, u*v r u f u/v, 
log u, and -u Arc elcocntory tunc citron. l*ie trlcttnooatrlc function* 
tinr b«* rrprptcntcd explicitly* In addition, arbitrary luoctlen* clll 
bt? allowed, Three function* err ossuucd only to be dlf fuionilatrlkp ft 
la all<**rd to write n+b4c and a»b*c; tbe pro^rati assuaes association. 

hornal \y , transforation of these expression* Involves tv? 
step*. Certain properties of tnc source »pniQton arc Investigated 
and then the results of this inveetluat Ion control the flev of coatiul 
aa the output cxpreselon l* Generated, often by combining pares of tiie 
source expreealtfni It la difficult to Hat the Important proptirtlaa of 
rxpresaiuna without rxanjnini* actual probletta* Sane useful properties 
an? thuje used by filagle'i intcjtratimi program SAlftT and the routines 
described at tha end uf this chanter* 

H. P^n'MUn uf ftltwnlary function* 

Tit* propurt I** ran b* dandified a* card In* tu their covplmtity 

■a follw*. Those r™ SAIpT am Indicated by <«)■ 

I* Test* Involving no Investigation of subparts of the expression* 

a. la the expression an Integer, (S) 

b. fa the expression the variable of Integration. {£) 
e+ brprsesion Je 0, 

it. Expression la 1. 
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2. Teat* which arc applLed tn the evprtfaalini and It* arguernt* 
in * cotttletety returaiv* cr*mwr; thai la, the te*t which 

i» applied to the wresniun Involve opplyinc the Identical 
teat to tb* arguments of the eapraawlon. uolaac a terminating 
condliloo 1* wfU 

a, Depth: the PUinjfi runber of «rftunantc v I thin arm neni . (5> 

b, length: the number if sube*?r«*»iontt in the capree»ton* (I) 
«, Al&abralc functlool the eKpreaalon uentetD* only the 

algebraic operator* ard conatant rtptinvntv* (5) 
J. Dependent nn a Riven variable* (B) 

3. Teate tin 1 Hi involv* applying teat* to the ariuiteni- or an 
expfc««lt>n which are a foitcvltxi or the nalti connective of 
tltc aapreaalon* 

«. tatlaoaL Eunctlom If th»- nam toimettlve la FOtfEK, 
then the exponent tubc not ha a rational function,, but 
richer an integer* (8) 

b. Rational function of Mine* and couinea: If the tiam 
connective U a eine trr rutin* , than the argunent nti*t 
be the variable of intflgratlun* (S) 

c. Exponential! aa In b. t th* n*pr**niui. contain* a 
nubexprcaalon nf the form e\ <S) 

d* Integral with indefinite Halt** 
e. Integral with Timpani t« a given variable, 
ft Derivative operator applied to an arbitrary function, 
g. Uwaat power vt a variable In power aerie* expanalnn 
of an expression* 
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h. SDH with mnrical Lowvr Unit, 
t. SUM with nmrericdl or taftnltv upper lUilt, 
4* Team which Involve th- cOEtparieon of certain *uVji*riu 
u£ the rxpretilotu 
■* Exponent boM: Chora 1* »une constant. t>. aiui 

variable, x, Audi th.at an* rut»F*pretnttra which £» 

an exponential La or ch« fom b D \ where o la w 

integer* (S) 
K | tparUM or argunant* o( a protect or *ua for 

equality. 

c. All ternt tit u t*jo contain e cooroo factor* 

5, Kun- recur olve atruttura* udr up of parti each of which 
hat certain propertied 
a. The evprctJloa contain* a nun-con* taut tun ratliwj 

to an integer paver, (fl) 
b» Hib ufcfiri- m* i irn conttiAna a &oo— coneta&t turn a> a 

ftujlffr t*t a produce* IS) 
e» Tbara la a Mibevprcsolnn of die torn 

c * + V * V * c i * °- c a * °* (s * 

d. 7hn Kxpreaticro i» the produce of two factor* with 
L-urtAln properties. (5) 

e. Hie exproailun 1* the product ol a factor with given 
properties and th* aKjiraieirm coa "** v t where « ta 

a varlafcl*. <S> 

f. TU* aipraaalon la in exponential with constant 

TrfT"ti 



g. Is cfcorcoaion of the rur» h*o; » an Lnttger* 
6. Scene transforation* require arblimrUj ennpla* 

corcMtatlone on the part* nf the expression in order 
to establish the flow of control. 

a. Cotparleon of nn£«( of a+veral suendtlons and 
aroapioj together of like je&ncm* ot the ranges. 

b. Generation* ol tba lower order ceres of a 
rulcinomlel expnnelon, 

[ „ t . I. *_r -ha pgftp^rt_t_flii_o.f. EJ «icn I n ry_ Fur:'. r . - i 

There ere several nechanlsas vblcb can be used in determine If 
a ftivpn expression lie* In one of thean ciasaea* Tne beat ncthnd depcrxa 
on vhidiof Liu six fUiM.il classes Is involved as well as the associated 

tir*(ri[:-tn« operation* and Ebc nature of the e>preaelr»ns under 

cone I deration. 

Many tran* forest ion* can be applied In turn to larger and larger 
subpart* of the e*nre*atftn. Others are applied lu certain parts of die 
expression aa e whole. Uhil* those or the sost ttntplun typo rust naXe 
use of lute rated late results *■ »»ll ea the initial expression. 

It would be unlikely that any on** *ch<mv would be the ooat 
efficient for every ronViruttlon uf analysis and construct ton. The various 
transforation* should be handlpd by nwthods appropriate to their ccmplexitv. 

The efficiency «£ * trans fo rmi Ion exist be taken as an average 

liver ihh set of *t*nr*f cu una to which it la applied. Very often e 

tianuforeaicitm is applicable to only «°»* l '-" the expressions to wtolcb It 
it applied* Since e fti*ei deal of tlott can be spent In attenptlnj; to 
epply Irrelevant transrorodtloo*, the efficiency of e Lran* forest Ion night 
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be evaluated in wp way-; tlia average* tin ri»qo*red for application rn 
a racdon eioresfton, and the average tlw required Tor application to an 
eapreaaten to wttlcto It 1* appropriate. Am ti*pr**iiiim* ah tranafarocd, 
mrt information about thea v:Ii beccua known; it nl^hi br po*4ihl« to 
paea thte lnforaatlon alirog *o aa to ltD»ruv* th* t»ffirirncy nf farther 
t ran* tarnation*. Purtiiernora, til* physical nifuatinn which the 
e*nre3*lonr> represent a*y *lvc clue* to th*ir prt^irrt irn. Pre*ervin*: 
rjch information Involve* trading h^mc* for tit*. 

The caprcflilon* being cimatdart-d fur* * trw* filructum the 
nain connective i* contldered to be at tlie tue, with th* branch** 
hanging dovn. 3<^ic ncthod* typically gqqk dyvn froi* tW to-», othar* 
ctroe op from tbe button; none ftrat £0 one vay Ami i'uh tha otlwr. 
Claa* I teat* are applied at the top. 

£1*4* 2 teat* can be applied ootng nlthvr vay P Fur Emtanrr, 
in the cat* of depth, one can cooe dovtt the tree tntretittnt Jn£ th* Hrpth 
cfunt at each nod> and then take the B&tMiauri oC the count* at thu tmd* 
of th* branch** , or one can cone up the tree, InurcstcatUiu. Die iuiIrhi 
branch count at each node, Yh* camber of inerenentinii and binary 
maxlaut operation* la tha aa# In alther can*. 

Tha titration la wn interest mc tor claaa J tc«ta. Since 
tha coat m bo applUd lo #a» or the tube*? re catena depends en the 
nam connective above, alt po**lblu tail* note bo applied if one cones 

op- frw the bo t tin. Cnnlnj* dovn tutu the top on* can bring lit- 

ififi-frtni ir«n a&wt the rnaln connective along and apply only tba naadod 
teat, I! Mvural tt*ntn are applied at once* then ©oat ot the teat* vlll 
probably be needed on a given aubaxpr«ni*ltm and oat »i» nctrh t* luftt* 
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An advantage ot applying "11 taata to a aubCKpreaaion la that identical 
tuboxp cessions can be twit*a in the i-atur nanner since they ere nut 
diatincui^ed by r.'!ii»xu tt ecvoral teat* can be c^npntid at once by 
bit ■Anipulattotiv t th«n tha extra cost "would be leva* It aeene that the 
great loas la probably that tiaey of the t«*t*» if applied fron cue ccp, 
would fall or aucceed before all of tha *ub»Bpre*a;en* had been Lotted, 
*o that a aavlng would malt fron sow trubexprafcjionft not being tctted 
■t all* (Tnia aceits to be a veakneax of K, Koravold'a proarou). 

Th* teate In cUib 4 Umbra tha cunpuriaoti ot exprcaaion* for 
equivalence. Aecnuee of the defining relation*, eipjlvaleiit expreealon* 
can be written in several forms, for inatanca, the factor* of nunc end 
product* can be written in any nrder. $am exUtLng achenee toooae aoue 
additional constraint* no the vay *vpre*eiom) are written *o that there 
wilt ba a canaanlc-nL fnm. Another poaeibltlty U to cotipute a hash code 
nuaibar for each expression which m Invariant under the alternate way* 
of writing the expression. The mthod of iDLng thla and che writs of 
the acheoc arc diecussed in th* next chapter. 

The exponent base operation la the firat teat which requires 
tuupsriaon of aubexpreaelon* located At arbitrary nodea flf the exnreaalon 
tree. A proeroa which goes op or down the expression tree nust have iitw 
way to cpnauniCAte the inf orruit ion at one node to itaelf vhen it la 
processing* another node. 

Th* teat* In class b are thane which do not lit Inia one ot 
the otbar classes* Their eKiatene* indicates that although programs 
which nove up ami dewn the impression tree are useful In a large nuabar 
or cases, there will be teat* lor wtiKh this type of executive etmcuir* 



I* vary Inefficient* Progrotia which curry mil ectrple,* nlcorlEhfos 
Involving many forat of Intcroadlatti remits will be needed. To 
Introduco concepts which vlll be uacful In tuch prugrem, operation* 

for constructing elencntery luuCtluna will ni*w hi* rttnsidcrcd* 

D\ CQOfctrjgttiM Klenentary Function* 

All construction* which rora eltmutary functions fro* nther 
•ilauntnry function* nust J:> bo either by mbit | Hiti nn or by cmbinin*, 
tha input Function* with the eLefwacary operator*. Useful tntcmediatc 
[oraa *r* * string of tenia which are eo b< factor* in n <mai nr product* 
Gaaplng *uch ■ jtrlnc renove* the nead to t«st each tin* before elding 
new tarn*, 

E. Specifica tion of Algorithm* fur HanlgMlai .liift Mrwntary Puncttana 

f±i cutter vhni level or flvalblltcy * language fir nlc.iiTlthn 
opacification 1« ca have, to be convetalvnt and afflcltfnt it mi«t reflect 
the itncEur* or the nlnorttrun* to be apcclMad, na*»d oo the preceding 
dUcuatton tha following type* of operations aru ntrndad. Oh begins with 
a basic progran a«f]u#nc* that joe* orvn and up the uapraaalun tra*. tfien 
thU saquanca U **-oclated vith i specific oat or rules, Jt 1* liven a 
rune by which It can ba called, there are rule* for the downward pas* 
and the upward pa*** Tua ml** for the downward pa** conol*t of a 
conditional tpcclMcatlon of what U bo be applied to the aruuneuts, and 
a a*»Lhiid of retn*rvlnc Infomatlcn for levar levels and *\*o for any 
following operation. The conditional la a natch containing tin* operator 
and function* or aaact natch on the arguaent*. The ar^iuuniji and groups 
of then coo be civen mwrrmie homi t« be used in this natch. There la 
a way la name all arcuftcnta satisfying now natrh. Hatched arxuaent* can 
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be ftlvcn ^prcirtl ne»e» to b* uaad Lu the reat of the specif icattona* 
There la a way to break out (vnadlicely vlth the answer on either the 
uiivard or the dttvnvaid paaa. Tha upuanJ pass consists of another mtch 
ami a can&truct. The construct esploya 4 pattern but the operators in 
the pattern vhirh have variable argunentfl arc altrpllilcd if possible. 
Vh* cunatruct pattern can contain functional rLIP 3i&tii b* useful 

in such a Lanuuaze 

?,*j 1 t ■seotacloa of Beta 

a set nl(ht be represented by alelng it* nam and acew or its 
propvrtlva, or by giving a general oeober and direction* on how to 
upeclallic tuts general rentier t*> any particular Dwrber, or by glvina, 
all ■'(' the neubera. Hcoucrs ot ordered set* can be indexed to font 
array*. Hore than one of these representations could b* uaad 
strultancmjsly. Typical set* are an ind***J uuaMtlon of term*, or an 
inacucd aet at equations. In rullt-ctinr tern* on* *rf|[ht tfant to cotiMoe 
several aurrratlone of the ram ^ a L * tt> Ton* a u«w aet at 
aunutloo*. no tvo of which contain the 4*w powr of a- Thin anuunta 
to conblnln* a*obers of different aete; that la, tha coefficients, which 
have th* sae* value of ■ property, ttiat la poecr of ju The 
ttlon indfl* nakes It puaaibla to carry out this operation without 
explicitly t»ilne nach naubei of each aet, Tftia ta a very central 
font in which oany a L port thaw dealing with seta can be expressed, but 
greater conputcr efficiency and clarity of expraanlon might result frees 
using special concept a* 



Aa another «*a*ci|* of the u *e of a set rnncept « consider the 
plac*n*nt jf the coefficient* '»i a polyrwnMal lata an errev, to chat i ■« 
touch te*t ma h* applied, A series nf" tern* It *e aerated by coobtnlft* 
th»#e cueff lelents« Thr generat inn of these terns it best specified hh 
operatluna un en array nf eipresslnns. The retirement that tho 
resulting ?-niH nil h*v* th* trnwe 4 i|tn then lead* to relations between 
their pa remit era. 

"fro further a^W* am siviiUr. Any particular tern In a 
ruUlnooUl layaHtM lar b» written duvn directly in tern* of the base 
and the eiponent. 7lii» I* dune by fuming all conbinitlona of power* 
of the variable* which fulfill certain restrictions* CircvjtdtLon with 
Inteiera la used to datei-nln* th* flow nf c*mtml a: the paver* ere 
fvrsrfrd, A elailler but FPre renpler cane Is the foroatltri nf ternj in 
the power series at the uultldlsKiulonal transfi:rnetion ef a non-Hwer 
differential equation as described by Van Tree*. ^ 

Ai a final exdciple, cttUldeT the eultipl* rhannel , nultiple pha*e 

queueloj; ay ft ten described by Garbcr dad dlscuaaad in Chapter It. The 
baste equations describe a eyeten auch a* th* one *(mw belov; 
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A *y»t« ar a channel*, e*rh villi k ptwt« of «ervl«»» I* iU*crlbcd by tbr 
tPtil nusbAT ft nt unit* in ih« *y*tcu and the itat* r. or each cbanneli 
lb* arrival rate ia X and tfi* **rvice m« U p, Th* equation* are 

(i***) P (o;^. r 2 . •« r n , 0, ... 0) 

- IT K«r, * ^ tl , r, * tfj,, "• r, - <£ „, 0, ... 0) 

jfHI 

uhirwviir nt» and subject to; 

fcu Ploltp *". r M< k+l, r^ lt ■», t^, 0. •*• 0) 

-^HT K*^ r V ' "*" r l'°- r t+l' '"• V ' ' "' 0> 



rttancver r.*k* tfhlla tf n> n 
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ifttcn *|^fc» It 1* understood that alil^u^i only those equation* ror winch 

the lull channel* have the looest 1eu1*x h*ve born written, than la In 

fact 40 «ipjdt£oti Tor each pcrnutatlou. 

«oia that this representation luvulvn* the use of several **t*m*l 

conditionals, ton* written In English, a* u*11 *e the internal conditional 
/ . .» In addition, it contains ttic Induct Lv* **.,.** notation and the 

English statsnani ubcut peniutatlun*. 

Sttac at th* vxiernal English conditional stetenent* arise because 

the o doe* rwt provide enough generality ag an internal conditional. 

The "..4" notation arises In part because thara I* on standard way ta 
uentlon 4 particular subscript "£ a ou^ntltv which is JnaVvrd by a 
nutvber at subscripts which le itself a variable- It Is far this so™ 

reason that the English statement about Uic |>eiu*itatf un* U rmrie. The 
syntax used has flreat rUxIMIity, but does not contain cuncept* 
appropriate to 1I1U flluUnsnt. If the «q*r*a*loft U represented 

Intrmall? in the cottftui«r in this fnnr. it will b* difficult to writ* 
■lB*>rithi»s to transform It, 

An alternate rem or notation wruld Involvs Introducing a general 
internal conditional, functional nrcuments, and tone specific concepts 
about sett. The function SETSiTH (SET, FVBCTIOB} has as v*tu* the sun of 
UM qusntitles produced hy applying the function rUhCIItin 10 each vlencnt 
of act SET- Th* rune 1 i^n SGTSUBSr (X. V. T.\ substitutes ele*«nt X Tor 
ele&ent Y In sat U The concept of bound variabilis is also used* Th* 
current elctxnt to vbleh SffTSUH Is applying lUHCTiart is bound t" the 
noim, eleovnt. In tbU nacmar, ih* expression can be written! 
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It K*H men <&+*#} ?|H,R5ET| ■ BITSUH <R££T, 

ir nui*«iit - o- than nui f atrsuBST (MLmnti Mlmamt, asktji 
or if elcatnt *- k then jj^ P|M-l , 3&miBST (0> *l*i»rnt , HBKT)J 

♦ Li H*-K thm k P(***l> SEtfSUHST (I ( *l*t»nt, RSGT)J 

*1« 

else PJK, 5E73UH5T (cltswnt > 1. elonoiu, R3E7)1 
cUa <H9) PfS.RSrf} - SrTSUH (RSET, 

if elewne » k tticn J Pl*Vl, SETSU8S7 (i, aUneutj HSETI)| 

+ 9 P[K-l, fcSffTl 
cl«^ P|X f SERtlBST («l«*«fit + 1, *ii™«l* RSET) + «t|»M, MET] 

tt«*r* ore neverel nlterndtlve vays in vhich thi* txpreatloa could be 
written. The choice wtild depend largely en the operation* la be 
-*HrU<™.= . The typical procedure is to apply 4 timber of ttepi and then 

to KvivtAt* a pptftUI c««*» frun tha ivntril expreaitoiL 

In clo»£n4. enothvr erea wlivr* the problen solution, coo* fro* the 
general to the particular 1* the ere* of vector ipaetii end utrlceit 

|Tit» enutunt of infnrttatton about the input to be saved In ttia laierndl 
rftpreatrntai Ion d«p*Rd« nn the range of casks vfclch the uttchlckc 1* to 
perfum in the n«n*n*rblne interaction* One possible task 1* tht 

_:t J.^-Mii j( .hUU-...:. LopAl Ut MQ Br Hr- 7 I--.' .in irder tfhlcj] feitMM 

tbelr sequential evaluation. In sons casus Kissing atupi or limit* nmlil 
be pointed out* Ttiia requires tone representation of what Liaiflfeuni 
belong together as ucll as prepare*** of the uteLeneate such a* ttie 



iMomatiOG needed to evaluate then* Wlch respect to evaluation, Lh* 
tare prcblen oriented, rather than procedure "rl-nud, th« «*n*nachlna 
discourse bcccac*. the rare neceaaary it i» to reprmant objacta by a 
*et of propcrtir^ which would allow a* ny cation o( the object by an 
appropriate routine. Tfcia it true* for «m^U, of tat* raproatntln*; 
pcrnutatlona and conbinationt subject to i-.huiq restriction*. 

Such propercle* are al*o ihuhUhI it tit* nacbtete 1* to perron* 
difficult problem tolvins tatke, 0ft*4i, for axanple, tlw factors or a 
polynomial can be found ooly if iaforwtlon about then it known Iran 
pbytlcal con* Idarat lona. Tula infonuLtlOD met be atnred a* a property 

of the polynomial, 

ttia Jam-* Irani tal touttod* 

The iuUimuC leal azpraaaloo traiuv tarnation routine? will nirw he 
dctcrlbvtl In duiaiU Concluaiooa afr*u.r> the tynea of projiran 
i;r£jiniMtlon which wure noedud far sliccc ruuttnea have already been 
presented in th* flrat part uf lha chatptor. Thia detailed description 
will be uarful to thuaa wlw want to write slstUr preftroai*. Ihe 
tranafom*t i*m routlnaa **t* written uo a hierarchy oi LIU? functions, 
&omt of tha function* per com operations which are coman to nany of 
th* tranafoniat lima. These (unction* eot^riae a low level pn>|tramtin£ 
language. In addition, there are nany function* which porTom ayatfta 
and bookkeeping operationt. To at* th» purpot* of each of the function 
type*, the proce«*linj of a tuple conoand vlll now be traced through the 
eyvtvev A knowing* of the LISP pT*>|i Tannins language will he aaauwd for 
th* renalndur ot the chapter* 
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Suppoxa tha uaar wara to typai Uia couiauJ; 
#'K^StHPLlFY(l>JlV< , X > l > 'Xta ♦ '(Jfrl)tl)># 

th- PDF"£ aanda thla cvrttaud, as d Hat of character*, to the 7094. 
Thorn. lha MSP function APAKSE, «le»crloed Lit Chapter X* to uaed to 

p*ir*ii tiii: Hiring of charaLtci* inu a LISP expreaclon. The above 

L-uiitanJ tweouta: 

(EAH3inK ■ :-v-i :• E) (SIMPLIFY (DRV <EqU0TE X) I 

(PtS (IVR {EQ1OTX X) 2) (PVK (KqUOTE (rLS XI}} 2)}>)> 

Thlc eRpcavclon la then evaluated In the LISP lyitcn* All trathenatlcal 
tfaprafjilQfitf ura kept t»n thu dlaa. The function EA3SICK la one or 
aevcral ay tea rjrn:tinan . it will vrite the aathcnatical eapreatlra 
which la die value of Its aeconc" grctftcnt on the diak a* a file vitli 
uanc X FOXM. The lirat tunc E has been paeudo-quoted vlth KJOOlE* 
DJUOTX traaforms typed mpot eJtpreatlon* into Internal Coin. It la 

one of aeveral gunccivnH for iranpi^tTinni eft^m* t r| n* :nt^ c*7J:yal'.-r.t 
ft>f fdf tttont frr ou jput, Steal, cimaidar (Kf avaUiatlun of tha 

arjpmtnta uf DHV, tha darlvatlv* fmurciun. DRV will lata tha CI at 
derlvattva with raapect ta X nf Lta third arguiwnt. Evaluating tha 

third argummt. X and 2 *r* glvan Lu lha Tuncttun Ptf*, which 1* On* of 
a group of CunccUna foi lurfumtm tlm alaabral* omraffconn . 

m|X»l)-» (Wfll X 2 XTL> ilititUrlv EQUATE I <PL5 X I)] -# (PLS X 1 Kit** 
rW| iflS X I Ha). Zj-» (m <PUS X 1 ML) 2 KID, and tta final maiilt 

ta CflStr** X 2 XTL) (PVt(PLS X 1 XltJ 2 MIL) Kit}, ttiu runctluna H£ and 

PVR vlll perfcrvi certain aUplificatlona. auch aa PLH |X, (PIS A 3 mil) I ""• 
(1'LS Uli Ml.> Inataad or (PL9 X (PLS A 6 Nit) ML), Pita radueaa tha 

growth of «-i" """ bacawaa of nlo^l* rndtindaiu.Ua. fu-xl, tha 
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derivative function DRV is c»ll«d. DRV iattuea a call to 

D1F?(X, (PLS X 2 BlL)(PWt (PU X 1 NIL) 2 MDRID). lb* function 

DUF i« one of wviril lfgg r*ni t in* » _ tor _ > m n*< i^tai n j * t >n* *■ 1 r tt fl t a ry 

tract l ana . It uunld take tip \w nuch npac* If (t *tmy*d in cor* 
w*Jry it All tin**, lhtfrnforn, DIFF 1« «U£lni*4 a* a rail to tbn 
*VM»* f»n^ m B GXTFIM. mriUl&lF?, (I KX*)I rir-l r-*u* in th*> 
diak flla MPF LISP, Hhleh contain* tha OIPF roullna*. Than GOT tie 

mlum DiFpjx, expi* finally, cnrtu r*iii iki at*k Hit diff 

ErtA3E t vhlcli rtnova* Mm DIFP routlnea float cor* atntocy. As *tat*d 
altova, DIFF in Biv*n Mm axpraatlon: 

<PU (M X I MIL) <FUfl (PIS X 1 ML) 2 kit) HID* 

Before dlf Corunciatlt£ th;i eKpreaiLon, DIFF fives it ;i HKP* the 
ruttLLioa toj [u|tiw the variables tg all aubcJipreaatonp he :.jfir 
property Uttta . WCF return*) (PL£(PUH X 2 (X>)(FUR (FU X I (X» 2 
(X)) (X)), Kov DUT can look on the property U*t of an eKpreaaton 
In order to sec il It depends on the variable of differentiation. If 
it dooo not. FJ1PF vitl [mdintelv c»tum the wiw*. 0, for tka 
rx«r?L« nbow. D1PF r*Uim#i 

(pls (pan 2 x m> <pid 2 <pls x 1 ktl> (pls 1 bid mu mi. 

Hit* reftult U e 1 *" <° SIMPLIFY. lhl» routin* U uaid no often that 

It hn* b**n cbo**a to cetlda p*m*n«ntly In cor* nwor>, Therefore, no 

call to CETFILF 1* aeaded Mils tloc. SIMPLIFY Undo that 

(Ft£ 1 ML)-M a then that (PHD 2 (1*14 X 1 hit) 1 ML)-* 

(PRO I (PLS X 1 Ml) NIL). Since thin later oannuliin in tfcn Ufeitmt 

»f * PL5 t II in «painled to (PLS (PRO 2 X ML) 2 UIL). 7hu«, at tbe 

top ItVftl BIKPLIFT find*: 
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<FL3 (PRO 2 * iaD (PU> 2 X VXD 2 ML) . *»ich can be alnnUfUd by 
collaetlne teraa. To do thU, -J.- routine nm dUccuer chat tw oI 
the tenta have tbe aoiu literal Cftett*. To c*r?are tneaa factor*. 

3OTLIFYu*eatlie function* far copgutfng the Wl, cm | c auobar of a 

■Tttbollc ffipreaalon, if th e haah code camber* .re the am, 3IHPLIFV 
aflame* that chc factor* are equiv«.1«>ntt The final Aiuvnr, 
(PLS 2 <PW> 4 X SIL) JIU) la nov written on en. di.k by itfSIOL 
In addition to the *lve cla**«* of functiana above, there ate 



al» a frw ecncril 



>osc Imtciinna. the function* In **ch of then* 



*1* eleaie* vill now be t* r laje*d. Then tl» funcciona which coo,.rl» 
each of the cronaf oration routinea vill b* deacrtbad. These 

cubtrfpt ions uaa **v*ral BuacUl fen*. 

Ihe ctnreaalon* are tftpmeenced In LISP in operator nrefi* Tor** 
l*e Individual oparacorv if*; 

(Hoce: o**t of the cparetcre can tak* any nunbar uf ar*ua*nm 
In Mir clrvlout Banner. > 

L (PLS * I C *1L) = AfDK; 

J. (PU ABC RID S oVeVfl 
3* (m I J MIL) E ^ 

4. (PtfU A fi HID S A B 

5. (DRV A D C D E KID S — 



dA B 4C° 

HK BID ■ Jl C 



6. (ITC D A B C KID = JA C d0 



7. (SUh A B C D JUL) 

A»fl 



.£ 



102 

II, iBVL A B C D B »TL) = K/xsb 

9. (XAM ADC MIL) = ^ D 

10- (FAB ML) a F(A,0» 

11. (HAH A B (P C D *IL> »IL) = P AB (C.l» 

12, (FTL A XIL>S A! 

U. CABS A K1L) = IAJ 

1*+ (DEL A «TL) H jj 

is. mpa *J° 

16, IBF s indefinite 

17. PI * V 
IS. *£ ? c 

IS. *IOi 

20, MIL x undefined 

U. (1ST 1 BC4«l)5 

22, UHS I B C A «IL)S 



EJ, <CK> (A B KIL){C D NIL> BIL)S co 



H« L»*t *l#«Ot of -well lilt La tna prnpertv Uat Of tba « P r«avLnn. 

An unnty pr^Tty Hat U «■*?«««*<* by ML. Wh-m cho operator U 
ecaovtd frou *n «pr***l«i, tbe fri^K Hal r-Mliu. Kor ****?(*, elm 
ant™* U" of^AlC KID U(ilC BIU. Th* fc£5l «' ■" T««er 
It th. l«t -nua-tit in it- lUi. For ni^l*, Kb* bod* of (KAN A B C HID 
U C. 7h* «*pfoa*lon (FAB ML) U calUd an jjUicrary ftfflftuwi oi A and 

a. An tfitfifotulon tucli A* 

(FIJI IPBO D C «a) (FBD C (PW* O t Pit) *IL> NIL) 
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funu * tree at *Jberp revs too *a shown beLov: 




Uh*e. | function U Mid tn e * dgvn the m rea«i«fl > T ~ , |, pKW „, tha, 

optica of this tree tn the r»nul order for LISP. 

FUnetionn llhleh fy *h- icaem!*,*,. r n. W tv frn thg Prflpcrt? L int* of 

■4U Ui» SuEcxprctaio pH — ** 

As vas ateted la the Introduction, It Is scnrtlBMi useful to put 
the vsrlnbUs Id * subexpression on lis property list. Thie list of 
VtriiHti vill br colled th» dependence n r t 5f ch* ca.b..preiBion. 
Subscripted function nm* are utstlngulfthed frao variables as con he 
M*n in the following cunpte^: 

(PHMD^fFH (XT)) 

(PIS A <F X V BID *IL> ^ <PL5 A (P X V (* V)«F A X V)) 
(pls a ouh i (rn xil> kiuwil) -* (pis a <w* t (p x r <x *)) 

<<KAh I P) X TJ) (A(KAM 1 P) X Y)>. 

Tftc dcp*cd*nce Hats at* covpucod by KKP{Xj. HKP goes down the 
**pr***ion tree, to the etooa, which are left unchene,ad. Cowing back op 
the expression tree, -sch arsnaant lUt Is «ivan to WL 
KKPl lAIGLin, EXP, PL15TJ goee *ovu th* itgu-ont Hat tubing a dependent. 
Use by Ukiag the union of the vorl&blee en *hltli *«,* irajs»t u>prnda 
w(th the atcumiluted result, PLlfiT. 71i*t* m five cases oeceaaary to 
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find tb* dependence of *» arcimnt. If the erguoent 1* * nunber. It* 
dependence U XIU For an MUlC aruunent, the M«ilt i* * lUt of 
the uo^ If the arauiwnt i* an arbitrary fraction, the raiult la the 
fraction nane *4d*d to the er»un*nt property IUIU All other eapreaelon* 
except MX bodie- yield their property lift** As abtwn In the example-, 
rax bodle* yield the entire expr«e*I»n *lch th» property Uet rented 
by 1PLBT and vlth arbitrary functlun* replaced fry thalr w«* ( mtltMd 
vlth the dependencle* of. the BAM fcocjy (unction arfunentx. 

Rmctlona- UH»:h Cmnmte the Ha*h Code fried** of «n fa Pr *^inn 

Chapter VII puW t achco* for aMlftninii mteaere to e«nr***ion« 
in inch e vay that equivalent eipreaamna will be aeeinned the saw 
integer, The*- Inteacr* er- called haah code ambers because the 
infinite eat of uatheWteal eipreseinna I* napped Into a finite aet 
of Integer* by the aeilennrnt •cbcttc. A* explained In Cbapier ?II. IE 
■**' la to her* the eat* haeh coda amber a* ***•*, then a epeclal hash 
code fichtnc ruat b* used for exponent** For want of a better wlutlon, 
rxponenta of exponent* are treated *lth the be*- achene, The current 
d*pih of exponentiation nodule 2 ta n**trn*d iv the varieblc SDtPlXVfL. 
StKPLCVKL ia Cor the b»M. arithmetic, which «aa called F arithmetic In 
Chapter VIL StMPLEVtL I* 1 for tbe **punent or U orlthaatlc. Th* T 
and 3 arithmetic I* portomed hy the function* fPLS, FPRB, n»VD t Frffl. 
8PLS> SPED, SOVD. and Stm. All of rhe*e function* except 7DVD ore 
Fudod in UP lot greater efficiency; the function* perft*r» the iollmrina. 
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cooputatlona: 

(Itocc: A and B j:l 4t^iwnt« and p U the finite field pru»,> 

FPLS; Anwpr ■ <A*B) o»d p 

f*W>; Antwer - (A-B) rod p 

rptfR: rir»t a eh*ck U t»a4a ia Me if the b*a# t* equii u. C h# Integer 
* lsi ? we to *■ lt *>i •P«ial coda U entered »o that e" iir will 
often hub into -l". In any caaa, a check But Itn rude fur a 
negative axponent which indicate* that the finite fluid square 
root of the Imm la to be t*ken, pinally, the nent U nultlplUd 
by lt»elf In ordar in create- Oi« **rie« b**c f t*» , ba***, 
hat* "* baa* . The answer In the product uf all the t*ra 
In thlt K^nc* for vbich cl» torn « pond ln K bit of Che 
cipoMnt la a 1* lit* flou chart i#; 
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SPIS: Ilther ar«t«iH tan he positive or mt|Iai We. 

A > <> » > Mi-er - (A+B) nod (p*l) 



A > B <0 

A<0 p >0 



Anew - (-2A+B) ami (p-l> 

AUW * (A-2B) nod (p-1) 



A<0 »<0 If W i* OiM; Arnrvvr . (a*« ^ ( p .|) 

OthwrviM!; Answer - (jA-rBj/2) »u<i (p-1) 

SFRIh Either arounpnt can he positive or neeetLve. 

A> i> Anwr ■* (A'B> nod (p-1) 

A ?° <° IT A B i< even: Ansver - |{A**) turt <p-l)|/I 

OthrrvUc: Ansver - U 6) md (p-1) 
*<° *> ° If A- B la even; Anaver - Ka*B> nod ( P -l)J/2 

Otherviiei Anm/pr - (A-B) nod (p-1) 
A ^° n ^° An«*er - - *{|(A.B) *>d <P*U|1 nod <p~l) 

(* - Sn+2 wh»r* p * Urn+U 

8FVX: II the fcese U negative, then It it mUtlpUetf by (In+2) trod (p-1). 
It I* then raited to Hie caponimt In the *an* tr*nner aa for ram, 
firei. the »rte« a^*, *#«*. ... b*„ 2 -,. u Tonwd. vhere 
t«h turn |* the tquere of the preceding, one. Liken nod (p-1). 
Then the amtuer la raraed br nultlplyln* together nod (p-1) the 
t*ro* k for which the k th digit ol the exponent U a on*. 
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A in the iw»rit«r and B i» tha •luimiiaator 
A> B > 



A snH-+ B tfdd-*An*i«r - (A-o" l > nod (p-1) 



A^O 



T -9 B odd-*Ana»mr • <A*B~ ) *od (p-L) 
T -J Anw*r - SDTOl A/:»B/Z| 
5< Q Ansvar * (2A*B~ l ) *"*» (p-D 



ACO i> A odd -* Ansoor - {A'»~ ) *>d tp-U 

7-> Anmr ■ {JA/2I-B' 1 ) end (p-1) 

A<0 B <0 Amvcr - OAM*'* 1 ) •«* fr" 1 * 



Whore S~ l U eoanurcd a* SPtfft(S. Sn+3) . aira Ao+J i* Ife-L), the 
nunher of Jntofiort 1«b« thau p and relatival* P*"* t" n-l. 

rDVD 1* computed M FPUXA. TPURtB, p-2)|* Fluently, om WW t* 
pcrfon- ao operation with cither tb* S or the F fonctlnnt depending on 
the 3D*l£VKL. r«T tlili Hflfttti tti« A (unctions have been defined. 

TheM ruactiiKui -rr APLS, APKD. AUVH. *IVR. #"d AKEC, Their deflnltloni 

ere alnilac- For eicaa^lc: 

AFUlA.Bl = <SIMTLEtflL - 0) -* FFt5|A t Bj 
T ■» lfiFUlA,Bl 

A!E£(A| call* atther FFKDIA, p-lj or 5PBDIA, p-2|. 

TMa c«mplat« **■ eaplanatiMi of bin *l&*l<ralc oparatinoa uacd in tba 
haah coda acheo*. Tharo are awrel ruoctloti* Which uac iheae cjeratlono 
to cooputc the haali code nunh«r of an arbitrary uwpreaaton. 

The hath coda nua^er of any tfaprceeion, X. la coopot-d fry the 
function BCttJEU, 3rHPLCVEL), KCCM ttoe* down the CMpr**iiiQti tiec until 



109 



It ruchM the individual wiablea end muuqli, it find* the hash 
code nunbera for the** and then ccentuii*** the hash code tunber of tech 
tubciipm* ton frcn the hash code nuuhir* nf it* ergunanta. fa gains 
down th* expression tree, the 51HFUVEI is changed ^enevcr th* 
oraonant of * PWS la antered or ^ii^n the ulo connective or a 
subexpression U flagged with FCODB , indicating that It 1* a treiucandrntal 
function. The code nunbar* of the individual atovt and number* at* 
cosfajtcd by the function GmiM. C£TC -lv»» a floating point cu*b*r 
to MKCD, In the cat* or a positive int-ear. It la only nece«*ary in 
tako M»I3[ Integer, 0| , or AJ0K| - integer) for a nagatlv* integer. If * 
La a fooctfoo, the aoawer la ADTD or GRrc «fpll*d to the mraaraiur and 
deaoninecort TOe retaining possible* erxaaenc for <JCTC la a LlLR*] 
ataau GETC looka an Uie property Uat of the aton under the Indicator 
CODE. If the aton haa bean coded buf»re t or If It la *fc\ *l ( or Pi. 
tta coda immber will be found. Ochwrviae, a randon nunber U tuna rat ad 
by UKiu and taken airtulo p-l by SPLSJ rendoa nuaber, 0J. Tni* tod* 
nu*h*r la put on tba property Hat of the atoo and aleo returned a* the 
answer. The floailnr point nua*er keahlna function. «KCD, haahaa the 
nuaber in three a tap a, First, tba absolute value of the nunbar la taken. 
Than tba cbaractarlai It end fraction err separated, and the fraction it 
eicher multiplied or divided by 2*1 characteristic! , depending on the 
sign of the character la tic. rioellr, if the flodtlna point nuafcer **b 

negative. AKEC nf the anever la takrn. 

aaturnlnr to SCODf , tba ttcthod of coa?utinfi tba code nunber of an 
expression fron the coda nusbara of ita argument*, demand* on the 
operator of tbi repression. A* stated above. If tJ»e operator symbol haa 
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the property FCODE, thl. rapreaente * Auction of one mUMc; the 
frnctlone in thU cli» -Men ore ? r»*ontly coded arei ISDI, FCOS, 

tTAJI. PSEC. FCSC, FCCT, FSIW. FW5U . P7A3(H. FCOOT, FSBOl. end FCSCH. 

Th.ae (uocti™ will be diacua*ed individually later. tt>*F «il cooput* 
, haab nwnber fro* the heeh motor of tuelr *rtu»*nu 1* the uooraior 
•jntot baa the property HCOOI. tiite pmpeMxy fUa» * function of one 
*ruu«ot which ie * H«t of the haah c*»d* nunber* or the argownt" of 
the operator. Wlwn * w operator ft* introduced, a function for eooputina 
it. fcaeu code can ba Invented -nd added tu the ayatem with UCOOf, KCOM 
o^pli-ti tbla function to a 1UI of the arxwwnt boah munbera. tCOOR 
f ,tU APLS. ATM, end AFW* I** *be operator* PL5, rKD. and FIB 
respectively. In the GUI of PLS aod MD, ECOOE uaee CCOOEi 1* apply 
Che binary operator APLM end A?BD to th* Indefinite nun*** of «T*™»e»ta 
uf PIS and rim. All other op*rator* are handle* by a call to For*, 
Thie funetinn produce* a reaull which depend* on the bean munbera of 
th* ertuuenta nno their order, but which l«* no Invariant properties. 
Taking in* haali number ol the operator nan* ■< tba Initial eccuaulateo 
anaver, the accutuleted anavcr la a-lded in F to the baah miaiher or tba 
ne»t ar B i«nt,and thle au» la reia.d in F to the arbitrary power 
tt5THn03» to form the new eeruevUced -never. Thia prnceaa la continued 
until all of the arsuaenta have bean uaed, Thla conpletee the diacoaalon 
ol ECOTC, In cnncUielm^ tlte conulee tor tbe transcendental functlcma 
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,:;:k 



h (,'■-.-'-) 



m 



FCQ5 



PXU 



K.-«-; 



.1 - r 



2l* 



An^v^r 



I. il!i 



fSCC 


1/FCOS 


FCSC 


l/FSt» 


PCOT 


1/FTAtf 


fhik- 


*]*rsrau*> 


FCOSH 


FCOSUk) 


F7MI 


rsir; ■ 
rcosi 


1X013 


1/rlAKH 


raecB 


1/fTOSH 


rcscH 


1/rSltB 



The Opei-tHlon* to tr*nftc«n<JenLdl fu*irUfGfl 



r* ^vrTomeO In S Arithmetic, 



fUPcttoiu for Alecfrr jlc Operations 

Hi* fraction* ubich perron* af E ^bratc operation* caa be divided Into 
«von eli#us, TypU.Uj., tiie ftiMBim within I given dm arc denned 
for tb. mk argixMott, »nch u let***™, rational rwnber., a T federal 
c^r^-i^^ Bacb elm <uy alio contain a few helping function*. 

A. Integer n>pcLlo ft < 

T*n futtCElon* Accept lateuer itrgure- nt*; 
AESlflJ » |I( 

FiLExrj hi - rt 

the arnunent* ftir ineoe function* can be »tther rational 
runber*. represented by (FIT B IV NIL), Integer*, or riMclak point 



irs 



nuober*, Sine- the functiimn lor ndeition, o*ltinlU*tU.a. nod division 
lake either fraction* or LISP rubers « Input, they Tint send Lhelr 
nrtuoant* to DOKVH for convention to * atnmUrd Corn: 

DQCUHlA ft] - (nwncor of A. eem»ln«tor of A, numerator uf &, 
dtnonioator of D) 

g*ing tht» Lift, the three function* fom Pie collowin* quotient*. 






PEJ>!ttM: ?flHl j my 

BRpou - dmohx 



0VDHUK: HTM1 * DEW3 

Tfco*e remit* *r« then ntven to REO»J« to bo reduced to love»t torn*. 
If one of the original arRummt* vo* a flowing point mntfeer, then of 
c°«r*e, the anwr wLll be * floating point nuntler. If lh* fcBMIllMtm 
ia **ro»then BBDnW raturn* lbt t represent u»*w. Oth*r*ue t REUJUM 
■ifltlfil tbe (Taction to Invent earn* by finding the |>«*4* of the 
rum-iQior and d*nonln*tor with COL The final ocobet at thin cl«n i* 
tit* exponentiation function FUIUKK- The **ponent nu*t be an intef-r- 
flu »peclel ce*e 0* B re-ralt* In IRT. Any other oei-tlve exponent rewiU* 
Ln the bane being Invert** with urnWH, «*d the exponent «de positive, 
Ihe r*B*iuin* po**lbllltiee have * aon-»ero b**e with a po«lcl« 
^uniiiiL. If the ba« 1* ne*ntU*. the tlpi of the ww«r 1* poetise 
■I negative depending on whatuer the* eipooeot la evan or oad. 



113 



& Fuitftionfl for Arbitra ry ft» n rgfc B irt*. 

The*, function* cop^lM ** ? r***ion* under the *Un*nt*ry 
operetion*. The expre^ion* *.« ^c elnplLCUd, hie eiirpl,- r*dund. nc ice 
*r. diMMi^ EfU|I, vr *nd CPRDIX. Y| both tell BfW Wth expropriate 
runcttoiwl *r*ra«iit». «■» perform the **« operatic™ for cU .Witty* 



*nd Mil ipUcetivc group* EPRJJ TO*t 



nake the check for a tero ertuaeni, 



*ioce a-o-o ho* do counterpart In the additive group. For I*T-0 nu> 

rftUnW SlL " nd P rlnt * lrMTESHHeTO. E5HN(X, Y. W, WrlTO. 2. WJffJ 

h«* olA erpiirent* uliich have the foUovln C u a* D aid vein 



ken 



,.!.!* 


I^H'tUl^fl 


I 


Hr*t e*pm*imm 


Y 


WCCO* «Xpr*SM0D 


(1 


operation nnfftf 


WOTH 


rational mabtr function 


I 


(roup Identity 


»» 


graup Identity predicate 



Value for pi.fi 



PL3 puj 

o | 



If Alt*** *rpa»mt li undefined, eniii ju*t return* [un XIl). 
U either arjpineat I. the Identity, ITW return* th. nth** irpmnc. If 
either argxroeot U infinity, the untr 1* infinity, El nan* *i thee* 
conditio bold, then each if the tuo evru.LMe u •*«.*. by ifilWK 
eniKi eim.tnict. i muter, U, and a i*™ U*t f Y, u I* initially the 
Identity «nd » I- enpty. Tr I i« a nurtrr. tt u remained vitb If. If 
X ha* tbe operator V. then it* tent* are pieced <m V, e«e P t rtat if 
cba ftret turn ;« a muab.r, it li cabined vlth 17. Otber-iee, X tt«U 
la ploced on V. Y 1* treated In mu mm tuner. *njN then look* at 
thUr.euit. Hier. ere three p*eoibl. r*w<* If Hit ttm U« u *«,(,, 
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EFUS rctuma the nur&er. If the number is in* Identity -fid thtn I* only 
M ten. *n the tern Ittt, thie t.r» 1* the result. IHherwlee, the 
Mater 1* pUcod on the tone LUt If it " "»t **= Identity, *nd the 

operatot n>M W la «W""l W for* lb* AA*v*r« 

Tli* neK function in thle «««? <* BPWlX. *). «*" nre quite 
« nunber of pneaible nutcene.. If tin exponent U one, th* enewer La 
the bate* If either etewwnt U uiMUriwd, the -wvcr t* OV* X T HI). 
A *ero exponent yield* en *n*v*r or 1 unle-e th- b«c le infinity. IC 
tbe beee In * faction, then It U tnwted i£ -"-un. •■> *« the 
niia«r*tor will be Utfet then the d*noeiin*E*r. Wien the bo*e U 
inverted, tbe elan of the exponent Li changed* T^« eananuaJ »rd*rHft 

at wmwiiUwl fraction* illw tfr* eerrM eUpltfUetUiQ proajj 
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iBttfBC, the. the iWt is confuted by W»m. If Ihtl U net -a, 
but the bee- U aj poeltlvn LISP minbor and the opponent I* alio p LW 
p^bcr. th«i tlie r*«U U coaput.u by ixrt, Otherwise, the ramill t» 

<I*UR X Y K1L). 

BOva(X a Yl If d.Ilned a* XT1D|X, ir*K|X, -U I *nd mBUI If 
Joined a» EPW*X, -1], EKWX, tj U <W X V BIL) end «ET|(X. —In)] 
iettSET X g »•!« KlO. B1WUI relxinu the nnallnat nn4»r ©ft arcv^nt 
UMt X- It con^ree the areyn-nta vith tit* function LSOT described In 

the taction on predicates. 

DCLOClXl, the Mt»nl loc*rithn or X 4 ran luve M-v-rnl outcote.*. 

tf 

2 le<~* the answer 

the or-siffr U <KLCC X Ml.). 



X ll one. the www U new. t£ X !■ ■**»» the -never te --. ir 
!*-», mi*: ll X Le «\ the ettewet tn A, Othcrwiw*. 
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Tnaia IM one K>r* rune Lion I* chl* Br**ip; «*V|X N -. X K 

'" W* *' ***«*«• dm li^ derLvatW* of r ulth roapece to X. Tor 
each L, Tf Y dt>*i n«t bv* nin irperaccr Dftv, then ch* umwr la 
(DRV -" VV "* * ««■>* OthtivUo, EPftv givca the im araumu.* tu 
ESBYL KDftvl tive* v ( X^ ard * ( w EORVJ, far each i. |Djtv2 to*. 
thriMgli th* liit of dnfrrffntiation varitDLea on Y ud odd* X , 



I>. Predicate* 

There or* wight predicate*. 

n&tftKuEsHxi 



KZEROPUI 
I3!LKUSP|X! 

cairlx, y\ 



la X a LISP miiiter* ar (PRT H H XIL>? 

la X a LISP Miter, INT. or <FBT B M MIL)! 

I* X a zero LISP niuvfevr? 

tm X • LISP nunber «qual to 1.0 or (FIT » K fltL)T 
19 X a »tgat Ive LIS? ftimbtr a r (PIT -M M HII)t 
la X an odd positive LISP nuirbcr* 
X - T -> Ml 

X ---, T 

Y "-t 



Otherviac, cbor* U on error unlaaa X and V *t» LISP mmlwra , 
tlieae ar* cuopared vith GXEATCKP. 

LSSPIM, YJ «- GKr?(Y* X) 
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C . function* Which Coahlr ve facurwlam with Wwb Code fenrtwjji 

Thar, art four function* which cooblne Hit* at tbe for* 
<h**h nunfari - expreealon) under add J e Ion. ewUinllcotlon. and 
«pouentletlon* Theae function* are *e#d by the aUrpliricatlen progranu 
DP1S. Dl'U> t and DPMI all fell *™ vith eoprnprUte functional *r BU nnot*. 
D?Utt firat chad* to ice if Uic buh of tho hue *a *»"• In <*■*■ «** 
thu baee and exponent are nrofclncd vlth BJV1 and the: ntult la prefaced 
vlcu Ita h»h entfe nuiSer, TtiU apeciel <*** ta ta avoid mto raleed 
to a negative pover. 

UflWlX Y AFI» fittWU U a function of the twi arju*«nt* and 
the proper A and E function* tai the Given natation- DFIN cenblnee 
Cbi h**h code nunlmra with the A function and the **pre**tcm» with the 
E function, U the new hoah nunber and V the nev e*pr***iufl- If 
the *»prc*eion if W1L* then It la undefined ajnd the hash of m ia 
cooput-J loatead or II. Th* h«h irtaw breeze down tor undefined 
one retina . Xe*t a nbacn la nod- to ate If v* la 1, 0, nr -1. In thia 
CM tha expression 1» tahen an equivalent to the hash nunlMi . <Boie:> 
A huh number of -1 o«*n* that AlUlL, Hi • 0). If woe of tne« ceaes 
apply, the result la (tl-V). 



j\ Function* 



Vfrt'h HiiK^ II l^wiH" t*> Evaluate the Ewes*!™* 



Th* operator* lino been u>*n functional definition* »o that 
they nan be evaluated. 
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PLH(X, Y| - IPLS[X % T( 

PWHX. Y) - EfBOU, T| 

X*C{Xj • IIVCIU 

DVDjX* V| - BDVDfKj 

[X. vi - ezQKfx! 

IX, TJ i- ah OEXFK, It evaluate* £t» arKuaentt **1 frc* tb« resulting 

li« t <*V" V* fonw (KAK X t «*• X Kit}, 
IUH|X, V] i* «Uo 44! TOCFK. lb* llrat accuneat U the nose or an 

arbitrary function. Firx tivaluatet It* ariuncnE* and *ddi 

ITCL to Hi* end o* the teaultlng U*i. 
DRVIX, YJ ll also an FEXJX It evaluate* ita ai.^rnts and glvta the 

resulting U«( to DRV1 which carriea out tbe Indicated 

differentiation. Dfttfl |L V „ cac b Indicated variable of 

differentiation to D1V2, which call* Dtfp/ i n o r C«r to 

different lace Y the faquired nuniwr uf titter 

C- tooatmc x FunrHon 

there U un- wore hioctlon which la Meded to lanlrant the 
convention that a **t or una eleoent: and tjntt clown can be u**d 
lnterehan$i.ablj In toanead.. smEJttXl return* X If ita win connective 
ia fcOTT, and (ISET X KIL) nthervl**. 
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ftiffgUfltt* for Inout-OutruA 

There It* "ve operation* P erfnr**d to facilitate inp«t*wl ? »t, 

1. :T4n-lomaLU>n of expre**ion* Croai Internal Corn before they 

ore prlatnd on the typewriter. 

2. Tranelornttoti or typed Input eapreeelona Into tptcrwl tor*. 

3. latrtaval of tfca nth *ubexpr***lon of an expect™ vhieli ha* 
he*n pointed at with tbe light P»°* 

4. Betrlevai of an .*pre»inn with tbo » th *ub**pre**Uin r*novnd* 
3. Cnnvfr-lon ot an **pr***loo retrtaved fry operation, 3. or 4. 

into internal £«m. 
Convaralon of eKpreaaion* for JUpUy In the -abject of Chapter K- 
Ex*r**aon* con b* printed in a nudifted tnt»roal torn vith EPBMT* 
SPKlKItXI read* X FOWt f«n the dia* and reeovi* the property Hat* 
iron all eubexpreaalo** with RPL5T. tt r>e« tU rawiltlnc niproMion 
to KPRUai- IPBlSTTi «oe* through th* e*pre**ion and 6 lve* all PLS ( FHD* 
PWt, and EQS subexpreaatone »*Ich ha*- a»« than one nreunent, to tnufl?. 
EPktKT convrtn the- exoreaaloa* to Internal operator Tom. F»r a^nnple. 

(PLS ABC) battWfcff <A PLS B PLS C). 

If mii input r*OTtand contain* a quoted expr***loo *ueh aa ' (A + B) » 
chls vlll ba parsed into (iqCfflB (PLS A 1 )}> WW »* * n "»** ^ lch 
returns it* argee-nt unevaloefd, but tr-nefar**d by BQUOTfcl and EQUarB2- 
EQUOTEl out* a null property ll»t on every *ubeiprn**lon. It al*o 

triMfoiw (KEC I> Into (PBJ) -1 X HILJ and (DVD A B> Into 

(PHD A (PUB B -I ML) HU>. BQU0TI2 reooirei r-dundant level* nt PLS and 
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PHD eir^reiaLoaa* For nxunplt*, 

<FL5 A (rXS C D ML) MIL) become (PL5 ABC Nil). 

CKTSlTnfX, HI returns die S ' *ubvxnr«4»Loo of X; the §ubexpr*A#Kmft 

*iv imolMi«itl In the order they voultl nornslly be evaluate*! liy *\1SI'. 

Thw *»be*pre*slnn Is Lntntad by CS'ISVltl. CCtSUBl ntUTfll NIL If Che 

count dae* hoc reach W, ao it oust list Che answer lo distinguish the 
MtVit ftlL Iron failure. Thitrafore, G2TSUB cake* CAR of the mult at 
ngTCUBl. H 1ft a Irea variable for crTSVBl; CE7SU&1 4fcmeou B at each 
new subexproasLoo. Whan K U «ro« CETEUB1 rtMCttl * list of that 
aobeKbreafilon an the ancver. If H la ml yet wro and CEISJBl rtachaa 
no itcai or *ube*pro*aiQn vith Ofiaraior ATOM, It return* HIX to Indicate 
failure. IT an rxpreision has several arpinenttt, OT5UB2 appUv* 
CE7SUB1 to each arcumtnt Ln acqusne*, until P became* aaro or the 
irguiwnt* art exhausted- GCTSUB ie um4 tn ilttd a subexpression vhidi 
la being pointed at by the llahi pun an described to Chapter IX. tt 
nay a1>o be necessary to use the expression which contain* thia 
*uhvx?re<)*L0B* pcrhapa replacing the subexnresaloa with another one» 

Therefore, when CETHUBl find* the 3 subexpression, the Utt 

(SlIBKAKK K MIL) la nut on the property Hat of the subexpression by 
alterin* the list structure vlth KFLACA. Hare than one •ubupresalun 

twy be narked by successive calls to CBTSUI. the SUWAJtX'a vJU have 
Increasing Ihtsrerit X* until the ccm&tant irtri-m 19 reset to I. Thia 

nvdienlati Is used by the ruttrand BEFLACE winch it described tn th« 

discussion of cirrsnani!*. 

The funccion REPLACES!:* will replace each iubeipru-»it>n vhtch has 

a BtfBhASE atructure on it* property list, by that dtructura. 



when * «ub*xpr*flJioQ at expresaton E U** b**n l&dlcated with the 
llpbt pen, Lli«n ih# structure C PFOOi, which U produced I17 die picture 

compiler. »- glv^n CO CET5BB. CE7EC& fieri* tin* *ubfl*i*le**ioti 44 

described aboee. Hie FPO*H iubaxnre*»loo t* then tMn*roro*d Into 
internal lorn by APOfft AKOfF tmk« the EoUnulnj: tr»afurvn> in nil 
Applicable subexpression*! 

U (DVD A B ML) -> <FM> A (FW* D -I !IH) DID 

2, (KEG A XTL) -* (PKD -1 A *ID 

3. tnn«cii«i fic hid ^{r>c niu 

4. (PUKCTtOK (XAH I P KID B C KID -> <I*UI I (F B C ML) l*U) 

5. (WtV 1 I 2 J (r 1 * Nil) IOL) -* (DOT X 1 T 1 (f I Y »TL) HID 
h, (PAnEW A HI1)-* A 

7. (AWM A XtT) -# A 

APfH'Fi ami APOFF Z perform trt&afonntlori J. AP0F73 per fa ret* 
trannjoraatton ** 

n>#rtf ure Io*irtccn specialised functions which comjnicat* with 
th» dtak and the teletype. Th»re ara flv* type* of dink file*; 

1. FtUa containing LISP function* which cooprUc a civen 

■u then* t Leal tranvfomcian, Th*** file* have eecond m™ 
LISP, 

2. File* containing LISP L^Atenetits which d-l*l- iron Lvrc cbe 

function* In a given tranrifomal Lon 111*. Theae hove A*c*»nd 

ihUtt EEA5H* 



in 



3. Pllea crmtoinln e a tlogU .wthcnjiLlcel explosion. n»i>*« have 



i. PUaa cinuiolnc > c int*m*diat* rem of a ■U V l i displayed 
•nqwuoo. Thete Fllit are ««Mr«t«) by the picture eonplLr 
to facilitate UaJit p« n w(«ft Bw to «ub* K nre*«loiu, they 
haue fiorund n*tc PPOltH. 

5- File* uhich contain icope anacnictlenK to display «n 
CKprctilon, Tliea* filet have **cond nam DPQDL 
There in fuDCtiona «*uth read, vrice and delete thete film. 

There it not enough apexe in core oeaory for nil or the LISP 
funcilon. tihich execute ti» rnrnnaudn, Ifceretor-. the rune i ions for a 
given ^MntlM, Rich u differentiation, ar « brinjcht Into cow only 
while Out «ttp la bain* perforaad, ui the e+u nf differentiation. 
Tor i-adiqiU, the top leva] function DlPPfY. If U tenporerLly defined 

41 1 Call to MYtlULlOm. <Y *)J. CETPtLE r,.d. file 0IW L]B? , 

**e*utee ulPPfr, X). md then retde file DIPP SKASS vhlrh contain* 
LISP ctmanca to reiwve tha differentiation ratine* tun c»r« and 
redefine DIPP on n call to GETPTLB. 

All rahonatiCAL expre**lon< uhlrh hive b« n defined in the 
*y*len are written on cbe di*k with Hecnnd &« M ftiKU by a nil to 

BASS ICtf| Sam., Expre**lo n |. Tlw input tftnnnd t*~X b« WS EAflS[G«E. I). 

EASSICS nl»o delete* any old m*e «ith W E DTORH or t PPOEK. An 
**pre«ion can be delated by a coil to HDH*TE|B1 vhich delate* E PUKH, 
n« vail «« i ppo«H .nd 2 DPOKtt. Thar PKXJR FOHHj E) ha* a* value the 
-apreaalou In file E FOWL tta*»ud nana, in Input toe»aade o« S lren 
io PORM. 
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*,«. a ll-bt pan «»r«.C- U ftade. U- Auction PFOHHHSADlSaae. M 

1. called. This function read, llle Ban- PPOBH and u.e. OBtSUD to find 
0* b" 1 nkHTMilM " «» -pa.aclen ■«•■ « BEPLACE 1. MlLd. tbeo 
,1- nrrmiN Kane PPOW" «"»t h> aaved. WOM."- aubexpra.aloQ cm 
ha •oo.tlc.c.d far CI- old ™-. To do thl. Eh. Mil B FIWKUB U 
rapUced by a cmll to CBTIBGUB and the rehired PHW ti read bu c«« 
and aaucd M Hie LISP conatant IhTFOJH. GETIRSUB than usee tha 
expr«.alon or- IKPFOKH Luuid ■* ■-«""« ft*. «" d " fc - Ul " n MlOTn 

l,>caC.* tlic b" 1 Kibo*pre..lon. It alt-.. tb* 11-C atruewwa, of 

IXPI'tWH co nark Ilia (ilnc. 

fXiISpUTlE) *UI type Hm diapley Inaeructlana lor B. Tiieac 

Instructions are praeadca by a dollar *iga. w Chat the PDP-6 -HI 

Integral then a» - ao-nand. Inu*o «f Win* the. an the t«leiy P e. 

BWIaU It"" ehecb* to Me U "are Is - (lie E PPOW. India-tin*. 

(hat the picture ca»pll«r baa alraady ba.u uaed tu coaa-uce tha dlaplay-d 

torn of «pr«a.lun f, to thi. c«e BIRIM chain, u- the CtSS sy.tea. 



eaanaad FBIWT, prlntiot UK t. Dl-OW. Otherwise, it U ncces.ary to 
,hatn tlrat to the ILla ttfPP 5AVKD. taHlch cancalna cba picture corpller. 
Thia Ilia read* I FOKW -«l create, the to era. pond lot PR** and DPOftK 
file.. The nraui fll« orl„lnally haa nana LISP LBFOJT. hue thl. la 
changed w I DPOKH "icb the CTSil *E*AHI! caanand. 

WHM a cooa-m U cyp-d at the PDP-6, the airing, of .ysftole la 
ntvaa to cba LISP lonetton COMMAKO, This tMnadon call- AFMSB co p-tnc 
tha eynbol. lata a LIBP aapre.-lon. It ch.n evaloaf* thla aapr-e.lon 
Cot It. .Heat and r.taraa an an.-ar of ML to lodieai. that ih- 

t;Ji.|-V..:i 1* CCrnpl«<t«a 
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A uthod nf qor*clo»i nB tf« uaar haa been provide with th. function 
<JCE3TI0X|X ( TJ. X la a Hat of ejuimealona and Y i* a queatinn t« be 
typcJ out, vhtch my contain iooe of the eapreavlons in Use X, 
QUESTION first typo* the wri QURSlIOtl. Than, [| ceneratoa a n« for 

oaen -iprriii.iD In I Ut X and urltoi the eapret«i»n on the dUt with 

this nanc. Ic ilio ditplayo i4cK empreaalon, (next, Lt rapUrea th* 
eupresaiona In ^nioo Y with their naiios. The queatlon It then 
typed. 7h* tWt on nake ona uf faur reapona**. if bo typ+a G1VEUP, 
QUMTlOfc Mill EKRQH. tf he typ«* AK3VEBQ X. LUF cxpre«atu n X La 
rattimed 04 Uio inmr. Ho BH y 4 Utt eypo AnSKIK X Y, In (hi. cose 
X Y la taken te . pair for XVAUnjOrX oad tha ntvlt ta returned *e th. 
anwar* A special eass ch»rk i* nod* Tor AKBUER CCHHAHD fX). In thta 
cue atrln* X li p*ra«d vtrh APAKSE end evaluated to produca th* 
on*w*r. If the iMtr do*« not typa ClVXUP, AXEI/ER, or AKSVEIQ, thin 
hie roanons* la tnktn ae a pair for SVALquOTE and the result U typed 
out, qumriox tiu-n type*, "mis question to ycu la wotihg 1 '. r*n*ett 
Lh# queatum and await* a Xurtluir uter respon**. 

There ara thrre fieneral purpoae flla reading function*, 
PXttflX Yl opooa file X Y, vaed* one llat, then clow* the HI*. 
l'ILA$cro|X Y| mil one Hat (ron file X Y and prlot* th* ae-becs of 
this Llac on* at a tins. MmmUUAQ|X Y| returne a 11 -t of all th* 
liata in nu X Y. 
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i>twr4l Piinw»» r»ftcUrtp*r 

There ar* * aunntr »f function* vlilcb bore pnwn ua«ful in 
tnu-toming tl* t»ath*waiic*i Cftpteaision reprawotat i ra« u**d tn tftl* 

APrcDU Y| form* an arpm-nt LUC iron lha arjpjnmE Uata X and V. 
frit oaouple, AFWX (A n JUL) (C D X KILH i# (A H C D E nlL>- 

A*GLI5TtX| If ih« t**t to laat olownt af II« X U on arbitrary 
function *ltti «r*un**E*, «r a minacrlpt** arbitrary funttlun with 
ariyiT*nM, then tb* Hat ot arcumnK Is rctunwd, Otheruta*. Kit. la 

numni 

Det^tTlX Y) rw*va* the fir« a«urma* of t fn» liot X, 
orpfc'NPtV XI U two if ttpr«»t»n V depend* on variable X. 
Eltber t la on ato* and X Is aqual Co T, or X la a *— t*r of tbe pmp«rcy 
lUt of t- II X i* a tobacrlpicd varUbU ur function, then It -ill 
appear on tn* ptup*rty LiaL of Y m a spwUl fomnt. * it i-.au c arpu^ni " 
and with a mil propartr 11U* In thia ww, X mat ba tra*afnrw»l Into 
lhl» forest b-fow it tan b* compared a S »inoL the property lt*t of Y, 
FLOAItXl X tutt ba a LISP iwnber or cha fore (iUT ■ H FIL>. If 
X U a LISf miabcr. H la floated by adding it L« Mucin*: aaro. 
Dtlwrvtaa, tha chiojaracor and denominator arc floatad lo ihia irannai and 
men tha nuotlent l« cjW iu 

LAST(X| return' Ibe Uat nawba* of liif X. 

HA?UX ( m| la like hATLIBT except that it oppllaa fX to CAB *t 
|ha list X, and It dn«a not apply FK C*> Ihc Uflt n-«i**r of lift X. 
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KAIOIJOT, fATT, CMSTl 1. a vary .LrpU wuin r function. The 

o-ln-**iMoa EX? i B g*tchcd asajlnt (be pattern FAtt (n a two *cep P roc*«a, 
ir * Mtch occure, then Lit* «xnre«*lon COKCT Li evaluated iMtmc a 
iptUl ALlsr, MALIST *Un U oted durl*, the awahi,*; .tap, Ix, tfc* 

a-tching tctp, HATCH2 c«tr«rea EXF and ?ATT cletiitnr by clamant, alt 



ftlewnu ii« a i be the ***• until th* and. or both uprcMl*,* are 
coached or until the iton IXftLA* ap P *»rt •< 04i vlracnt oe, FATT. If 
thla natch a?ccted», than th* second p.rt or tJ,« notch t» ettenptad. 
If PA1T baa a function u n it. or op art, Itit, Dm the valu* of tliU 
function applied to EXP nmt bo T, If both at thai* conditions ar« 
out, the naiah succeeds. 

rttCLCAWIl) i«ts to SIL all ftubttxprettlon property Itftt of 
«*pr«4ttioo X, 

HCPLSIXI check* at-gimmc Uet X for thrae condition**: 

(HID ~-t 
(A KIL)-* A 

(A "- P Kil)-> (PU A -« *IL), 

MKFKDlXj EbicbJ ar«uo«At Hit X for three conditiima: 

(A HIL)-»A 

(A ■** lOL) "# (PLS A ■*< D h*ttj p 
ML0K1XI iidds tb* -Wnent MIL to the rl ft ht end or list JL 

hTOL|X) r-tume ibe c*xt Co U*| alanine of Het x. 
JfTOLSUnSTlX, fl euhetltuce. Y for the naxt to Uat eLanacu of X. 

tCMMIU la th* ,u* au IZMnu Of X, 
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PUT|I V 21 puts JC ou flton Y vlth indicator I» 

KANti*, tenmv - **ndoo integer which U tonned by .ajlciplyin* the 
pravlout random icteuer hy > tl . The pfevtaua rata lntei-r i* kept aa 
the value at the content BARDfcWKBEl. ihi. raado* nu-d.ar Rcnerator 1a 
bated on h note by Hartln Greenb^raar* 

RIMMWSlLIsr PBOPl rei*i*e* property PIQP U*a each eUaent of U« 

UST. 

BTLSrtX] rawY** the property tl*t from *a*h eubexpreaelon of 

eipra**lon X* 

SlWUlHi y\ eve lite t a* (FM *}. 

STP.IK11X ?1 *et*™ rri» U«t K «y elewnt for which cite predicate 

V U true. 

SUBSIAIOWST PATT EXN eppUa. NATCB to «oh aubexpr-aeion of KXT- 

ffWU «arta it the enda or tiie bwnch-e nf the **pnr«ton LM aod 

work a CAnr<i the top. 

TUCOPT|I) taewvea the last tv*i viMiatS fro* liat I* 

mnOHUSril Yl add* to Uet T any mrufcere of liat X which -r* not 

eta n i Y* 



Ibe inpiaoeotetion of *«ch »< Uie tran*fomtttlone In Chapter LI 
irill now be deecrlbad* Coneluatvna about tbeaf tron*rornation« have 
.lr*a4y been P r*»ented In the chaptwr introduction* Ttit t**t infor-etlv* 
an SDfPLin and imOLII. The u*« of Light pan referenda U m Ui-*d 
In the d*«riniloo of UEPLACE. 
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ALLSUNEXPAKB 



AtA3LWXFAHD(X! ua«* fiUISTA to apply SlMXl'AXD to «*ch SUM 

^itUtprvistirti Id X. Sit»c« SUBBTA co»« up fro* tlw factum, 

* J) I J would ba expanded Co 

1-0 loO 

f *> * £ »- . 

j-0 j*0 
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MUWtraii 



BaiWWrM«AKE ( TEWJ brio** ten. T&HH to the oilrtt tide of the 
equation with turn* KJHS. tfi* lent ie indicated with the light pen. 

BftinOTEA 1* »« *•** cLvm > *** tKn ""' b- 0IIC m ™ >t * roctpr * in 
» .« or product. In order to Canute the auewr. tiUMWEI need* both 
Hi* tent and Lit* aquation -1th a hnl« wfc-re tha tern waa r*aoved, 
Menially, the rxioLtlon proMIMi which mltffltu « Itoht pen reference 
return the ™tw«pre salon refaranccd; the mat of the eapreaaian l* IMti 
To *avc the reel ut too eapreeaion BHIKWER has been defied a» mi 
VUH. It «•• cko ereuocnta, the Urat vill eveluate to CM 0*0* *f 
the -quetlon and thu aeceod to the tern. Km, WilSCOVXH rinda the 
equation nane and r**dii the FPtfKH with that naaw fro* the diek, Tha 
consent OTFOHH la aealgned the PFOIM e« value. Itoi. oefore the 
second arsuaetit I* evaluated the function nae- PPODfaEAJl I* replaced 
with tf?riRSU», Inatead of readlna die PFOSW rron the die* a* PFOSHKEAU 
uijuLd do, GETDlSUtt uaea lNPFOhH- The hoi* wnore the H»hL pen 
c-UfcDce waa found U narked hy altering the Hit ttmctur* of the 
a ub«xpre«eion property ilat. If that tern 1- constructed fron aeveral 
light pen retervneee, each will be narked. Havlna, evaluated Ita eccond 
erpuMtnt to obtain tha tera, MHHVn neat call* IbSPLMXSUB to replace 
the tarked eubMprcaotnne in IKFFOBH lit* tha Uate (Sumwflj: X XIL>. 
!f twnltar* the aarced .ube*|treM*on#* ttPFORrl la converted to atandard 
internal torn by AfOTF and BCimARK a*pre>«tun* with a nunber other than 
I arc deleted fioo it by tRIKOU 
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BBITOJVER n°v h*. th, required ten And action with tha hu| r 
"rfcod by (WBHARK 1 Kiy. it iir.c chock* i« »**e .ur* that U v.. 
i«lly given an egwcioo. if not, It ju.t ropUcea cha tero. 

Otfi*rvi«. It checks for »ch of the folloyl^ U W l pO.eifrlUtUe. 

Let I be the t+ra to be nuved. 



T • »-?jf \. 



AI - T-*A- VX -1 
A+X-Y^A»Y-X 

Y - WC^X* 1 * - A 
T - A* X-*T - I - A 



In each of th««e caee*, It perfornfl the requited operation to produce 
Et* «nan«f. MierviM, the io»cr CJ produced be repUcie* the tare I 
Ui* bote. 



COLLKCI 



COLUCT|EXP* S8T| collect* dnw in th* l"n 1*9** of «P*c«imi KXP 
In f<mr< ** th* varUbln* in wt Sit- If th* *a?«**lon U *n eqwtiuo, 
it will colUct tern on «ch »io>. When po«*tal». COLLECT will c«frt»- 



tsrnfl LnvOlvl&g ni mall en* For *W^le, 



i 2 + J~ ha i + d' 2_ "^ wlU ** *»* UcMd OD P w,,rft of * to 



l-l 

ytolJ: 



la + <#*fc>i 1 + J. *»* ♦ Z- <****>* 1 + 2-T 



i. T^-m 



L 



u 



J7j W l-H 



nil* LTiiuf wont ion 1* ttmtBlittorvarH *nou«Ji. tut -in** then* n*y t>c 
wwri ( varUhU- on wnlcb to collect fern*, find mw*.1 doctor* «IU»in 
■Mq t#m. a* volt a* n*ny ttit«« tetlnt ****** oi *u«*aClOn, 4H 
iMIftUW -Inorlthfc could b* «ry *t«f, Hienfoffl, the d*<* £* 
rearr-nflcd Into * » P «Ul font «*tcto «***» it *«y to Mqjwnc* thrmjfth 
tho collection wUble*, r^r* *«t*r#, *nd «i-*tloo rone". I*"*. 

the LISP function* Are ■aerial le«d to ChU routine- The canpl** data 

structures vad* Ui* rem tin** •*»!* difficult tn debug. 

Hie £lov or control thtoufh tit* ruoetumn trhith coaprlM tfcta 

loutlne la *ho*n in Fi|»r* L The ko* d*u aimcuire ll #hown In 

runt* 2* 
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Qmaart Che CLOW 
-*t at variable* 
ti> special rarsat. 




::.u..:. 
CliHi SinpUCy Input eipr*s*L0D» 

CUmi If cxpt-nM^n fa «n equation* 
do nna #ldr oe a line. 



tlLDTJi 



Collect thi- CMI77 

ten** on **ch 

«f the variables 



Convert tha CLC79 

tinnier back tti 
* Land am internal 
fen* 



Executive function. 



CLC78 Tr*ntton> the 

itprvcfliim into 




the uperlal to mat. 



CLCn Bach cam tl a 

pnrtuct of factor* 



J ;CIXT4 Coovart «scii 

factor tf special 
faraatt 



CLiTTlO RtLlaci Lera* on 
one variable. 



ngnra I 
Plow of Prcfran Control in COLLECT 
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The top lerel fu«tlon C0LHX71KM'. S«I obrply calln CIOTIOCP 
CLtm ehana.a SB7 lni« a Hit of variable by remo-ie* the operator and 
property ll.c; a • HI of one Blanene M< b»an reprinted by the 
.l.«nt tM-lr, CLCW J»et 11.*. die el».nt. CLOT *1« .UoUIle. 
HP. CICV3 6 I«. SXf and the U.c o« wrl-blu. f to ClaTDl. ClOTl 
check, m to eee If It* nl> =oo«-eei™ l» «**- " le »'• th " **" 
i- .id*, art collect-d Individually, oth—Ue, the entire wpr-Miot. 
U collected. The pert to be collected U BoOWtWd w * FLS t-n. 
Use .mi Bl««" w CUT1I. CLCT32 u«u» the (unction call. n.M.tery 
cd ca«Uu) tb* eoll-ctlon of fr-e. HfH, tbe ru tern 11.1 X 1. 
converted by CLCI3. ti.- camnlN U -bo™ «V the .*anple In Figure I. 
CLCI9 take* the Pt5 tartw ™. at • tln*i each of th* PLS ten- 1» 
converted to • PtD l« Urt by CLCO .nd then B 1«m is OCT*. The 
PUJ tern lUBlt U **•■ " «"• "-« ot "" ■""" •"**•*' * ""* 
to fon. the UK itlrtOw ahovi. "" ««»i* '■ lo P' **" "' M * aU ' 
CUTfl check* each of the PM tei«a «o "• « " *>■■ f<™ or BUH for a 
mlm connective. If the Ml" connective ia PHR, • ten* of th. tms 

(h..h or ba.e, MpMHW, t—l«li<B PRO tew, procedlne. PW «ow> 
la «.n»tr..nt«d. « «*• "»° connective 1. SUM. ■*««» ellnhtly »« 
cooplea t-«* m <- eon.tn.ctad. Tlr-t, -1* U -ubetltut.d tor the 
rannlr« variable 1* the body of the SUH -ad it I. converted to a PUD 
£U» UK. Th- SI* body .. tbeo e»«nload by Cinftl. If - tern of tne 
SUH body 1. a PW1 and tho bat* do-a »t depend on •!" but the eapooent 
doe., then the e.pooent 1. e-eluated by (MI* 11. CUTI-ll return. SU 
unle.. tbe exponent 1. of tba ton •!•"» or l**I*. » an inr.-er. »" 
vhlcl. c.»e It .-turn. M. It Cld*Ll return. Hit. th*n >h« (actor can- 
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nnt tie colluded nod the nachln* ask* the m« if lt abould continue, 
terwrina enl* factor. If COT41I r*turnt an lot-aer. the tern* In die 
SUH Cody PUD m t before and after Che tern In creation ire nmcatenatod 
together end ne<lc into a PUD, If die inreaar returned li not 0. that 
!■ ve have (be*e ")> then * change of vwrUblvi U nade in the SUH 
ao that im Iwve {tuae ) by euhscieutluft »1»-N for *l*. A rem of 
the Mm-: 

(hath or ba^e. (lever Unit + H # upper llvlt + H). reaalaing 
PKD unu, preceding PHD tern* Including ratida* 3u« bodj) 

U then generated* If CLCT41 find* a ten In th* 5UH M« PRD Hat 

leiich doe* not depend on the running variable *(». then If the tern is 
a F-fit a (am ot the flbjn 

(hash of bate, exponent. renainUi|t PaU taroa. preceding pnD tern* 
including ilUK with torn In creation factored out and running 
lode* chanced to *je) 

is ceneracad. If the term U nut a am, a tan* pf che iora: 
(bath of term. t. reiuialne paa ten*, preceding PW> tarn* 
including Slfv vtth c-rtl | n qi W-ticm Hctorad py t M ,i miming 

IndOt changed to *J*) 

la generated, ibit la, the ten la tfettor*d out of the SUM. If a tern 
cannot be Generated, than CUH41 rnvci on to the neat tan* in the Sttl 
body PBS list, Returning to OCT*. If it do»# not find tbe main 
connective to be run or SUH, then it Corn* a lent: 

(hath ftf ten, 1. mining tenm in PAH. preceding tenia In PRD> 
Uhen all terns havt* been cumimid, CLCT4 returna tu CLCTd* 
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After the **p«"S*t*»& U transformed by CIX78, the lUt of variable* 
to bm collected on U tranefncwtd by CLCT*. CWT6 |*mmu< * atniciuru 
of the farnw {(ha»h of variable 1) <haah of variable- *> •■■ (b*"h «f 
variable n)0>» which will be catlod cUe pollrceiwn llu. 

Tbo transform* *%pre**lon owl Uot of varinbUa arc piven tu CIXT7* 
Tlw putpow of CICr? 1* Juat to Kivd die teraa or ihe lap lewl PU one 
it * tine? to CICTIO, which nut* that* on the collection U*t tn th* 
appropriate place. The TWI list or each of the torn* In th« lap level 
PLS he* bean converted by CLCT* lot© a list of tare* each uf which 
bee.lae with a hash nuaber of * triable or expreaeloo, and contain* the 
i of smart on needed to rewrite the PUD vlih power* of that variable or 
vm*ica*lon factored out* CLCTlfl r,"** completely ibroufib these WD 
r-raa for each n*nb*r of the cMlectlira 1UL. If *one of the PU> urw 
hi* a bane which notch** one of th* collection variable*, then the l*LS 
t»rm which theae 1*1111 tern* itae* tip la put at th* and of the collection 
llfct. It oore than one of the ter*a uacch. thvo Che user la eek-d If 
It la OK to collact on the ftrat variaal* or e* P ree*Ion which veUeJicd. 
A iatcUanleoi ie provided which let* hln *n*uec fhte question otic* for all. 
When the flr*t ntcb la found, the natchlne PKD li*t foro and coileellon 
|UC entry nr* ilvon to CLCTll. CLCril renore- lh* hath nuaiher fro* the 
ftouc of the collection LUt entry and then out* It baclc after lha entry 
ha* had the new tern oddad to It by CI£Y1U. 

After thf H*-h nuaiber baa b*an reeioved Em th* front, the collectln 
Hat la a Llac ot the form 

(XI Tl X2 « ,-. to TB) +fi\*t* 
XI Id etcher an integer exponent or m Hot (Hi. W) alvtng a rnn*e uf 
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integer exponent*, end Yi 1* the corretpondlag raaidue after fMUrlofl. 
Since part or a range it nay natch part of the rang* nf the PKD lUt 
tarn, the retaining pieces nust then be Ditched. CtCTUl tries ell the 
current piece* aealnat the current nn|e Xl f adding the residua to Yi 
lor each piece that Retches and iptitttc* XI If part nf it Batch**, 
OCTI1 then proccdas la X(l+1) if any pieces ot cba range of the PRD 
Mat tern nmaln. Wh*r. An has bean reached, all nnsslnins plate* are 
put at the en! by CiCTltll. 

Onc» collection haa been finished the collection Hat mac ba 
converted back to ttamiard fori*. This Le acconpllshad hy CLCT9 f which 
aive* each tern of the list to C1C7°I after rc*o*ine. the hash coda 
nunber. CUT91 goiwrataa a top Uwi i*n> for each pal r Ki , Tl ; a PtfH 



If Xi la a single varUbla and a SUN if Jfi 



iv a t*D£U, 
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(A <WD nCD KID <3UK J 10 (PIO t IPVH C J ML) NIL) HIL) OIL) 
to tb« turn ll»t to be coovorred to spvcUl foruat* Th#ro om three 
cemt illustrating ■ omslw olenent. a pratact of factors, *nd a 
at ton. Tl*« apecial foratc las 

Tern PocotpoEl 1 1 jm of_tcra into factor * 

( (CAVIL) <*A I (»a) HIL)) ) 

((B C D SIL} (*B I (CD BIL) (KIL)) 

(W 1 (D »IL) (D MIL)) 

<*» 1 (MIL <C D KIL)) > 

<(s« *i* o io (**s e (psre c *i* xll) mil) xil> hi) 

(it I <(W* C *1* MIL) KIL) HIL) 

(*C (0 10) (MIL) (E MIL)) ) 

\ Nf 

lh cody of fazcar h*s* Range of FollOVlnfc «"*> 

tt xpooeot nrttcadlnp coSwccom 



Figure 2 
On vara Urn of t«rn# for m:rr effii*i*nt collection. 
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muma 



HDKKDIIKElEXrj n-cunw * -i *f the v*r i<iMc* Art -rbUrary 
(unction ruu»* ft Up. n do,, tbl* by Mhm* * ml out of tbo 
pro P «tr Lilt or EXP, titer HOT has been uort co find ch» depcndentl*., 
H KXP Li * o^t. DEFEKDOiCK return* KIU 



Ufl 



0C1^l?5St|E(F ( 01HOKL t KEUDKLrWEl U»* 5UB5TA trtiwrcfc lor 

«ibcapr«*iti<uui r*pr*™tio$ the first dertrativn with p"**#*i w the 

OLCOEL v«rirtle. r*:r example, OlOTfiL «l*bt r*|.r*«nt j; «*l BCBSTA 

night fiivl r-t*rt). 11« tf «WDEU«E rcpr*«*nt«dt ft« «™plc. 
c< d_+ «4. SOBSrA w>jld u*e DSLWftSTl to !■•*• the *ubfltUuLlOA 

of Urn ML operator^ (DEL I Kit.) * J|% 



\y) 



DKV 



The operator DftV vaa described In the oectlon on algebraic function* 
H«n It <«a a.platned that DKV|I, 2, *. |, z] ^u u „ 0lpf ^ 
differentiate 1, fmc with re-pect to Y. and then twice with re.pect 
to A% The function D1F7|S*J\ VAR| will n av he described; DIFF 
differentiate* KXP nnce tflth iwpect to U 7b* routine imm KEF :o 
conduce the dap^nc'encc of *ube*?.re*ulomt. Then, a* DIFF ^« dwn 
fron the top. It can Unadlately rep-lac. e conateat aubcaprea.ion by 
toro. TMe fthod U cortelnly tlitir than frlnpltfytr* a completely 
differentiated constant. R*mr t it wmld be f*ot* c a vork up £roo 
Che bottoa without the «U to WCF. Since, »P cam be u.ed In aeveral 
routine., die aathod u*cd hat. require. ]«n prea.r*n. It U very easy 
to anecify dcrtvAttvr B vith pattern* end |tt they have been u»d here 
for the trawtendantel function*. The lanpth -= tlila routine U 
primarily the ra.ult of checks & reduce eeoentlon of reduodani 
eapreaifun** 

DIFF UftaVBtUtfti en *epres*lon -Uh reipect to a glvon variable. 
The cop level function, BlrT(Y, x > ( 8 i v * w ^ p^ r „ d wUbU % m 

DOTt. DIFF2 uake* one pea* dtnm to the end* of the brencbe* or the 
npreulHrJ tree, revrtttn*. the -apreetlon *» It goes. The 
transforation perforned on each tubcxpre talon to a function of lta 
naln connective, the dependence of the aubexpr. M >ion end e*ch of lta 
araueente on the variable of expansion, and In aone cetet, Ui« nnln 
connective ef one of the ar B umta. Uovev-r. the derivative of tlw 
urpret.lon dependa on ihn derivative, of lta artuvent* only in the 
*ew« chat if .one of the derivative, of the anpjnente are into, the 



r.r, 



re-uU U cPll«pMd to ovoid ** enpfconivo frovth of radundancie.. Toe 
vnriou* c«ee« vill now be dlteuaaed one nt a Hoc, in ton order In 
*ti|ch che «ci**slon is lni(*d* 

The derivative of * toanumt t» nnru. At Uw aod oi a hrftMh, Che 
•* P re»*i«i »unt be the virUMe of #*p«wlon with dMlvntivn 1- If tbe 
operator Itan property DlFP, thin *■ * pat«m into wMth ntn«U 
argument of the function le aubatUutod for *Y*. *nd Oiub ll the* 
nulttplltd by the derivative of the nrnuKnt. Por exai^l*. 81« h« 
the pattern (COS *T* IfUd. ■« th*< (MD < co3 x " 1L > 1 ,1L) vt " ulJ ** 
lamed en the derivative of (SI* « BID- *» «rtiu«y function 
inlcintee * call to Dim. D1TFS for-n a FUI tow Hit. A *-«■ of 
the PLS in foroed for *aeh dependent aruuie-nt of the functlun- 
DIFr« forma the derivative of cbu function uith reepect to thin 
dependent arevoenc and miltlnllnn thin ronult by the derivative of 
Che -rnuuotit, l»e dertvotiv. ot the bod* of a SUB or 1ST is taken, 
end ell other nrno«it» of lh«* operator. Mi left unchanged. PLS 
Itmraiu a cnll to Dim. DJFT3 *om* ■ PLS term lilt of tbe 
dertvatlven of nil iba dependent aruumentn of the PLS- ?RA initlnt.* 
. Mil to DIPT*; Dim eleo fom« *be I-** lint of FLS. Inch denandeoc 
tern of the PAD In dlffnr.ntinied *nd noltlplied b* lc< cofector co 
form a tor- of tbe PLB. PUS c »«•*<** a b Into Kh-* b + a .(io* «)*b» 
T** integral aim Is rented fro* on indefinite lacairnl with r-npntc 
10 [be variabU of differentiation* 
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:.\ conventltrn burn). Otbcrvlae, J fdy bvcottc* 



M-«DJ + 6f<b) + |*f(x>d* 

where the Dilrd t«m la replaced by »ro It t is independent or *. in 
the caae of MV f If the DOT body U in arbitrary runcllwi or a 
aubaerlpted arbitrary function. th«o Dim i* mod to apply the chain 
rula «* above. Otherwla*, CDRV t* uded to add the ncv variable to 
Uia DRV lift. Doth arauaurnta if iftK ar« Jlf farentiated , as * r * all 
iha arajmct* or" %SXT, A U«V atructum f* m£ up aruund 7H5, The 
aacond arjuwmt of all paira in a CKD ia differentiate by Dim. For 
W. a check l* fine vaoe to aec IT the eftpreaoic* la equal to tha 
variable of dif frTt/ntUtLoii, If ihl* is not tiw uu t the Cipro* a ion 
can be dependent only if it u a eub*iripted function, tlie espraMlon 
la thua given ro DIFF8 for expansion by the chain ruU, Any other 
pamanent e*ln conns* i Lv* doec not hava a derivative dadoed and will 
*su*ti a. call to 



ut 



WWDOiEXF, VAJt) £*rrte« tun *ll Indicated derivative* with T**i«ct 
tl VAK la tXT. It umo DlFFDOl 10 March out all DBV «ubexpr*<nl°«iiK 
lUch ol tbe*e U aiven to DimttE, tlw> Innc-niaac ooa* *lr«t. DUTD02 
nnutino* each virUfaU sif dlffer-ttlUiion on the WW aubcxpresetun W 

»aa If any of Lit** arc VAIL If ■©, DirFKtf (tveft tba WW body. VAR. 
and cbc minber of tlo*» f tf, th* body is to be dmaraotlate-J with 

ratpott to VAK* ta DiFFDOJ* DimOl UttO l**i*« » call* to DtfF. If 

Out re arc v*riabl«i ot differentiation other than YAR, Uten these 

rvualn In a DRV •ubfl^reseton. 
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DRVFJCTOH 



OBVFACTC«|EX? DRYJWZ XPMHJ m*t SUB8TA to lccftCt DKtf .utM*pr«6lo<»<i 

which Indicate dlf£<iruntUel<>Q with r«* ? *ct to DRYFWI, It applle* 
oaVFACTUJtl to each Bf Lhesr. DBVPACTORl >*archa» down the li*t of 
varUbU* of different HUtm for DXVTUE. Then tf thu number ot 
Indicated *4lU*U« wltli respect Co DHVFUK to creator chan KFflGE, 
raVFACTTOU go*, co the mad of the dr^mac Htt to torn lb* M dev 
fubtiprositon. The remitting cra&*fikra«cian Lfll 
(DflV <** DRVFKBI, (MRU + a) ••• Y NIL)-* 

<kv --- Dftvmx, m .-. (wv dkvfrse wroxe v wil) «lj 
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OftVZKKHEXP, VARJ un* SOBSTA to wb>tlui» *aro for each DRV 
tmb**p reunion in BJU* *Aicb indicate* dirftfrenEUtien vlth r**p*tc to 

VAR, 



J*5 



mum 



BVAU!ATK(KXP, StTl *«rch*. e*pr,.*i lTO EXP far verUble. end 

turttloiu vhlch c«a be mlWM tula* t ho equation, in ..t 88*. 0*1, 
apatloiuj vho»c left haod Aid* hit one of tbe icllinrfnj; form ire 

W f ttb l li 

L p 

2- Fi. -** ,j 

3- F(X, •-• ,X) 4 tuLchwa F a* wall 

4, Fi, — (J «, *-. ,Y). Mcfttt Ft, -- J aa y.n 

7b* eubicrlpta tiul function eriuncnt* «„ be etOur niobtri or 

literal*; if literal., they ere taken at r r *. variably to <* bound. 

KVAUTATIA checkt thy ecuatlon* *nd ttimn out unacceptable *ne*. 

btoct, EVAUIATBI nutlU KtF for lo.tamcea of variable* or function* 
vhich un be evaluated vtth the equations. Suppo.*, for eanirple, that 

EXP ua. M» *od SET contained the equation* *•* „* ^ t t^ ^ ^ arch 
by EVautaIEI vould locate x and *gb«itute y. yieldie* »#»■ ^t fuclher 
evaluation can oov l» done Mid. the tecond equation. Therefor*, whenever 
an evaluation i. «*u, the vert.ble NAIUCFRKE t* eat an that EVAtiiATBl 

Vlll arte another pas* through EXP, CVAIUATE! civet EVAUMTE2 EXP -rri 

on- equation at a tin. EVAii/ATEl no* B through EXP. filing EVAUJATE5 
to wtch each Kubcxpro»*ioti with the l*ft etna of the equetfon* 
KVAUABS check- for each D f the rout ceaet gWtn above. It u«. 
tVAUJATO to bind *ub*cripu or arftunente .ml substitute the Mloei in 
the rljht -ide of the equation. Of court., for * oeuch to occur Uie 
nuober of variable* or tubacript* nutt be equal. 



Lfir. 



£XCtbWF 

EXOUWBiKlPl will lnt**c*"*c the -tguaent* of the rutin cDiuwctlv* 
of Ell', I* tK» w*io comiecUv* is binary* 
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L1FJJQ 



EXPAWtfEJTl ga*» through the exprevatan EXP applying \hv 
dUtrlhuttve l« t [t expwuU sue* ralfltd to a poutleo Integer pc 
And distributes the derivative ur ir*te*ral of a nm. For historical 
reasons, the tunccione ere naacd nrLT- KCTAJID call* MJLT2(E1P|. a 
spscUl data £*rt> h*s teen used, che resulile* c.in in efficiency La 
probably doe wofth the syce 1*1 pn* a rj™iD$ required. If RXP in on 
equation, MULT2 haadlee «ch side separately; otherwise, the entire 
expression U handled. KILT2 give, the part* *> be handled to HJLT3. 
nfaUh return, a PLS term list at the top level, MTLT2 antea this U*t 
or tare* into a PLS and BuvlaiM ic. ifJLTl recur* down the 
capitation tree ir the expression nan PLS, PKD, DOT. TTC, or put for 
it* nail, wnoectivft, Ml of Etuc anjinwDW of PLS, PRO. ind m, and 
tha ntln egression* at DRV and m ore treand in turn by KULTJ, 
Exprnfeton* with any other naln connective are listed and returned ft* 
tlie eai«e of mm. i>mifit. back up the eaprsaaion tree etch function 

receive* j: areniwnt* end u r ,r r .- : - c | ,-^1 = ,.. . a i ifl , L .f .,.-,,. _ {[ h 

*r- arsunnta or a pls. ibua, at the end *f each branch of the 
dpr-sion tree la a list vlth a single torn. These Hats *« canAliied 
ia a Miner appropriate for cba tmiri connective -fetch th* lunette* 
represent*; hULn give* PLS to WLI4* PRU to «ltl3 t DOT and n*j to 
HJLT6, end PWR to WJLT7. In the ease- „f DOT and ITO. htTLTl use* MJLT31 
tn Ret a tUt of the ara^nssnte other then the nam «*?re»*loo Aa * ^ % ^ c 
Uita li*t along to mtlv as v*ll f 
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HJLT4 r-calv«* a li*t vtwia* notetA axe Itita of Fli t*™- t with ■ 
PIL *t the right and. Sine* HJLT4 r*pr*wnt* PUJ. It Ju»t a ? p*ad* t**M 
Uat* together to Ton* It* anaver. 

WLT» "l*o r*cttve* * lUt Vho*r mmber* aw li*t* a! PLfl t-roa 
with a »IL at th* rt*ht end. It ha* u **cood rniinwat winch Li initially 
KIL ood i» u*ed to batld up the awer- TliLi «etoDU arpuwot U a U*t 
of PLS tern*. WILT* u»* HJLTSl t« niULply each ««»h« of it* TUftt 
»r fl unant by the partial OMv*r repre»erjt«l by the *ecund argument. 
NULTM aultl?lU* aeeli tern of aoa o£ It* arairoent* by *t* **« t pT ™ 
o£ th* other. Th- r**ultLn* Uat of term* fur** the an*var for H3LT51. 
To do this, HJLT5I u*a* WL151I to oultiply "«**• ****** ol a llat of t*r*s 
b/ a alible tarn* Each of tbaa* product* In alipUffad to prtrrm 
PipreaaLoa frwih. 

tfJLTo naka* an integral or derivative *ube*pr»a«ten oat of each 
twnber of the Uat cUati It by teolacltaj the «a*#r irtth the etructttret 
("flrat part of old li*t" "oaober^ NIL)* 
HJLT7 handla* e*p«m*nt*; It dlatlnftulabe* three caaa*. 
If th* Uat of tern* which coa*>rl*e ttia beat amufarDt ha* a elna.lt 
■MBIT, thi* amnbar l* ra1«d ui the exponent by tOT*. If tb* aaponani 
!■ a poaltiee Integer, than the ba*t U omiltlplled nut, uaic* NUU7L 
OUicrvlae, a »Uu;U tern l« forocd which represent* the tenia in th* 
ta-i* ** a PLS -ubaxpttfislon ralead to ibt *»p™*nt. tfJLT?! nulttoUae 
the baae by itaelf by «*l«ft hWnl. U butld* up the aoaver a* Lea 
ftr*t arpi**«t. It d*er™ota th* *eponeAt. -bleb la the third argaaent, 
to cniifit the requited number of eiiUlpllcatttma, 



UP 



ncraiHUT 



rACTOH0U7[EXP. X. YJ U tfrfined ft! an FEXPR SO that it can h*v. an 

optional third ardent. 7h* (unction will factor X rrdo each tern uf 
«pr*mon EXP. tt the tMrd argunent Y u prevent. Y will be 
*ab*titut*d for the ten factored out. Po r eunple, PACWXCCTU + X, X, Y) 
yield* T'jj+lji «htU FACTC*0U7lA + X, X| yield! *.[±+lL 
FACTOROIT nuppli^if ?AC70»(Vri with X lor i third irgmnt It Y 1* not 
fli™. JACTORfrjTl irtll do adch tid* ot an equation separately. Tu 
Ett«tt X out, PACTOWttri Ju*t me* hWL » divide each tern by X iitf 

ftlffplLfy It. 
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fiROn" i* u**d lor tha light pen selection of retain arcunenU or 
a r^nnicjcirr op»rotjir which *ra to be handled 4fl a un*up. For e*a»pla. 
on* ulgjit *elect the a ad* h Ctoo the r*pr-Aainn »fo>bni. ***** 
«l,r**aloa» night ba replaced by d to yUld d+c-te-. Tha tlrat 
or^imnt o( ctWF -Hi evAluata to the nm, I, at an eipraattton. The 
second areutwnt will evaluate to a act of t*raa or faetura Id a 
n U b**pr*a.»ioti of X with 4 canwitatlve operator. To detemliw utal 
operator bos been (roupcd. CROUP «*«* CROTP1 l* **arch through the 
•mire expreaaloe. tor an expression wtileh baa been narked by GhTSOV 
This narked #xpr***lon will b* ah arjMnent or l*e operator In 
motion. In ^rder to do thia. GROUP mint *ove X PlWt Ice CROUP t. 
|| doe* this in thA atAoderd u*y- The fLm «r*ajmt I* «v*li»t*4 to 
find the oat* of tha cxpreaeion. Then, the constant UCPPORH i* aet 
f?u*1 to the c<irM»poodinR PTOSM. Ocxt. th" aecood arp»*ot I* 
evaluated to find tha aet of *roup*d temarj during the evaluation 
GOTSCB. will twrt INPFORK* iKPKGftN can then be given to GRCWP1* 

It IHPPOftM ia not NIL when GROUP la entered t than aon* operation, 
*uch ai UFUCRi contain* chU call to CROOF in one uf it* Arxunema* 
Thia (unction will ne*d tb« narked irtrrORK generated hy GROTP. 
Othervia*, IXPFORH ia *ai to Kit In order to re E aln tree etoras*. 
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UntlXPl returns the tirat argu»&t of £XP. 



U2 



Ltmt 



LT>HT|EXF. X. Wi Htlfiimm « for X IP EW, However, if thia 
*yfr*.c Lcutlon to a tfubi'ifpr^fca ion *ucb a* S'bic aliould retuit id e*o*^ 
tWn LIMIT will apply l/liaplcei * Rule end evelueta * - LD*n|l/C)\ X t 1] 
LIMT *l*plitlc* KXP and celU UHITUEXF* X, It). UOI1T1 Roe* down ttia 
«xprcfljion tree until it riches the -end of * brunch, U>ere it auhetituttu 
V if che brunch end iv K« or until it reach** a PRO aubeiprG**ion< Th* 
:,u :'u- of cbc PUD art* th*»t» aortad un the prograii variable* if, 8, D, 
dependlan oo whether th«ir Unit la non-aero Unit*, "ro. or infinity. 
Wmn Alt the factors hare been aortcd . LDUT1 checV* Ter the eaaeei 

V-M -t tf 

u»r>l -to 
U* !••** ^ *■* 

« — swt 



itl 



tflJLTIHI/fllio'j^ 



WlTIPLVnillOUGIilEJCP. X] viil ■titipi, , n c^^olon nr «ch etdc 
cl -n equation b, It a tfa wprMiLo, or eouitbm .ide to b* wltiplU 
byXln PLS * iWiTU'LYlHWIKm will tultlply each mi by K. U *11 
otfcir ««o t ic tfll j U « ^.Uiply ETP by %. m, ftmctloo ttM EPM> 
far nutci^UcaLlom 



Ltt 



\k-:. l v 



tfUBAHE u*« tbo IIH* *u*r«ter Iroidltng fenctictw e* piMeate • 
n«- .tow. of th* for- F*. rtier- ^ Li - Uit»g«. th* Utigtr H !■ kept 

U b«P «l«* Of lb- WUiL KAMEXWBER. NAWE«mBEK i* Incrc^nUd 
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HQfJffOLYlEXP, X] u#«a SUftSTA to **«rch tor all H£ vubiup rat* loci* 
ol EXP, fr*n JTOXTOm factor* a powr of X out of each torn In the 
«ut*» P r«(aoD *, owt lt wiU ^ ^ poiynoolAi wboa* lowit oow.r in X 
it aero, far vxooplo, 



ix + bx 2 + x(a +■ bx} 



7<« + b* 5 ) 



Jirce SL'BCTA iw* up Iron Dm bottom. 



a* * e(dx + a* 1 ) -* K (> + e(d 4 aa)). 
HOMVOLU rir-i* the p<rwr of X to be Ucior<d nut fcy trtlug the 
etlnltiin oE CM lovest pever of I in -each urn. The lovaat power of X 
in aacn tern in rinflttted by ■ORMPOLYi. If tha urn la a PRD, jttmom 
u*o* KHWPOLY* to add the Iowa»t powiera ot |#ah factor. Tha l ra ru 
pow«r ol X 1* of cuurge I. aM Ml* l«ve*t potnr h£ X to a aunber la 
tha nunber. All t»ther eitpreaaion* are aaslgnad a lowat powr of aero. 
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B£PLACE 



X£FLAC6|X t T i S I ree-laxe* !*■* *iih«npressian 2 t which haa t»**n 
indicated vitb the itfiht pan Id the expression n**w*l X, by the 
capreeslon Y, If the -valuation of T twuln« - Ught pen r*rareoce tn 
S, ui 1 U te be replaced at this sane *pot, then 2 can be 'HOLE, 
Purthenxire. II Y U 'ISIL, then E will ju*t be deletncl Iron X. 
Obviously. FXPUCE nw»t obtain the expr*a*iaa nnaed I, with the 
vubcapressloo 2 narked by * llolit pen r*f*ranc*. Id do this REPLACE 
use* d mchod cceawn to *U function* eblch need as «n arftunent th* 
eapreseio* In uhlch a UifeC pen reference has been itece* ItfPWCE H 
defined as an FEXFtL tt evaluate* lie fleet arcneant to gel ih* cue* 
I of the cxpresfllun. tticn It re*d* fro** the dink Uic eapresalon I 
PFOKH. X FFO«N is cer-reted from I by the platan coonller, and it 
ha* the *ao* flube*?res*lon scmctore aft the displayed Tom of X* 
Ibe consent IWFORM It flMtnned X PFOPH « eatafc The Llftht pen 
reference count IHPHUH la *M to ittO. *"t, RBPUCE evaluates its 
■econd ereunent vlth th* function rrORfMAD, which watild read X FPOfM 
frees lb* dUk In order to return a *ob«prc**lon indicated by lh* 
lUbt pa*, raplaced by GETIHHUa. which will use UCPPGRH Instead, Bach 
light P«o reference la narked tn lOTTOM by GKT5U&, which ll called by 
GETtSSWL GBIWIk alter* tha lilt atwetur* to oaifc tt and u*e* tuPffJK 
to count the subexpression*, Wlwft the second argument U evaluated. 
&EPUCE ha. th* eapresslan T and cm iJtrfO&i U»« «pr**-1on *««* * *** 
the refer-uce* narked In it. If I le HOU a tiien KfcTUCE Justs 
KibxlUuLc* T Into X at a *ube>pr**alofi reference. It Z- la nut HOLE, 
then I contain* the ll*ht pen r*f«r*ncc indlctlne. vhere t auat be 
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*ut>atUut«4. A^I pfviHH Ll read In And Z 1* evaluated. 

few X has the piflvtt lobejorcssfoiu narked* X I* converts* fron 
a PFORH 10 internal form by AfOFF; th» tfl* narked *ubexpre*il*n la 

replaced by (SUBHAKK H »IL), It rctttLn* ii> ffobstltuLe Y, It li 

aa*uocd tfi*t If there 10 aor« than one 6UIDWU: exp****lo n » they am 
■ 11 arcua>*ntft of the una operator. ftlPtACE utea SUBSM to locac* 
thin operator, KBPUCS2 th*ck» each arguwnt of an operator to *a* if 
it U a SUttURK. When ad aerator containing a SUBKAKK arfiuMi. (a 
round. RE?LACEl replace* tha tint SOSftABK with V and ch«n ttFUOT 

dal»ta» the renuUtn* SDJKAftU, If Y to ML, then all SUBHAttS at* 

Ml« fed. 



::*:■ 
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ftIGtff{l£XF| return* the «cm<J BrjuacBt of EW'< 
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SlKFtUT |Ort> at chi and* of the branrhca of Um expreaalot, tree 
.nd vxr- L tcvard the top. pirfcmifiB the fol L-wtn* atupHntoi 



1 lona i 
0** — * 

l*a -* a 
O+a -> 

B + (He) — v • ♦ b +■ € 

4 ' (b-L> -*• 4 • b • C 

a n . aT -* a "* n 

I'M + J'n -* (t+j). . 

Ua *■ J*(a+b) — ^ (i+))'* + J»I 



L' 



fchere 1 and J ere rational nufth-re. Jurthernure, all indttoied arnhoxtlc 
up*roitoae Involving Integra, floetln* point mmbcra, and fr*ctlona are 
curried out. The above operacttmt require th# cooperison of eanrrsaiona 
for equality* ThU In accoopllehtd by heih coding the expraanlime nod 
^mju»nn* rhc reault Inn, he ah codu nuioert. Additional iton-llf luat ton ia 
aleo Achieved vbon «n rxprcailun bhkh 1* Identical ly equal cu aura or 
ant! la replaced by It* heah coda nunber. 
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JdtnMftn the tfutpllfleacloo nra«T«n la hoc lwa, tba u*c at Uie 
bath code achra tad wr*ril other scliim* to loorove •iriclcocv Ma* 
It tedunja to ru*d. Tb*r*rora. the MmtMl of difficulty in each 

echoic will nov be dt9CU"***d* 

Generation of * bath cod* runner for a co^lc* ar«unanc la noderataly 
*x P eo»lve. tln-refere* it ««W be dentrabla to general* #«h h**h code 
only note. liooaver, the *torna.« af a ha*h code for *aclt aubc*r*rea»lon 
would take up a alflBlfiennt fraccioo of th- available *tora fi *i. A 
dccialon w»* »ade to *a«r* ci.n haah code number* only at lha current 
level of *ln,illflc«tlon> Hm hash code ttunber of a *ubexprc*ston it 
coiqiufri rrsm tii« hath cod* tunben or Ita arouacPta, Ilia b**h code 
mufcera of the anwnent- ara then diwcanla-J. In tn* **rrca*ton 
d + (bR), It would b*> incorrect tn corouta the beah coda of <b4c) and 
dUcard tboa* of b and c, atnee the cwat operation U *Uo Addition 
art r**ilT*a the cotrarl.on of n* aiaioai b and c Ln an affort to collect 
terns. To iolve thta prwblee*, the oeit hlnher operaior I* r*ace 
available to the pru K r«i- Tbla iM nornally adequate toot tn rM 
expraaalon e - ( h-b+d 1 ) , tha r*-*t Maher operator Iron 4 1 ia *l therefore , 
th* haab code mn»b*r of d will b* dl»e*rde<S and the tiaah coda of d 
e«puuid. Thrn. whan b-b+d 2 *inpUtloa to d , the hath cod* nuober nf 
d nutt be reconputad for cmrpariaott vlth o- Thl* t« hopefully ooc a 

fT«QUeDt flltUHtlVIl* 

If » eapreatton 1* Identical to auto cr or*, than It la probable 
that ita ha*h cod* miaber vill be <*io oc one. tharefnre, tAienever a 
mtv Mibwretelon la i om*d t Itt Uanb cod* ehfluld he cheeked. If It la 
icro or on*, the auh^xptnaaloo la tmkvn a* the sari. The D function* 
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dc.crlU.il earlier perfora thU op-ratio*. The hn.h coda richer for 
each tubiiprn-eion Lb kept cm the front of It- The function, 
combine the huh code nuoW* and th* «xprt«tloni, perfnre the Identity 
charbn, and then put the riumltinj; haah code lumber un the front of 
lht» re.ulclou, expreMlcn. 

A further complication |q the ha.h «*4i coc^arl^n La that the 
rather* nu.t alno be coached wth the appropriate rrt-up lama*. For 
(raasple, the code of *>(*>») li the negative of the code for c- <b-e>* 
But the aarprnaeKm c-<b-a) + c-(o-b) + d should b- .InpUMed to d. 
Similarly, eloce coih*» - ainh 2 * - 1, (cosh. - .i„h K ) , (co.lt* 4 .ink*) - 
-h«old be amplified to d. U, tact, the only rreeuent cnaptrl.on of 
•ultiplicflttua Inverse, would he tn eipre.eLon. inch a. (*)**. J~% 
Sine* Lt 1. atpenjiie to tunpute tha tuLtlpltcatlva invcrec. this he* 
b«n solved b r representing evf™cfttlet*d fraction, with cha lerper 
UMtar Jo mm*r«tor. Thua, (|)"** »Mom Vf j"\ 

Flaallr. uej typaa or andiawcie are used In the baeh code .cheap; 
the base arlthm-tlc and the exponent arUhoetlc. rtim via explained In 
the discussion of the Lunette** v*lch compute tha hart coda ■****„. 
Far went of a b*tt»r volution. exponeat* of evponeiu* are coded in the 
bate uichnetlc. Therefore, aa SIHPLI7Y eo*a thrnugh the expression 
it fu.t keep track DC the currant level of exponentiation endulo 2. 
in cliU MK, the addition ot ettpeoenu of Uke factor, tn e product 
U not Uia dual of tho addition of coefficient* of like t.m tn a mm. 
A whanl**, ha. bee*, added to Imui Uiac suberpre*. ion. r*pre*eni*d 

by tha »«** ll.t structure irtll be simplified only once, After . 

subexpression la aiaplifled. th. Wat .tractor. !■ altered no that other 
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T * Terence* to the aubexpr** 1 * lc "* Hill «ncuunter the elnplitted fittM 
The axpre«ion U narked "elroady •ta*UU*d». The nark aiao *lvee the 
level of exponentiation (or which the *«ub code nu-faer at tho alenlliied 
npeouioa he* been coated. If the current reference Ha* the other 
level, a n*w hash cod* miohor nust be eonouteo*. 

ConbitilQg tenia or fectore in a *«« or product I* a fori. «( *ortinfi 
operation. However, only an exhaustive eenrcn iw uaed here. In order 
to ipeed up th* lurch, th* torn* «rr r-mbUicd In a *pecial ton«t, 
Whenever the operator at the level -bo™ U VIS end the current level 
1* Tl£ r or the operator ebo*e 1* PRD or PV> end th- current operator 
l. rim or nm, thou the eort famat U p*»»d up vlthnut conversion to 
standard Internal for*. Burin* the eonbtiutleci of tenia e ounarlcal 
earn ID kept aoparatr. Tor any ounher can be conblned vith another 
anther, but Wily non-iuiKr!**l t.™ with tiic m beae can be coined. 
Kun-nuncrlcel l*™ ere conpared be the ha*n code nunbera of their 
banes. Unfurumaurly, It «ey result that the combination of two non- 
nunericel terafl Nttltl I" a mmcrUel tern. For u*aiiple, 2 !■ 
coneidcrtd luwi-nuwrirnl, nut I**!** reault* in 3. bunerical tarn* 
generated in thla nanner ere contained with the nunber which I* kept 
apart when the sort fomat ie converted to standard int-rnal lorn. 
Conversely, m the «pre*elon (InAfr, the ~ed,er 1 mi.t be eonetderod 
a non-* numerical tern after It i* exponentiated. 

The function* which cerry out tb**w operation* can now be 
described. The top level function, SIMPLIFY, call* SthT2. 
BIKP2(S*\ Y, SWUm) I* a function of the expreaHon to be aiavllfied, 
the operator of which tbte cxpn-aeion I* «* argunent, end tne 
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■ InpHflcatton level, that l*. whether r cr E arithnctlc xhcxitd b. unoJ 
tn ruitmting the haah codv nunber of the expre union, Ceing dnwn the 
expT««*iun tree. SOff2 xu*t look for four condition** The end of * 
branch of the expression tree Iff reached whenever An FRT operator or nr 
aion i« encountered* Hiin expression la given ci> SIHF3. the function 
wbldt handles the upward pn»», If 4 ptfR operator U *rxountcred t thon 
the SIWLOTKL t* logically OR'ed with I when SDu?2 i< applied to lit*, 
exponent* There 10 a utmUar etep for the arguuents of transcendental 
function*. It U Also poaslbltr chat the expression will have the lorn* 
<{ta*h*uApr«**iiin)*N), where h la ch« aliiplevel* SIHPJ check* for thle 
structure by t»etlnr, it CD* ot the structure is Atonic, ifcu atructura 
In set up ^W lWt en expression If sijxpUried, thue, if two 
subexptaaelon* are in fact tU asm l|*t otrueturo. thnn when ine Mret 
one Iias been slnplirted. SIMP2 will find the Above structure wheo It 
rcadiee th* tirconrf. Ic it pasejbls that the tw *'x;.rr^i'in? do not 
occur At the sane sltrplcvel, therefore, the * Up level K At which the 
hath nus&ei- we* (imputed la part of th* structure* If H U equal to the 
current alnpliirel. CAB of the structure is returnud a* iK** answer by 
^DVP2, Otheiwlae, the? hash txinber It first replaced hy one calculated 
for tbe current eirplevcl. In ill other v*ec*. 3DQ*2 fea» on down thA 
expression ir*« without a change in eitplevcl. 

Conine bank up th** expression tveA, SIHP3 checks for nin* 
possibilities. STUN hM three Arauiwni* X. T. and Z, the currant 
operator, the expression tern ll*t» and the operator of the ex? ret* inn 
ni which the current expression in an * raiment. II thA currant operator 
i* flatted vlth ITCOE, then it it A tr 4iiic*n*Unt* I function, flo 
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slonimcation I* done on the e>pra»*Ioiu The haah nunbar t* corouted 
Iron th* he*h nunbcr of the eraunenc by the KfiDR function* It the 
re«ultln.f h*Kh ru&bcr la sero or on*, then the ttpruMtoo 1* replaced 
vtih the haali euaibor tn th* tfttttlC by SIHMJ. The r-ault coaeUt* of 
the eicpr*A*ion with the ha*h nunber on the fmnl i»f It. It the current 
nperetor Ik CU**ed vlth KSlHP. than the Uat of areutwnts is given to 
the KSIKP function and the lilt of correspond Ins araueunt ha*li code 
HUteH U *iven to the WCOC* tunctlon. Sine- the input nnameat Hit 
contain* the ar£un*m* *lth the hash rod* nuvferr ot each on the front 
of it, tbe h**h unbar* and atcuTent* ar* *pllt Into separata Uata by 
the function* S1HT34 and 5IHP3L ttoe r#*utt* ot the XCOD£ and KSM* 
function* ere clvon to STWil a* above. T*»» operator* PL8 and l*RD 
cause SDTJ to call SIMP J with arnunenta «jpr»ruc« to addition or 
cultl»licatton. The avftunenta of SDfTS and ifcttf poaalble LnlcUl 

value* and purp*»s*fl tfftl 

X tern lUc or eaprc»ion to be amplified 

T opuraLur above 

5U 0*D or l'l, appropriat* Identity and hash r»ide 

V JUL, Hat ot collect** taraie 

rrw DPLH ot DPH>. appropriate group operator 

tUK OPUD or DPUR« appropriate fire-up operator 

n PL3 or MED t appropriate group operelur 

S1WS ranove* each tern from Hat X and take* one or alx courae* of 
action. The tern my be: 
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1. A iuiafe*r. (M-lf) Ittc nuxkbor la added to 5U witli Tt&J. 

2. An eKMreaalun having the moa min connective ai the current level 
and left In ap«rial tnrtiaj} lomau «*ort iorMt). (H-li)) 

Oi-H) ta conMaad with SU by PKV. (aort format) la coubiu*d with 
V bf SDffil, us In* pHW, rTO, end R. 

3. An eanretaton having the &*re nam connective 40 the currant level, 

but in atandard f^rn. The tern La converted to sort foraat by 

SIKP5A end thee given back to SUfPS. where it aetisClet cane Z* 
4* A m and K l* PHD. Tlie turn U converted to tingle tern »ort 

fomat by SIMT5S and given back to SWP3 inhere it eauafi** caae 6. 
5. A PRfl with * ounerlcei coefficient when K it Pt£» Th# term is 

converted to -;efilr tens tort furnat ay SIttFS r » And given back to 

S1HP5 where It aatiefie* cauc 6. 
o. Anything elae. The term nay be in single tern aort foratt already 

it the level below tt pur or if the term ha* been ctmvarted by 

2LY?M. Otherwiee, It la lifted with (1*1) to none a alexia enrt 

term with a coefficient of one. 

A nor* detailed explanation of the data female vill d^v be given 
aion B with a detcrlntlon of cbt functiona auxiliary to SIMPS, Collecting, 
terns In a product or sum la carried out uaing a apeclal format* A Lilt 
oi the tenta it torned; each needier of the Hat ha* the for*: 

(<codc*b*ao) <code*exponent)) 
Tern* to be add*d \u the Hat Are out into thlt Cora; in the caae of 
addition, the exponent la th* nunerlcol coefficient of the tern. The 
cede nunbar of ihe bate ot a new tarn it then tonparad with the code 
runner ot each of the old tema on the Hat- If a natch (a found, the 
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•.K P un-nt* «e added. Otlwrviea, tb* ncu tern le pit at Ui« end of the 
Hut* !***»• function* era nueded to convert *xpra*sl«©» Into lortLnn 
format and from sorting forwat loco oonul f*»m* and to add ncv tern* to 
:I v ot-rttou liet. The function SQfTCL adds a Hat "f »tw torn* In 
aortlna fornat to the eonl^g !<■* le give* a*ch t«m to sn«fc\ 
SIMPS! twiiee Che ceoparieon of bate* described atwv*, STHPIJ transform 
inn* trpai sort frnaat into noraail fonu SUti^Si hail a* arguaentf tne 
aurt expression, die group operator, and the exponent operator. 1W 
baae and exponent fr«n the eort lUt are civ*n W Cl« exponent operator 
valUi constructs a ieim in nomal foro with itw haab timber eo the front. 
If Uile tern ta a numbur, it is cmbirwl vlth SI" in SORT*, if this la 
Ilia last tern on th* *art Hot, then SlHFi3 ratume a LUt of the hash 
runner, the converted tara, and PIL. Oth*rwiae f 5De!»II conbtnee the 
hash nutiber vitn thai on the frnnt ■£ the Uat for the rest of tin 
converted terna and Adda the nev tens to Uila Hat, putting the nov nasb 
oufiber on after It* snG">i ia utsei to* convert a. flnrjle term into oort 

lymau Given (rod*, FWl 5>a*e rxponenL Hit) and I. SIHFJ5 cralMl 

( (((tode-h***) (code*expooent»)*(M)) which U the eort atructure 
with one tem» *» 1c la passed up to SDf 1 *- In the case of PL5. the 
aloclovel la not r*U*d tax the calculation of the exponent hath cade 
nue*er. as tt la far PttD. 5IMP»4[X # V, S| converta a l*LS 01 ?UD 
evpreaflion X, to a sort lilt* T la the tiroup Identity, and £ ta T If K 
in a TftD expression* The conversion 11 strnichtrorvard. If a tern ha* 
«n exponent In the atou? sense, then at la used, otherwi« I I* uacd. 
The structure ahown for SIMP55 le created. If the e*pr**slon baa a 
mmrfral coefficient* It *■ u**d rather then th* idantlty, ncturnlai 
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Co SIHPi, when ell L*me have been toned, ■ malt In paaand up which 
d*P*nde both on the rcaultu uf the »nct and th* iml above. II th*re 
1* only ■ nurertcal tent, thla U passed up. ir clu current operator 
1* tiie **n* •« the operator ubova, the >nrt throat la paaeed up. 
OtherwU*, the sort forfeit Le converted to vtamlard To™ by SDPH. IT 
the expreaeum part should reduce to a PLfi wliee the current operation i* 
POO *itd the numerical part U not 1 art the operation abow is PW, then 
Uia distributive lav la Applied, the nunber la ojlclptied through th* 
e*preialon with a HAPL and the result la convurt»d to eort [ornat hv 
SIKFS^, Otherwise the auobber in Just ccnkincd with the exprtaeion to 
produce the xeault to be paeand up. 

frturnLng to SLKPJ, FrfR produces a call to SDfl?7. if the base la 
a Plfl or rWI t then tt nay already h~ in sort (ornat; ir not. it La 
convurted tn wrc foroat by a call to SDTS4 or STMP55. l£ the baae 
fa not a PUB or PRIi, th* baie and exponent are given t« DPWt tn preduca 
tin* reeult^ DthervUo, ch* eort fomat i* given ta SLW71, vhlch 
■ultlpUea the exponent Line* *ach of the exoouvm ■ on the aort iornat 

and -inpHften each rcuU With SLW5. The nunlicr it tfXponenf leted With 

DIVR. 5IHP? then check* to *ee bow the re*ult eUoulu be paatud up. if 
the iteration ebuve U PBIl u PVU, then the eort fomat la panted up, 
Since the ruault «f DTOI applied to tha nunber and the capoiwui nay be 
an ahpraaalon rather than a nuedwr. It ia neceaaary to add the result 
tu the aort Her If tt is not a nuojb#r And take a duruy u-uii* i uf \ w 
U th* above level la not Pftli ir FUR, than tha lore fomat i* converted 
10 atapdacd form by 5EHPS3 and then passed up. 



Hamming m SUIPJ, an oparatton NIL indicator that <l»a cxptCMloo 
U An otnn or FR1. and * Ktnh code !■ generated br GtXG and put go tbe 
front of the atcm or FRT. OtliaivUe Wie e*pre**ion W traatod 40 on 
Arbitrary tunc tiro* Th* haab 1* confuted by PtiPN. anil the haah mmbrn 
are rewtved fc"» th* ariunaat* ot the eftpreaeiro by STKP31 befnre the 
operator and naah timber ure added Co the fr*>ni- 

DRV and iTf, an «ont to HIX78, vhUb brinaa nut a fiinua sign. 

All t^pr-mi* Ion* abuve the Lowest: lerel on the eaaretalon tr**i am 
sent frofi SIW3 to SIMPu where the Il#l #tructura la altered as 
evpUlned AD**, 
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SCHJ/ElEXP, Xj epplie* the ouvlou. transforms ion* In order to 
■otoe on equation lor ■ specified varleble nr evpreaslon, X* When ill 
po«*tbUltUA [ftll, it return* tine M^i«thni id Iti partially solved 
atetc. SOLVE first check* to **• ir the e«pre**loa is an equetlcn 
end tramatera to EftKOK If 1c 1* out. Hat, SOLVE ouoetlwt** the attm 
"SOLVE" for me *xpr*H,ion I. Thi* rtlftH the Ufle oj *P to cortpute 
dupendmcr an X, no natter vhat the lorn or X* After the substitution, 
BOLVE1 cells tXPAJTO :o nulttply out both *lde*. SOLVE) then sort* 
both *ii!*<* tntn tern* which depend on "SOLVE" and th<*sr which do not, 
SOLVE! Mvfi the dependant terror to the left Afde end the other* to 
the right. The rettiltln*, i*mu are giion to SOLvKJ. The tern* which 
dop^cd un "SOLVE" are the first arguneenc, than* tern* which do oat 
am the second arftunent , end "SOLVE" le tha third erEiunent. SOLVB7 
first cbscks io *ee if Lit* d*p*ndrnt expression consists of only the 
variable itself. In which case thw solution L* anconpltshed, otherwise, 
it cumins* th* ruin connective Ln order to apply * tlrrpHrylnt 
trensfortutlon. 

It in* connective 1* PLH It tri-e* in factor * dependent tern out 
of the laic aide, learlne. unly en Independent tern as e cufsctor. The 
ruht »lde con then be divided by th* cefaclor, Tbl* 1* done «* 
follow** SOLVKM look* et th* f(r*t turn or the PLS t if it 1* * ?BD t 
It check* ta orr If only one of the Jactors It dependent end roiumi 
thl* one. If mre then no* U dependent* S0LVE51 fails hy returning 

hTU If the first tuna uf the fLS l» net e PR). BULY&31 laturns the 

entire tern. SOLVE* then iris* tu tmctar tnl* dependent tern out of 
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each of tin* PL* term*, leaving do independent cotacror* It dim 50LVET»2 
to ^wlnn each tern. 50LVE52 eUccfca to aae If th* terw to be ractorad 
out 1* tha whole term, nr if iho Mm to be faelflrad out la a factor of 
the **mle tarn. In the can* of a PUD It call* SOLVKZl to exanine *ach 
factor. If SOLVKi io itir»^^u,i^ left «ltlv i* dlv/ldcd by th* cefaclor. 
Othwmtd*, the current ami* of the equation I* the tower, 

tf the left aid* connective t» PBD* SOLVE* trie* to rvaww ttaactly 
ana dependent factor anil divide the ri«ut *lda by the Independent 
eo Tact or. 

II the left aid* connective ta Wtt, on* or two tranafurnailotia Is 

dona. It the etpotwnt 1* Independent. tha ripjn hand aide i» aynho 1 lea 1 ty 
taken to the converse uf th* aawonant. Otharwlaa. the Ior of both a Idea 
1* taken, the left aide is given to S0LVX6 which nultlpUra It out and 
aln/llfie* ft and then rennves any independent term of tho top level 
PU to th* right aide. 

If tU tain connective la KTXW , SIX. COS. TAK. ASIB. «0S, or ftTAJi. 
then an tirvarea of the ri*ht aid* t» taken. SOtveZl chacha to «e If 
the left and right ildca have th* *uu* one of the** conoaccivea, tn 
which caae it can Juat be removed fro* both ntdca. 
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SVtlTlEXPj nekm tvfl ^»Mt Ilirouah the l^m.^, Piiat. 

SPIIT1 replacaa th- property Hit of **cn auburn- valim with a count 
of the nune>er of imhi>jrprefljloae uMch that aub*x?r«aMan contain*. 
Ifcen. SPLIT* ni» theae count* to reduce the total number or 
aubexpreaaiou* in t*J» to let* cLan 100\ It do** this by na»ln part* 
of EIP and aubetltullnj; these ham* f*> r tbc parta. The nemd 
auWxpresaiona ar« placed on the di«fa with LtS3. 

5KLITI uaee ewura] function* co count the tuWipreaalnna. n 
fl *** .i:wn to the buitim of the ^..^i.. r tree, and SPLIT) cmapute* the 
€Oont on the vay beet up. To Jo thii mm add* the number of 
MiberpreteLona In «ach »c the » A u Hn is it adde 1 tu ftia aum in 
ord*r to count th« current eubeiprvtt* ion. It add* I by cnnaid*rin( 
the operator to be en arcunent. The nunoer of eubaxpreMlcn* tn * 
*lven arxuscnt li coe^ulcd by SPUTA- SPUTA count* an atmi a* 1; 
other artunenta have their count In r Uce of a property lift* 

SPLITS fcaee dovn the expreaeion tree to prune It. If it reach** 
an etou. it Uavvv it alone, ea it would aave notbina to rt-naav nn aton. 
Alao* if th* •xproaiion iU*» « t u noaHar than the alltut*H site 1, 
it need* no pruning* Othervia*. the argutwnte ore pruned In reverae 
•srder to their wire. SPLTT6 find* the ela* * of the large*! atRuneot. 
tf renaming only part ot (fell arjiuneat will brin* Uie toiel cnunt 
below K, then SPLIT* u applied to thim arcuoaoi with en allocate 
equal to the difference betveen % and the turn ot Ui« count for the 
other arguuaiit*. Otberviea, chii arguiaent hes lt« count rotated to 
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»ro by SPLITS -nJ SPLITS, lndU*tio« that it U I* be rawd, Ttwn 
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SUBSTITUTE 



siiBSirnrralx v z) *ub»titum o*rh r^i> :! or MC y * r tho 
carronpondin*. »»Ur of set Z In th* c«?r«*»(o« fc it ebocfco to i*> 
if T and 2 ore icis -nj clveo tfav «rgur*ntB to SUMFU, Him property 
luu *** «t co Wit «. that 0*pr-«*l»ti» can bo oaten*) with RJCAU 
SUBSTI Sivoo the raobor* of **t« Y -nd I to SUBST2. ■ pair *t * tute. 
SU&5TZ *ub*t(tutet th* »t)Wr of Y for etch liutonco of the u#ah*r of 
t t vith (bo followlog ^option*. n «■„„ not coouin «a Um-nr* of 
■* SUBS72 uw* SUBST3 to ovoid tutUo* tbe o Id ft| i e «imt too 
of 2, ftmbcraor*, SUBST2 will mibttttutc: 

A Tor B in (BIT NIL) to* 

A t for 5 in (B H ML). 
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SUKBACH 



If th* *rsuacnt oi SUXRACH U *>E tl» tarn ^- * " "** 1 



eb tun 



Z*+-+L b . 
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WttEXPAW 



U ft* ..:,r[ of SUHEXPAW) 1| of th* fonr ^ I, yh»r« « ud n 

ire Lnt***r., then SUKEXPAH) ufcll return tU **?«ndetl *i™«ttaiu 
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trw* 



IHUKX, HI return* th* H* argument of X or WT1 if K h« law 
Lino N oripi** 1 ! 1 *** 
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onun 



IWKAttlt. X, H| rind. t«r» to the B^ power in the i^i. 

*1«ut the oriitn »fT«, funeUon of X. y « 9t h^ . Hniw number 
of P aU. tt *. origin. Since v U allowed i* have polo* it tli* B oi nc 
of iwiUd, it cannot b* expanded by ] u *t equating auccee.ive 
d-rlvci™* *t the origin. Purth.^r*. dirr-re«i«l*d can often lead 
to v-rr Ur»a •aproMion*. Toerefor., the nvtliud u*ec here l( La 
» P *iu! the HvlUtft fubennreeeion* in ■ power eerie*, end then to 
ccabtne chew uric, to fan. the *n P «n»ioo of euccewively UqH 
*ubo* ? re**ioA*. 1h* Initial expanaioo* «j« d*a,tau eoougl. t*rw H 
th-t the fiaai cor-btned result will be valid to power if, Tho required 
rual«r nf tern* U MlttUtN hy *»k£nft two pu» M through the 
e*prc**lm,. During the flr.t p« ## the .immi, powwr of X in «ch 
*ubt*pra.,ion U placec on in* *ub*xpr«*loD'« property lUt. Tfcen, 
die mco«I p*«* uu-h th**o avlnlww power* *, Lt *oe« dom the 
*rprc**lo« tree in order to calculate the euura r,c,uired power of 
each *ubexpr***lon expansion, T*e e«p»nsi3o of the Individual *t°oe In 
a pwer »cri*» U *inpie, but tuny function* »tt| needed to efficiently 
coecrite the Mp^Mno of ** c h operator from* thu *»pan*ion* of It* 
■IWemtS. Tli* proftteii U further conpllcated by the txpeneton of 
indeed euwatioo*. Id only »<ne en*.- m tin, pre*™ riod ^e oou-r 
of the rarlabi. of eapaneton in an Increo*!** function of th* iale* of 
eumMtion. If tbie con be done end the euieution bee * finite luy*r 
lUit. then the loweet paver can be found. Ibe eecond P *»a then carrie* 
out the expanse*, by repeated *ub*tltution> arbitrary rue*ti.n.» „* 

e *r$u*«nt* are mil expended io the 
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Il miukt b-r«« dt# dirierentl-tlon. unl«. th*r **** rwlr* 
dimroatUtiiHi, I« thU ewe. At dlftenmcUtiDn U p^rfocwd only 

m- r «tl U 1. M Uqe th« it -1" «" ■»' Bt « ~~ "7 " 
M. tue. U fcu bw. -P"t UW n» partf. It* flr.t p«t find. the 
nlnlnun p»n, u»cu»* a bUIm and -«Un P«~« -1th -ch aunt 
.„ mmiim •ubMnr.-ilM -nil «l>«-*» t«— itlMw. Th. wOnd pert, 
-hlch L co^llrd lo th. £11- TOW* LISP, cooMn- the wh» P r«»l«< 
.arte* In oi.Hr to «un*ute th. IImI r..ult- Th. ■*« cenpllutt. r-rt 
U th. *lr«t Ben-r-tian of Uvtt teuo- U> • buUImbI-1 .«.«n.i™. 
Each al Lb- Junction, will "" be dee-cribed In d-t-11. TRW Ilr.t 
define. MW w b— the BOOM (unction BM1K. It then d.rin.. am M 
have en MOV function which 1-mwf Ih. -xprenslon uKhraR* >*1«« *>» 
of the «rau-ent. .r. euoerie-l. in vhlcb caw. WIN U u»ed u. Itnd th. 
nUuw ..(u-Dt - « ««1B, TO* ■•« "11* 1WU «■ «r>or« U- 
-.pn.eioo. .wrln. Intera-tlen an th» Bxprewion'. pron-rcy UM*. 
t*e evtiuM i- U«o P««-d to TllUU -hich chain, to the .econd 
hall of the pro E r« TUIK9. 

TBKKU p.<~* -ach .Id* of an BXfll or nil or any o.har o.pc.lon 
t» n«IU, vMch applies TMCT. th.- TUBS. «l fiw"y "*"■ 

A to^.t .Kprwioii 1« on« «!•"*< contain, th* variable °I 
..pan.Wn. TOO appli-. rHHWl to all d.p«»dent PIS of PHI 
.ubexpce-.lon. In th. n.nwUM. TO*?! ch-v- the PU". « WD'- 
into ■ aorl.. °E binary no-., ioeh that any d-p.ndent .tRuwnt 1. In 
. binary me, but the ind.pendcnl arguiWBt. ai. lunp-1 wsether to 
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produce on* of the form. 

n n r. 

depend PU depend VLS depend PLS 

depend indcu depend depend defend »LS 

Ind ind icd ind 

The Independent terms ere collected on the last argument af 7KXK7 U The 
function TKXJOZ la need to Avoid a redundant level If aa intend cm 
t#iw have been collected. 

The neat step te to fo down the cxpraaslon tree in order to find the 
Uveal pawr- of die virlubl* of evparmon lo each eubexi.'ros*lc-fi< The 
function TRKKe toe* devn the Em to the individual varlaolea and otnstanr 
subaapreiaiofie. Coiiln*. hack up the tr«, the function TKKKHZ diapatche* 
control to the eevcral luv.cz nm« which coccuite the lowest ^uwr of an 
expreeslon iron the lowest power nf £ca erguoente. The progr*** of TR?Kb 
d<ccn Ui* expression ire* 14 interrupted when a SUK subexpression is 
encountered. The lorost power of the variable of expansion stay hv 
exp reaped Id tars* of the variable o£ smnatlon. HUKS calls TAJ4CB3 to 
explore the expression* II the lower lia.lt nf *umtioo is a nunbet 
and the upper Unit to a uunber or Infinity, then the SUH body, fc, 
expansion variable, X, and atiatuiimi variable, 1, are given u» latiKBH* 
There arc several caaes where on «xpr*aei:m fur the lowest power can btr 
found, if a le independent of X, then h li a constant and the Invest 
pywer la 0, li D la independent of 1, then the lowest power can be found 
tn the do ma I way, ualng TKVXn, Otherwise, the a*thod uted depend* on 
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the tain connective of H. tar ?HD it le the **"* af ihe low-st power 
o£ |h* arttjueots* For PLfi It i» the ininimm loveet paver nf the 
eriraent*. FWR Is handled only if It io of I he (flra i(X)* tl ; In thie 
coiA die Invest power In T(X) is nultipli'd h> «(l). If tt is HAH, 
Uie Invest pover in 0. Othcrvlc*. the uft*r 1* aeked to return an 
wtprceefan for the loveet power e» * function of i. The expreeelon 
for the Invest powr a* a function or i vtiUb reeult* fro. the above 
procedure Is neat chucked io «ee thet It I* only a function of 1 and 
In addition en lucreaelnc one. 

If theme comMtlona at* net. ther* ihe lowest power U found by 
pluming In the lever lintl of euaeMCieo end the -xpuoent expression 
Is «*v*d by puttlni ll on the property llvt of the SUN nuberpreeeion 
under the indicator SUH- Once e*ein, if the exponent expression doe* 
not met theee cundltlune, the user 1* eek*d for the loveM pnuer. 

Ctnln,: hack »P the caprcseion tr-e, TEWKB2 dinpetchea cautroL to 
the followine. function*, PLS end PRO -re eonputed directly by tekloe 
the nlnlrtiiii end tfw tun respectively M ine lowest eMftffl of the 
urguitentfi. PVR eende control to TW0135. Only tvo BUM BW be handled; 
e i*ro exponent reduces the vhole expreeslon to L* end en tutc&er 
exponent can be etiltlplied by th* lcu«»t power «f the ua*c. In other 
uw Ihe UlfJ U asked for the lovoec power, OBV *end* control to 
TH1CKM. This function check* to see if differentiation Is perroraed 
vlih respect to the variable oT ejrpenwlon- If so* the user oust be 
aufced ior the lowest paver. DthervUv, Uie lovest power 1* U»e sane 
es thet or the OEV body, XXG eende control to VI'eXB?, Here atatn, 
the user nun he aeked if the limits aw dependent and otherwlee the 
Lcvest power is the *an* a« thet of the 1TC body, if the user U a*fccd 
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Tor the Invest pow.r in KV or ITC, then bo «i St later be asked for the 
mansion. Thle la (U ut *j by ciui^ir.? DBV and rw to ASKDftV and ASKITO, 
All other ewectlv^ send control r* 7B»8. Tbey arc treated aa 
arbitrary functions VMdi oust be expended by differentiation. 
Consequently, if fln , or the arguneni:* have pole* at aero, clw UMr la 
■ «h«*l, otherwise, th* imat pw«r L* token aa *«rc. 

TRW21 put* the hlgheat needed power on the property Hat nf the 
whole expression and give* the eaprtMalon to TWtK* which goea dntn the 
expression tree. When 7HXK2 reach** an a too, U return* an AKK 
structure with a ninlr™ power of l *e depending, on whether or not 
the aton l* the variable of expanaiu*. if the eub+Kpretalen Is 
Independent, the mximiA power la pu L on Ite property Hat and th* 
downward recursion ot 7*1*2 L» tcroinatad. Otherwise, the noalnux 
power needed for each of th* arauncnte of the subexpression depends on 
ita naln connective* For FH>, the uaximn power of each areusetut la the 
peaiuun p-wer for the FID oJno. the *t*tmm power far the other ar*ur*nt, 
for Piia. it U now tesuned that the exponent la an in t tier, the ^unA 
power lor the hase ta the difference between the na»Jnuo power Ta r the 
Htt and (expoornt-l).(oanlnuBi power tfor base). SUN initiates a call to 
TRWL24. TOM* farm a Ft£ thrmich expanding the SV* by substituting 
Increasing integers starting with the lover Halt of auanatton into the 
3UK body until th* SUM ta lully expanded or until the evaluation of th* 
axponunt function under the eazte substitution shw» chat tha desired 
naaltun P owr haa been reached. The reciting PLS espreeeinn La then 
liven to th* top level function TWfltLl which applies both the nielnun 
and netinu* powsr psese*. Tor all other oaln connectives, the ouioun 
power fur the arxunenti is that for the sub-tap t«*» ion. 
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AfUr THWa haa finiabed, the ea|iraMl«i la Riven W WKIKL Thla 
luacUim ctaatee a Ella USPT LIS? tAIn* contain* the doublet TRHX123 
<e*pr«atun, no pomr, eepanatoo variable), and then chalna to th* 
SAVED file USPT. ttien control ciawa beek, the anewer la in file LISFTX 
LISP nod thla aaawer la reed in and d«rih*d as a fom 10 earpiece the 
operacum Dt -mw- The operation of file U5PT SAVED ulli iw be de»crlbc*i. 

The t*p level function of LISIT SAVZD, TIlMUtt, **«*■ the file 
ttfPTl LISP rontaiiiln* Ihe reault nf applying DOTUI to the eapreealen 
*c*crat»d by the train ayece*. TUQm o^eratea an each aide of an WW 
or the vbfll* aapreaoion other* M. TRSK9 ia applied by TWK12 to tbe 
.jpreaaion and U*e rctuitlng lUt of ^coefficient* ta gt**a to TW1M 
vMch aeneratee a PIS contaleln* tbe cema of the desired axpanainn. 
TRHK121 Just rrwre down tbv Uat of coefftciante ualnc EFTO and BPID, 
ftlnce tbe ftret coefficient la by definition that of the hla,beat required 

pairtr and no coerriclerjta ar* uttitted. 

for purpoaea or efficiency THKK9 uaee a eoeclai data torn, coeiin* up 
the eapreaiilon tree each function rece>l*ee a Hat «f ***Lt Iclenta, tron 
the hiftbeat required to tha atart of nil aero coefficients, with none 
oultted in between, TO** (*** down tha espreeaien tree to tbe indUMaal 
variables a»d constant expression*. *bere It acta u? the coefficient Hate. 
It rewwes the ATXW Level. TR«S1 is used to Renerete lcadlne aeroe for 
the coefficient Hat*, Downward recursion noes only tnraieji the body of 
ITO and DRY. For ASX11C and ASfcDBV che user II asked for tbe expansion* 
for PWR, C«i tUftfl are dietie*uiahed. If the exponent tiaes the laJlit 
power of tha base ta iraater than th- hlftlieat (M^-r required, than tbe 
coefficient Uat La »IU Ocbarvi — . TROTS la applied only V the beae. 
Lji the case of KAH or an arbitrary function, - cuack la nad* to aoo If 
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any of ihc ariujHtnts have polca. If Duty do, then in effort is nadc to 
reiMve then by dpplviqft THXK9 co the irgunent* and than convirtinfi the 
rewlt back to noma] form The third Argun*"* of THJOW M aet ae a 
flap,* for the HAH or arbitrary function aubeenrcetlon auei be expencec 
by differentiation, and itii« neco not bti td|m*ted tf the tana alcuaUon 
la encountered at a level uittitn the aubaxpreeitan. tf the argwrrnta 
do not havu pole* at aero* tb« dlf ftfrnntiation atop la appllvd to the 
tnipcupreailoa once the eton structure haa been revived Iron it bv 
.■.: n»:rr. 

Coning buck up the expreaafon tree, the coefficient Hate are given 
to function* aaaociated vith tlm nam mnrectlve at ih* particular nodo* 
PLS tend* control to TORI. IkWI add* corresponding coefficients tilth 
EPi£ until on* of the two coefficient Hat* la nxlumu|«d. die renaming 
coefficient* of the other lint are then taken aa li. PUD sends control 
en rKNK5. I£ either ar^uiaant Uat is OIL, all coefficients are tore on 
that Uat »o the result is Kit. Otherwise, the arKunent* are passed to 
TIWK22ZJ in a special forn Mftl Uluatrated: (0 D i. i. a.) 

Tlia ounbiir of leading sern* in the firat Hit In one less than the ru»b*r 
of coofriclenta in the aecOnd Uat. am! the coefficients in the flrat 
Uat have bean reversed. TMK2222 renoves the neroa from the first 
list, one by one, Before tccovIq* each aero It vend* boih lists to 
TMJOO. which generate* nne coefficient In the answer. TbU coefficient 
La a aim of terra gencrutud by rwUipiyina, by t*>m of KPRD corresponding 
tenia In the etove llsta. This 7EUCK2222 procefta is temlnated by a final 
e*1I to TUK1 once all leroa have bu»n r«nved. 



For FVR> lhatfi are tw> pua&lbl* calti- If the txn^nenc 1c poeltU*. 

SBTA in called and TKJtKlO 1* then UftCd t« m^va tmili^ O's froo the 

cwfCiuUQC list which flWUn produces, 5WV* takes four argun tin 

coefficient U«t, the oanlmi* novar oo thie lilt, the n*xUion pm^r 

need** In the rceult, and the exponent tv which the fiorleo reptritntrf 

by th# coarflcUmc lift U to be ralaanL If the coefficient list contain* 

CQ«f£LcUnU> of ncudtlve pov»r», the S*PUR2 IB called; utharvUc. SRFWW 

la called. Th* operation or SRPvTO will be described flrit. The purpote 
nf U»l* function Is to teoerat* tha coefficient* of ih* de*lmd teroo in 
the ■ulMfionUl u&pAiulo-n, vltnout generating the entir* expansion. For 
each turn, SBHRJ Initiates a call CO SflFVRl. Tb* d*sl**d coefficient 
could be written a* a nm of all product* of the coefficients of the 
ban* **rles Which Save the ton* 

> .•» .'» 

Hi jl _l_ _L - - - _a_ 

V 'i ! 'r V 

where 1, + 1, . , - + l fl - K, the exp-oiwDt, **d i*^ + 2*tj . - i n-l D - P. 
th* d* tired punier. Hi* desired coefficient U, however, in feet. written 
with the above ausi factored on the **. , *j ****& io the dictlousry order. 
The coefficient Is ftullt up lo LMe runner by bo exchange of calls by 
GHptmi and SHfWUL SRiTOl has a- argunant* th* needed power, P. the 
mnhi ■ of coefficients vet to b* ut«d h\ the power H, which the wait 
coefficient In the dictionary order can be u*ed tu generate, the povwr, 
V ( of this coefficient In the base ecrlee, <"« ailttiJsm power, S2, lo the 
base scrios. end tha list, A, of r*pu»lnltn» cw( t'iclent*. SMWIIL recurs 
on tho ar*™*nt t- ft U started iff at the auuisvn value which will *U»w 
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generation at a tare., le la then increased by 1 until I2M. Id void, 
case norc tic » total base coerfieienta would be used, o r unUl 
P-( B +I)*V<S2«(M^Hfl» rtleA «tit« that if the nutnlng N-(a>l) 
^" wrc * u "** d w =»w >«w*t coefficient S2 f the total power 
mtnted would ttlU be greater than that required. Th* tern crated 
for each value or H are added vith RTL6. Rach of these t«rna u 
created by e call to SRfVRlU SRPWall checke c* ,« if the coefficient 
U*i ( A, Kaa only one acre ttttAer. In thte mm It create, the desired 
" m fa**0 t**l *lhervi*e t le conntructa thl* tern, but .ultiplies it 
by tfw tern created by living the retaining coefficient live to BOTH. 
•lues vith the renaming number of power* needed. P-RV. the ronainin* 
coefficient* available, H-I, and the lcwet value of R which you can 
atart Kith next, HAX(0, P-JJfrt*- (2-ir)K The expression P-2ft4fr(2-V) It 
beat viewed a* (P-RV)-<M-R*(V-2>; P-RV, a* given abov*» 1. the nmber 
or power, .till wded, (H-R)*(V-a> ia the nutter or povera which would 
be produced if none of die next coefficient were used, rhe difference 
U the ounber of powers which autit be us.d on the next coefficient, for 
uains a coefficient on the next, rather than the on* after next, vlU 
increase the Nvnerated power by one 

SKPVR2 lie* «i K arguaianiH. ti le the oailnum power needed. I ia the 
Hat of positive coefficient*, V U the Hat of negative coefficient, in 
ascending order- « i* the lower negative coefficient and SI la the 
htaSeat positive coefficient. 3 la the exponent to which the baa. wrlea 
la raised. 5JUW uses four program varleble.i j. p, H, and P. The 
result 1. butit up on, i; end ia a eun of term* f ar each coefficient, the 
current confident la J, which Is todexed free, the Invest which can be 
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oacr up L« B, the hltf.wt needed, Pof c«b *elu* of J, * confident ii 
built up which t» « ™ ** t*nm, &ach of the** lbctw la of cuuioe a 
product «f negative and poaitlve coefficient* toch that the *un of the 
pome 1* J, and tb* iiu-fccr of m rf Utata U 9. T*e tarn* can be 
cUaetfUd by the motor, M, of oeeo-tlvo coefficient* and th* iwber, P« 
of negative powers which Lhey contain. SAPUR ceoarate* all r <i*»Sl>Iv 
valuta arHuidr which will produc- tb*. given Jt it then call* HWH 
ior each pair ot value* or * and P. 0**t to produce die aecetive part 
at die BMOCClntp Kid once to nroduc* lb* poaltlve part, Tbe poalllva 
and oeaatlva part* are than tultlplivd together with EPRD. The waluua 
or M and P *r* generate ** follow*. H U atarted off at if J ie 
positive, or so thet H*J< S2 If J t* naaatlve, H 1* r*an ii*cr™mcc* 
until H > S1*<S-HW. Tlio neanlo* of ihl* relation la a* fallow*. Since 
the bt*h*Ht value of neaatlve ba« coefficient ie -t, » necativ- 
coefficient* *uat treat* at leaet W najattvc pwere, Tbe nwinm nuubcr 
ot poattiva power* which can at B e«rat»d with the reaalnlfiE 3-K 
eoefricicntaia 5i*(S-M>» but J of tHeae at* needed fox the reault. •* 
that S1*<S*«)-J can be notched acainat n*£aLive °w* * od tblfl ""**" 
tu8t he *reat« than or equal to M. «w, Tor each feasible nunbar or 
B* A ative coefficients* tern* for co>rT*»i*»ndlna possible negative. pc«f* 
are generated, Ttie nui»b*r of nexaCiv* powera It &l«*i by P. which La 
atarted att at the ninieuo of -M*52 ( the o«*t neaatlve you can iwkc, 
And S1*(S-H)-J. the note newtlv* you ceo *b«rb with «™tc* poaltiv* 
powers. P la then dccrriwnfd until it 1- i*a* than « or until It Li 
!«*« than -J, which vmhi that If J i* oe&ative, not antmch necativ* 
power* to produce it will be *en*rat*d. Each collated coefficient la 
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nultiplied by ft!. 

Returning t« TOflW. If the exponent of PVH I* nexative. then a ceil 
to TftWiJ it live* TRKKbl Invert* che series creeled by SJUVR as for a 
positive axponent by a call id TKMCp. TWOfi ftrtt check* for a null 
■eric* which vould indicate division by aero 1* called for; in this case 
It notifies the user* Otherwise, it sett up TKHttl, vhich doe* in* 
inversion, TMfcl build* up the ««fir, car* by urn. on lu first 
arousem ft Zt recur* on lc* last *r*un*nt » which is a tern counter, 
incremented f ran I up to Lb* etraber *f coefficient on the Hit u, of 
Che series lt» be inverted. For each value of K a tern confuted br 
TIWIC6JE Lfl HUN tu W. Tfei* ten 1* - |- tine* the euin of the product 
of correspond tne; terns of tf and u. 

Rrturci» s unci- a £ atn to TKHKP. 1TC And DRV send control to TRJflSJ, 
Sin« only the case where the Integral or derivative do oot Inwlve the 
variable of expansion is handled. TWBK91 *o*s throuth tlic coefficient 
ll»t putting the integral or derivative structure and ariuueiu* m each 
coefficient. Hi* only renaming caitea for TKNKv ere HAH and an arbitrary 
function; ihey are handled in the sane nanner. ?\w ar&uacnts ar* created 
as explained an the d-wward pafi« and then the expression in standard 
form i* pieced to 1*1*95 for expansion by differentiation. Ic la at thi* 
pntnt that Ui* check is aide to *** | f the subexpression under conslderatimi 
U contained in a larger one which mt 1U0 be expanded by differentiation* 
in which cose the expression i» returr— d undifferentiated by TBJOS** 
Othervlee, TiM95 call* TWflCU to expand tSu repression by differentiation, 
TXnXU uaea DlrTJ to repeatedly differentiate EM axpreaalon. which it 
keepe on proarun variable 0. Before «*ch differential inn a tern of pie 
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e<?an»la(i I* »*t «p by tubatttuUng aftwto (or the variable ot c»?anifcni 

in th- ojcpnHtwi U» «*l*g imUl. THWtUl # u b»titut« *«ro e<*r thu 
variable of cxpanaiaii , **ttspt that If it co«*« tt> * DKV •ubexprcMton 
It cr«ato» an CVL l+v*l, 

Thi* cooplrivi* iba explanation of THJCK. 



Chapter VII 

IIA5II COD1NC FUNCTIONS or A COMPLEX VARlADLt 

Jwrnnil of the rauUnn deacrlbed in th* preceding chapter rcuuim 

the companion ot alaauraic evprcaaiona for equivalent*. Tb* compariton 

»a nori< bv haah codina the rAjiresaiuna and compirinc the reaultlnt haah 

code nanibcm. Th* formula* raqmred for the ha*h rndtog » enema and I he 
function* which apply thrm warn d**e ribc-d in tha tart chaptar. The 
machamatiral coatldarationa luidcrlyiaitf; lhaae formuUa will now be designed. 

The elementary function* nf a complex variable ar* thoee which cu 
be rxpr»*«ed by the fallowinc recurtlve *ch*me. Any complex constant 
or vttriablo wilt be called an etprcaaicm; (fuudv U» axprraoion*. 
then **>*„ u < *. u - v, u\ e v , -u and I ■ The tr.tonometrU and hyper- 
bolic function* m^y fehj axpmtied c*plicilly. Sccaua* of the defining 

relation* of the comply field and in*. (n^oflmcUlc idenHtiea, there ,rr 
Infinitely many eicpreaeicau for my gi*en function. Two cxprotton* will 

be eaJd to bv agumaleftt If they repreaent lb* tame function. 

E&utln*. ichfmce fnr <-m >:i ""'"'^ comuariann use the denning relation* 
aUng with aome addition*! ctmditiune to put e&th axpreatlon in ■ canonical 
form, if u, c canonical forma of two capreaaluna are identical, they mui 
repreaent tha mm function. Thie m«tbod haa certain drawback*. Flral, 

putting the expraaaton In a canonical form tequiraa the COmpariaon ol many 

euhpam at th* « xp r«aatun with #*cb other. In particular, lb* commuUUv* 
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law requires that the terms in suma »nd products be eon**- Second, 
discovery >b»* ■**» tf«pr«»-it*ii" arc equivalent requires a comparison of 
wary subpart of «oc v/Uti the corresponding subpart of the other, Tnied, 
the problem of reducing all cr t uiv»lviu expression* to one cannnicsl form U 
recursively unsnlvable <7J one lb- exastia* schemes fail iu many ca-ee. 

Till* chapter explores a probabilistic approach* Suppose F(c|^CUl 
(F and C -re elementary functions), ihen F|al -G(*l - has, al moat, a 
cnunienlu number of solution*, while the complex number* ire uoxounUblo. 
Therefore, the probability Hal F(«) - G<*> - for a point a chosen at 
random U 0. Thus. It would be possible to t«*t ior equivalence of 
expressions by comparing their values el * randomly selected point, It 
: fl passible lu gel sum* approximation to this fed Willi th- finite arilhmebc 

of a computer* 

One method would bo to substitute * random floeting point number for 
men occurrence of earn di.tina variable mid then evaluate th< resulting 
expression mnmi floating point arithmetic* This method te limited by 
overflow and roundoff error. Far oxarupie, if * U a floating point number 
chosen ai random from a Itat distribution, then with probability one hall 
a 2 If Ureter or smaller than ail th« Hunting poml numbers; it dors not 
appear poeeiblo to £i»d n ruW for mapping x 2 back into the floating point 
mimbsre such that th* code number© of omiivalent cxpr.#-ions will be very 
nearly the sent*. This overflow is diUlrult to avoid by restricting the 

u 

initial choice of floating point numbers since expressions of the farm u 
ftre allowed* Furthermore. If two expressions, x and y are of dilfaeont 
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ueder. or magnitude. U»n f beraoae ot roundofi error. » * y may evaluate 
to either x or y* ThU to a particularly Mrtou diaadvamae* >mc« it Li 
Ululy thai an rxpreaaiun will be compared with subpart* of itaelf* The 
■am# problem* artae with a floating point approximation io th* complex 
number a * 

Another atrategy, which we liivcatiuaifi here, la to uae n finite Held, 
instead of the Infinite field of real numbers. 

Finite Fields and the Exponent Arithmetic 

a. Finite Fi ^ Id ft 

Th* a»e of Coating point number* in ibe coda number scheme U 
limited brfAuse the *um or product ol two floating pnint number? la nut 
nec4*a«rilr * floating point number* Thta jtrabUm in avoided li a finite 

field. F, i# used, alncc the field ran br chnven amall anoujh io that *very 

Vlinilltf o*n be represented by a computer number. Th* task la ta chaos* 
F auch that expression* which ur» equivalent La Uu complex number* *re 
alao equivalent in U- Tbat i*. we nce*l a humomurphism from ihe complex 

numbers onto F. Wu now develop a field which meet* this requlrvment 
in miiny, but not All, caeca. 

An abellnn group Gin aet of element* with an operation x and in 
identity element e auch that: 

1. a t G. b i G then a x b a C 

i. a <j G then **r - ea - a 

3* at Other. ^ a" 1 * G • aa" 1 = * -1 a - e 
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4. A * G, h * C than iti - U> 

A frniu fluid F I* a finite aot of element* With an operation + under 

wtocu the elemante of F farm a c.ruup with identity n Ub* additive groupl, 
And in operation ■ under *lttch the nbmeiUi of F* * F -0 form * (roup 
with identity 1 lifeu multiplicative group), in addition the relation* 
o* |b f c) = a'b * a'c and a'O * 

hold. 

Ifmuidn arc i&leeer* and P la o prime inler,*r Uieu t*|m f P) *"od P 
mcoiit that c equal* tne remainder of <m * nl/n. Multiplication mod p ia 
defined aimilarly* It can be verified that tne Integer- tvtf than a urimr 
fnrm a finite field undt-r the operations addition and multiplication mod p. 
The additive tavern* o< 1, -1 U aeen to be p- 1 alnce p * I f 1 = mod p. 

b. Th« elaimmE 1 

;-, mi. r ,.j:i|:l._^ Uri'l it'.T. ,- *:i "J'"T ■"' I *i*. Ii I Kilt L ' I - -1 

■uch an element la alto required in F. To aee how ihia reatneta the 
choice oi pone need* the fact ftfuod 10 tha reference* that the muMplic-.tiv« 
er^up F* of a finite field U cyclic. Thia meant that there ia an element a 
{called a generator) in F 1 aucb that every element In F* in *ume power of CX < 

In fact. F* can be written l.Ci, a* 0»P' 2 «id tfM = L Since P ia 

* prim. U la odd and ao E^- i* en integer. en>ll/2 * -I *i»« ^ l)U * I 

ajid ( u( ,p " 1 ' V - U U ^ 1* evrn th« r » t-n an inte**r auch Ui«l if 

I * q r , > Z = -1- Note that -Hher M r or C** r can be choaen *e 1 and the other 
becotnea -I. We have thua .hewn that r will have an element i If and only 

II p ta of the Term 44* L 
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C. TTie Exponent ArithiweSic 

in the complex numbtri, an» might h*v* ft, l..t far the equivalence nf 
two .xpree.ione euch » u** 1 *ml u v - u , «„*„ the exponent arithmetic I. 
*J»a performed Ln the complea mui,b*r.. However. „tnc« the multiplicative 
group &■ e cyclic |mup with an* let* clement than F, r * l mum br 
computed mod [ P - J) + sirn-e en uomarpbiem do*, not ealet between the 
additive >nd multiplicative e ™ P . of F. the eKpon.nt operative cannot 
be performed in it. ThI* f.i| u ,« of tf» fioltr field evaluailnn to be r.curaWe 
in the exponent direction i. . aerlou* Hmltnuniu Furthermore, Use* 
P - 11* not . prime the Upmnl operetiont will not form a field. 
Fortunately, many cepr.ieioo* encnuntered In *nely,l» have rather simple 
exponent, end n nmd. ran be *av*e by evaluating the exponent. In in. E 

artthmetjr which we now detine. 

Let the baeic •Ifotnti of C he the intern lees than p - K Addition 
and multiplication -re mod (p - «, It l» ee.y ro *« that all element, 
have en additive in«r«e. No even inlceert hove - multiple all*, inverse, 

however, fur thin wauld Imply; 

I • e . (2 - ■J* 1 14 *nj. mrl 

Z - l« * (2 * a)* 1 -2' q* mj - 1 

wsiu-h li e contradiction atnee I he. no dUleor. in the Inletere, II we take 
o prime, then the odd integer* other than u heve e multiplicative Inv.re* 
M ■ coneequence ni the Buler theorem <see Bof> . Albert, p. 47J: 



L*l A (m) Ik ibe numbor o( integer- * auch that 0< £ 4.m and 
U in urtmr to m* Then 

{or wvcry a relatively primi tu m< 

Th* failure nf th* «ven Integer* to navo a multiplicative invert* mean* 
thatu 1 ' 2 * will not evaluate lo u. Wu therefor- adjoin W th« basic 
vlemrnte or E Lnc clement * . where *%. * L Cln*in*\ E under multlplicannn 
*nd addition would require th*t nil the eUmenta ol the form b^ |b an 
lnle S -r Lcaa than p - 1 and b odd* b* In B. Homvcv, many raaua can b- 
covered if we allow only -lementr *"rb^ , 
d. Square rtcnua in F 

u t t htf U ld -ealuale to he the aouare root ol u In F, bBWW, only 
^ half the obmfflt- In F have a aeuare mM, tbeae lie tho -van power* 
of theuM-rator. O ( ul T'. 5*uc« l« V l« even for even n and any r 
only - uf the element* could have a aounre root computable by r At a inn 'lr- 

etlnmt to enmc pow-r. that I* by* aaaiglUnc *um* Integer to *!. , Ifewmr 

a method of lindinu th* root* of this smaller eel can be found, aa mil be 
*howno-*t, i.e., th.recaletee* auch thatH « ^n* 4 ". than «*. -ft*. 
if p la ot the form aq » J, then alnce 4n(q + I) - 2n mod |4*| < Zl for 
n < q on- rioda Ic* 4 "!* * ' ■ <***. q H la therefore the proper value lor S* 
The requirement ibex p be of th- form 4q * 3 If unfortunately in conflict 
with th* eailler re^uircmcni that p be nf the form ^M. By chooata£ 
p a AoJ * * • 4 Uq 1 *0 *l o&* obtaina by a etmilur argument th* euuarc root 
of 1/1 of the element* with ^ * q* -r L 
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*■ Tr.attnom»tr|c Idurnmr 

Dvfin* in the ueunl mauntr 



-..*J ** 9 -±± 



"♦.-'• -«..-» 



r«fl * ' Z t*J*h z 



wher. « t» on Al.mtot of F y-t to be rfio«*n. N«t« «hat I 2 i» -I Id the 
E Arilhmrtic but tbU doc* nt ariie In Ufcinj eums *iui pr^udi of th« 
abow functtoxu. Fur IntUnco; 

. «">■■"> .!•■■■. ,-m,.-.S .-■■ ,'«.,u>,W.. "..-■ ? 
-4 -5 

■( 4 

= 1 

If Pin (0) 1. u. .qual tt> . (* n ■ 8). tl lon K I. dh.hu, rt.1 e l " - -1 , D0 
- i. U « >. to hav« - «»Mn loot it m.ni be . n ..,„ po™ o( ^ , 
taking • ^ ■< * n on. obtain* lor p ; Bq • . t, 

-" = -I 



].„. 



n*i - <*n' * U mod (4q< * 1) » 

ror «y iAoIcb of n, « U determined, providing eqQ*ti«* <ll cnn 
», eolyed (or the clement n - S™e rifleeUon will *how tbei trl ( oonm-iric 
celrnleiion* m»y ItwoWe roou of r B rssUi than 2- Soppoeti « !■ chow odd, 
then nim -tuara ro<* of e . *". ha. no aqu*" root, nor d«, - +\ tbe crth-r 



itquart' 



jL 



af e. Th*t -h" do#a w* h*v* - auu«* r™ 1 4t ° ™™"1"* n 



L *: 



of thr chotta el -1 « * aoueie- -** * **H* = <**«"> (nooeq.uar.1 **d a 
tquare Um«i • nonaquer* muet be ■ nonequare. From ihU one can *e* 
thai if * la to hnv* a 2"\h real, tt muol be chote* of t*e form of 
Not* lhat the uhoic of » dtrid.a the elementa of F' b«tween tbe roau wl 

powro of e* 

Returning to th* aolutmn of a^arton ID far the c*a- n - 1, *- aec I""* ™ 
fftltrtutor) aolutton 1* poiaible. For |U imjdlea that in = 2"ra'W * » 
* iaq t * 1}. 2q- » I moat be t**en prime ba ord«r l* reeVo tfie numb-r of 
,1.^1 which map tnlo the »m« element La lb- E aritnematlc. Therefore. 
2q< *lmuetdieid. either iutT, but thle 1* wit ecCBptable. Suppnae 2i|' "' 
a |v ,d« fi , ih-nintheEarilhemahi:--. -0. Smc. either 4n or II L. 
» highly probable element, ihia r-UUon U umuice^abl^ Once a*nm, * 
p*jcb ™ n b* inecrted ao ilui **"*' * *HI **«» i i» the moat frequent <"<* 
WHbo ah element l< *»;>««* Minced m the F trlthamiUe . •pecUl check* are 
m*dt. If th* b*»e l» * and i - divide ifae expoi-nt, then l-ll**?'* la 
romjnrted. i» la tno»*o -"tuU rneo-ph aotbat ama" irwltiplee ol it will 
I** tea* ihen the prlmv p- 
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£. Summary nl tiit H^ntr-mcM i 

li p of the form fl*i* # 5, 

3* Zq 1 f 1 prime 
^J'-i-kUT* R e StlaaUun **■ Fi nding a Prime 

The requirement* of aectiun u up*) 

It p * *q" * i 

£< ?q* I £ prime 

Another rcqulr*m«nl is: 

3< ple*B than 1/2 tb* largest machina integer, 
ThJ* alion* addition without overdo** The multiplicative juvcrac or art 
element a in F ia found by nocme that a* 1 * a*"* To nl» an »l*m*nt . 
tu any puwar we begin by multiplying it by its* If, r realm* the number* 
b, = a , wo then eaprase th* power as a binAr* number and arid up the 
appropriate b t , Thia Wad* to the runuiritrnent: 

4, p - 2 ahuiild b* CXprctfllfeU *a A few pOUCH of £, 

Tq find a pfUm fur the 7094 ths following ptocedur* WU followed* 

L Beginning with n - ^ iM teat If p - I6n HJ la prim* by 

diridlng by every odd number up to -/p7 

Z* Teat U an l J ia prime. 

1- Find a gvnuratur e{ t ot F*- (If a ia not a 

generator then a z ^l or a • 1 or a T = I nr a £lf 'U 
Raise a to these fuur power* by lbs erhome aboeu, 1 

Alimtal l/i of the clement* are fcneralora ao one la 

quickly found. 
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Thi* procedure resulted In: 

p * ft, 5*9. 9**. 3TJ 
C<- 1», 560, 097 
V - S, 525, 736. 1T3 
Sonn- Exam -de Problem*. 

Ten trigonometry identitY problems were selected irom a inxtboax |fl). 
The -ebon" produced the p»™ hash number Tor both sides m nil but the 
last* Th* UlnntlUes are; 

sir. x t**» x 1 efts x * pec x 

(sun * rutx *- cue x)/cot x = 2 *Ul X 

CBC 2 ** c« 2 X*l ■ 2/s-inA 

cctn x cot x * vln x * epe x 

(1 - «in xt (sec X » tun ») : to! £ 

•tnx/U -*M *) • wox>l**»* x -i| 
t<c x -cot% = «c x * col * 



b\ I»in x/(#e* *+!)) + (*i«» x /(soc * -0 ) * 2 co* x 
9. pa** 



***« * »lu 6 X - I - 1 «i* Z * cn» 2 i 



:i\ 



-J (».c i *l|f|»ec x-11 * * COf x)/*Ib x 
The prahttKihly uf Krior 

Estimation? ol ir.* probability or error it dtlDeull. Th« l««t«f< 

probability oi error for certain euh**-i* uf nxpresslone will dil/nr Irom thai 
for all expression** No statistic* xre Available oo ih* i<xprv»sloflS which 

will ti v CQCuunicred In practice** 
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II »a possible thai l»u vapre«*lon« whit: it r-pr-ernf Ihc lAmi inn^iw 
will receive tJJIcrtfnE tod* numbers because inmt exponent operation does 

nnt preserve the equivalence. Study of ^tiinn U ehujid malut clear under 
what ciKumtuncM this will happen. 

In the simplification program dvstHnad in the Chapter VI , caprcsslunii 

with (be same eodu number arc considered equivalent. TUr^V;^ m 

accidental match of non-equi valval ukprfiimnns Lfl very sariou*. if we 
could shuw that the operation* in the E and V arithmetic mapped tbeir sat* 
or -i-mcnU uniformly baik unto themselves, then th* probability of a 
maich between two cupraaeivns selected at random frcm the set of all 
expressions K-uuid be l/p. Unfnrtunatelf. thin i* not the case, fn the F 
nrithmetic tbc operation* of multiplication and addition and their inverses 
do anilnfy this criterion. Looking it Che cyclic group P, ho**v*f g one 
**■■ *h*i nuv-utf any element in F except a multiply of ■ to aU power* will 

prixluiK *ithrr 1/4,1/2. Or all the elements Of F. Thua rapooenUatiurj 

Uult to map the elements into the 4th power* of a e.n-raiur and 10 ItttrnMO 
Die probability ai random match* 

The same bunching Dcmri in the E arithmetic. The distribution nf 
element* after n operation* can only be found using a rather complicated 
two dimensional convututicMi* The distributions after one operation »r»wn 

in Pifture 1 indicate thai far moderately complicated axptinenta th* 

probability of error should remain In control. 
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— — i ™ * multiplication 
..... *u division. 




odd integer* 



even c 

integer* integer* 

..L.t dm*- divisible 

ible by 4 by 4 
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Distribution of element* in E «Jt*r one operation. Within each 
tUAftUicaUon. the element* are ordered in the normal manner. 
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Chapter viii 
THE LANGUAGE OF MATHEMATICAL ttXPKESSlONi 

Tbe introduction #1x1**1 that man-computer symbiosis can bring 

About an effective protuam solving le*m bf asilgning tu man and computer 

thou* parts of a problem which they of* best Suited to solve. Each is 
much better tlian the other at certain Jobs* therefore, the two together 
can do tbu problem better than either alone, if the cent uf breaking I he 
problem up is not tap htjh. The ta*k assignment rimy result in either 
parallel or aerial operation of man and computer. In a paxaUeJ operation, 

asch has continuous access in all important data generated by the utb**r« 

while in a serial operation, data exchanges uccur nnly at significsnt point* 
In ibe problem. Somriimrfl, a tank In a serial operation could be perform^ 
by either man or computer; the one whdth has performed the previous step 
often bas the relevant infarmatltui for Ibe task. Tbe savings in senrtmg 
the task to the best pun nor mutt be grwsl enough to cover lbs cost of a 
poaitblc data exchange* In this rase, the coat of data exchange is critical 
tit the balance between man and machine*. This would not be so IX moit 
tasks could only be poriurmeri hy one or tbe other. 

The enlvcd problem* presented In Chapt«r CI require some serial 
operation with much data exchenr*. [1 U. therefore, important to investigate 

the possibilities for man-machine c omnium cat! c«i In nnn -nume rical analysis* 
A luncuBflc cunsiats ol a aeries of statement* following certaiu sy&tailc 

rules which Ibe communicants map into their respective models of the world. 

lot 
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Oflen. tne Unjru4(* eAn n* divided into n, cttnirtU part, fallowing * r*th* r 

■mAll Set oi well drfin-d rule*, together with * wrin> o< suCCeedJncJr 
0>mnUh otceaUnnd to thee* rules And methods for continued dlscnurfle. 

In the Laac At hand, the c«ntrAl part Is tbe sol of tnttbeniAUCAl expression* 

U*»d in -lai^is These expressions Will be invest! n*t«=il In thli chapter 
■inrl the following two chapter*. 

The avAlhtbU mpjl*miip*it d*ivicvs for Ihe lmnflu-pv Are ihe typewriter 

#o4 the dlBulAy* Cither * onw -dimensional or n two -dimensional 

iTfatli<:mAUeAl e*&rees»on syntAx cAn frc used with the typewriter ur the 

display* The use uf a oop dimeuslooal syntAi for typewrite* input Is 

til scu*** J In charter X* Chapter IX de scribes A two dim-neinnal syota* 

for display output- A two dtmenetonAl syntax for the typewriter it discussed 
by Klerrr, hawnritr, he Iias nol stated «ny uselul leneral ideas. Thu 
problems involved in conetrucUnf A two dkmen«>Einal Input syat&Jt for Ibe 
display * m ° - considered in Chapter XI* 



Chapter tX 
SYNTAX AND DISPLAY OF MATHEMATICAL EXPRESSIONS 

This chaptvr du-rribrs a LISP program which uompnlra I he pictorial 

representation of a matbemitiLal *Kpraeaion from * USP &-*evpvu4laja 
rcj*ro*«nt*tini*, of the cxpru.Mon. Since lh* Un^Fr ot nuah.malica contain* 

- number of apodal ttMl f the* cornpulaiiun wiJJ be introduced with A 

tumi-nary "f *bc r«*ult» produced by wach part ol the program and the |*Mr&l 
principle* (olLowud. 

ftccauac of tlw prmtttble QH ul many imilormiUan. and tdentuid*. 

* mathematical cprp-iBion can bo nproaomed m many tqujvalejK fo™.. 
For instance a (b*c| could be rspiMMlH a* ab 1 ac, In certain c^uh* 
th-a picture of one uf theae form* may bo oaater to road iK**n the plttum 
uf the other*. Tor inatancc a * a might be preferred to a t (-1 - x I. 
On the other hand, the jit of SftV-tfftl *qmvaiem Itttlf&il forma complicate* 
th* writing of routine* needed tu tranafnrm mathematical eapreiaimu* 
Furthermore, the matt convenient internal (unn might be difficult to r*ad. 
In th« drat paaa of th* picture compiler the imcrnaJ Jorm la tranaform.d 

into an equivalent f&m which la ca*y to raad* In addition, ptt rent bean * 

am added* The USP *?tprv*aion tvaulting from thu Hr»t pave ha* Ifca 
form of a tree uf »uli«*nrea»ioa«. Each node ot the tree i« a mathematical 
upvratlnn and th* branches irom lhat nnde are Uie argument* of that 
up»ntion. At th« «nd of tbe branch** are ibe individual variable* *nd 
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cocmiaM*. The (onri of i«ia internal tree i- prvaerved throughout lb* 
remaining »i*p» ^( the pirlur* compilation. For eaample, the eKpr***ion 

ft * C * rf *" * Ha* Hi* * r**r 




Mathematical nperaliuna arc ieprr«ent*d in "picture*" hy ayrnboU 

plated in ap#t:iai arrangement-* A ciaaarficahon or the representation* 
wlU be a.tw*n later. The eiiuaitan 1* complicated by the fact thai 
■omettmea lh# ajtma symbol* and poaiilanal notation* »ru uacd la different 
cumbinaliomi to r*pr**aol different m*iWtiuikjl operation*, TImj actnod 

pa** of Hw ptctttM rmnpilcr rewrite* lh« inturnai tree in tnrm* ol lbe»e 

common *ymboU and po.iiion*. The> aymbol* and poaitioni ar* «prca»od 
in term* of a tel of ■— cUl faf*m» Thee* form» ore •bown in Fiijiir* I 
through Ftciir* 1U The compiUr *la«» at the he*« of the interna) *«■* and 
wofka out *o th* «nd» o' <h< branch**, rewriting: lh* tr** at each node. 
Tbla rewnunjt introduce* additional node* Idjo tfc* internal tree, but thc-a* 
n*w bjJcb are marlutd *o that thtr nW atruclure I* pr»**™*d- The display 
reouiun* frnm a node and it* branches la called a picture part . Som-timo* 
ihe form ol a picture part drprnd* on live cttnenaion* ol lu argument*. 
Id thin «M* tl*« aecood and ihird pans muat b* applied to the argument* 
be for* iba aerond p**« «n b«r apfUad to thi* part. 

In the Ihirxl paa* each picture p*rt iu Inscribed tn a r»tt*ngle. 
Th* coraptlrr atari* at the end* oi lb* branch*** of the internal tree and 
work* luwa*d the ba-n. The compiler fir*t Inscribe* each individual 
constant and variable in a r»cUmgl*. defined by it* width, height, and 
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d*pih, A dtmenaloncd ruLtanr,l« 1# then choacn in lum for *nch larger 
picture part; i.e. operator wiib ar^urncnU. The dimvaainna of each 
rectangle depend t*n it* nwn operator and aUo on Ibe dltnenaiun* of thoae 
rcctanglub *a*ocialod with the argument* of the picture pan. In addition, 
*b cumpule the relative noalUon* of the ar|umcnU ef ttach picture part with 
n»»p*ct to the lower Uft hand corner of Its circumacnfacd rcdan-lv. 

Once the entire *kpr«*vion, baa been i3lm*jm*mned, it can be pa*ittun«d 
on the o*clUoacope (fee*. The final poaa oi ihe compiler then aenda in the 
display the namo, *i«t>, and portion of each symbol. Theee armboW 
are tntcrapcraGd with non -dia playing left and right paeudo*parunihuaB#» 

Thcte pacudo-parnnlheaea group the piLtur* nymboln Into a trcu of «ub- 

CAproaeioni identical with ihe internal true structure obtained from nan* 

rnie of the picture compiler. Thua. a lluht-pun reference to a picture ■yrobol 

can bf I dentified with tftu atnaUeat aubtxprfc*»ion in tr*» picture tr*n which 
contain $ it, and with thu cor rvt pond Inoj LISP «mb-x^re a a inn In the mt-rrnU 

tr*c_. Thla inakira it poaatblc easily to tftntifnaiv mathematically 
meaningful pi eta re -pan* *« argumunt* for other operation*, 

Tr«m»frirm*ti-i nfl ii ; jatiljiain Semantic Inter pretation 

A method 11 needed fur referencing mcanlnglul aabp^Hv ol Ihe L03P 

unurce ejtprcaakon by puintinc with a Light pen to nymhoU in the dlaplayed 
picture eopieatlun. Thu-. before the nlctur* i. compiled, the ■ourc- 
«iipren«ian u tranaformed uiitig mathematical relation* into a forro which 
mak** it +a#y to catabliwh « un'H^cnc mapping b*tw*u mbpam of the 

picture citprrealc-n and mathematically meaningful »ubp*rla oi thr LJ5P 
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source vxpr-salon. Thru, in additluu tu the picture symbols, the 
compiler e*nd* the display a toria* of Ull and right p*«udu-paruulheaca 
which pur** the picture eymboU into a Ire* Identical with ihu trco lorn ted 
by the transformed sourer ewpraaaion. When the lifchi p*n t* pointed at 
a piclur* eymbol, the amplest piclur* a ub -expression which ronton* it 
U intensified and the corresponding LIST* caprcssion may th#n b* r«i*rruccd. 
The *ource Agression la trnnafnrm#n in urder tu brina i» Wft * b*ncr 
pictorial form, feir instance, the order of tba product ts rev*ir«nd *u that 
I f ^ cdx) 'd can b# wrlrtan d-fedx - 

Although the picture compiler is powerful enouch to handle most all 
nf the noiAiluiis which art** in maUmmaiics. simple compiler rulea ln?i 
only bern wriUitn lor the mathematical *wprcs*lons listed below, which 
arise in the volution at non-linear differential equation** These expressions 
are represented by USPS^eapreseiom* In brief, $-e*prr-aalan* ■» 
d*fined recursively aa follow*: Any number or •trine, ot alphanumeric 
character* i - an S*c*nree*HJn. One or mora 5-axprestlon* scnar*t«d by 
anac-HS and surrounded by parcnlbe-ies in an S-rtaprstsatira. Individual numbers 
ami alphanumeric strings arc called atom*. Individual variable* *nd 
constant* in th« mathematical cxnr***l™* are represented by atoms. 
The mathematical operator* are represent"! by 5-exprcs*tnn* mnalsilui 
uf the operator nunm, it* Argument* in *omu given order, and th* atom MIL* 
Nil- denote* the null S-exprvesionj it is replaced hy t-mpurary result* 
during the transformation of «pre**lonn and represent* the property hit 
of the mathematical operator* The individual mathematical operator* 
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ml i cully in |h« program 4Te- 

(NoU: iih*I ol thv operator* L*n l»V* any number of ArfiumvftU, In Ihr 

obvinus manner.) 

L .PI.*- A 8 C MIL) X A * & * C 



a. 


(PRD ADC WD S A * B * C 


3. 


imiiitai b i 


4p 


IPWK A B NIL) S A U 


*. 


1D&V A B C D C KIU 9 d &l& 

dASdC D 


■-. 


(1TG DABC MM * ( CdD 



'A 
c 

V- (SUM A B C D N1U « ^~ " D 

(C L» 
«. (EVL A B C D E NIL1 a t Ia -B 

*■• ISAM ABC N|U1 s C - - 

A ( a 

10. {FA DKfM 1 rfA.U) 

1L (NAM ADIPCD N1U mU\ £ F^ D <C, D) 

il, fFTl. ANIL) a A! 

13. |ABS AN1LJ 5|A| 

WW* A, B, C, D *nd £ ji* *i-bllr*rr •xpr-»»ion». I ladj *r* 

inl+cttrt, and F !■ Any utomir Afrnbol not r*cDgm«*d aa *n ou«r*lnr* 

-X U r«pm*nlnd by (PftD -1 X NIL) And I li rtprtttnied by (PWK X -I NILK 
If on© oi the laviirr* «f a wm or product U a number, it In oflvn the left- 
. no* I ^rfumrnt 
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Th« tlm compilrr p*»* perform* th« following lrai»«tormnt»on»: 

(PL3ANIM -* A 

(PftDANIL) -* A 

|PL5 KAB NIL) -* (PUS A B N NIL) 

(DilVS I (FSNlblNlb) -+ IDRV I t (F5N1U KIM 

-N-* (MBGM NIL) 
(PRO -1 A NIL) -* (NEG A NIL) 
|PRD -Z ANlL)-*iNEG(PRD ZAKIL) KIM 

IPRD A (SUM ABCD KIM E NIL)-* (PRO A C |SUM A B C D NILJNILJ 

(PRD A (DEL B NIM C MM ™» IP*J> A C [DEL n NIL) HIL) 

(PRD A {PWR B -)N]L)NIL)-* |DVD A D NIL) 

(PAD A (PWR h |PRD -I C N1LJNIMNIM ~* IDVD A (PWR El C WMN1L) 

{FAB NIM -* (FUNCTION FAD KIM 

|PJID A(I TOABC OKIM ENIb»-*lPlUi AE |ITG A » C D N1LJNIM 

(FRT 1 -2KiL|-» (KEC(rBT I L KlMNIL) 
X-9 (ATOM XKIM 

(NAM X T IF A » N1UNIM -* (FUNCTION (NAM X V Y HIM A D NIL) 
VTh-nt H U a number, X i- a number or v»riabU ■ymboi. and fii»* &**- 
AUimic dubcapr«0*ionf 

In ftddlUan to tb«M trim* fox ma Hon •■ li'vl* of p^rcnthe^** ti^ 

inttfHa*. For litMnc* (PRD A IPL5 & C NILJNIM -> JPKP A (PARENfPLS 
B C N1MN1MK1LL Ko p*mnlhe*e* *re u»*d around the arRiimvnia ul 
FUNCTION. PAREN, AftS, EVL at NAM. A iifrl change alwmy* "movei 

the nsed for p«r«nili«e*. In mWition, the Integration And aumraattnn 



•ymhoU *Uuid in pUc* of w:«ntbv3 for op#ralor< on lh*ir Jeit 4»d a 

tranioencicnUl fonrUnn la p*r* n ih«* )a cij if u | a raised to . powrr. 
Oi*w-rwi*e, par-nih**e»*ra pUr*<J around on argument nf an operator II 
ih. mam operator M the « d um-nl ha© kj*» r precedent*. Pre enounce 

i* oVlei-fmacd from iSr foLLu^ine lifltr PAREN, NAM. J, FUNCTION 

FTL, PWIl, r*T, PHD, -. DVD, 1TG. DRV. KEG, •, Pl£ t -, SUM. 
Opumtor* aeparateii b v * have -qui J prccedunc*. 

The eaueaaiion rc*ulUn from thcte transformation. i« 4**0*1 a* ihe 
ihl-mnl tree far thr later analy.ii of li*.ht P . n r*fcrcne*a, Tor tumpj,. 
IK* Txptcitlon Y - X 2 t - wool* be rcpr.atmtd by ch* S-exprea.ion 

(EON (ATOM V NIU (PLSfPWR (ATOM X NIL) <ATOM Z K1LJKIL| 

(DVD (ATOM A NIL) (ATOM B MIL* MUJflLWlL). It h*n the tree 




Transfo rmation* mFqctlUaf Syntactic: C<im1 nulmn 

To a very large eaten*, miihfmwiul notation bc»m«», io th« mind 
of the individual, ft model Bf U« obatnci concept* he U mampulatlna. 
Tor inaUnce, cumiiHer the op*ratioa o* canceling term, from both ,idn 
of an ennalina or from ihe mimeraior and denominator of an indicated 

dlvt.Ion, <, P (| 1C op.rat.an of brinajng a term In the Other lid. of an equation. 
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or tb* operation oi ">at*l* multiplication. Th***fore. th* notation mufll 
hav* propcrti*. *hi*fa mak* tt «a*y to lfl*»»ili*w. 

l^tfc of gen*railty t* thu* introduced in the cour** ol making mathematical 

iwtatioft n**l*r to r*ad. Dttf*r*nl mathematical operator* ibould be 

r*pr««*Dt#i! by different >Mt» of notation and »h* mathematical operator 
with the hir,h**t prec*d*n« ahouW b* represented by the roo*t rompacl 

farm. For lUnplr, fimpire tbe equivalent B«oWm e*pre»*ion* 

| I ( A U ») U C) U IWE| ^AtBtCiDL Furtlwrmom, when 
in operation \m applied to complex argument*, il ahould be po**ibU lo 
visualise it in the mm manner as whan It 1* applied to almpl- ™m. For 
Instance, ihc introduction of par*ntha*e* or nth*r such (enc^alm** 
IA 4 B)C to W visualised in tbe «m» manner a* DC. with tb* emanation 
expressed a> concatenation. Sometima* a chant* of *is* ** u**d to aid 
in visualise* * comple* argument an a *in|le unit* Aa a final amample, 
con«id*r tbe choic- of f l« r« P «**nt th- derivative wh*n it I* to b* 

at ^1 far 
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thought of aa an operation o( high prncedenca, but the choice 
the derivative when its properties ait a ratio ar« to ha used. 

Although it U difficult to make strict class»fir*tion* t it is u**fal to 
distinguish seven distinct pictorial form* used in mathematical notation. 
A* *t*l*d abov*, lb* more compact form* »r* often used tor operation* of 
higher precedence with tb* eacepfion ihai fences and *ise cnance* permit 
th* u*e of etimpinx ar<uments in th* simpler form»i alae chanf*s allow 
complex farina to bnv* high precedence. 
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The forma m rough order ut daerraaing precedence, with acinic 
catnip]** i>f rack aie; 



u 


■uperaub 




•^ 


Z. 


mmtoniftan with 




.0. 




variable eitr fence 


fn|x,y); X 




aymbola and «c pa ration 








symbol* 






3* 


coocai*nattnn 


2X; XY2 




t< 


binding symbol 


a** 



M 



5, hrbrid Z 

d *dy 

6, WWic i l l WTh wi with x=y ; a * b * c ; AHB , A * B • C 

Inila aymboU 
'. title |J£L) X 

Since tha JAR!* mrchantarna, audi &■ concatenation, ant uaed in mom 

tn*n one nt tbc*c aavan form*, we will dlacisa* the simpler onti Ural* 
At Cone at v na u mi 

A rewrite ml« ma r be asaoclatud witn any operator. Far eaantpie. 
if concatenation i* utn-ri in represent multiplication then thara might be a 
ruin i 

IPHDABNIU — fr (CONCAT A B NIL> 

The compulation i« atmplirled If can. catenation u tonetdered to be a binary 
operator. It is therefore necaaaary to have rccuntv* rule* aucb mm 

IPHD Xj X 2 — X n NILJ-* (CON CAT Xj ICONCAT X 2 -- [COKCAT 
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Tlua rule, howv*or. maJrra o multipl* tevel structure uutula ataflc level 
atructurc and thua dvatioya th* form i>T tbe Internal tree winch U needed 
to parae the trmbuli for the display To remove lltla difficulty an 



ladle nor is put on ike properly Hat of 'ho CONCAT form to «Kuw thai 
11 is not to be con* id* red 4 node in the internal trot? when tha eym 1 ** 1 * 4rc 
neat li> lb* «H*?Uy by i**»* *«»• A pa»wdo-Iarra. DELIMIT, in introduce* 
tocorrvipond to th* old PUD op*ramr, Th* ahapc uf OEUMJT it Jo*t 
the shape nf it" Arcumatil* The rule aboev then becomes: 

<HRDX l X^ — -X ft MIL|-* |OBUhflT(COHCAr Xj I CONCAT JC 2 ™ 

[CONCAT X Q . l X Q (UNDEUNOTJ ] ™ fUNDEUMJTJ ) UfhlDEUMITDKlLI 

b. Coocatecjfmn »lth Va/Ubte aire fence nyinbols «iod separation aymbPltt. 

In the ewnple MX, VK Ike ■ »** of th* comma does not defend on 
the aire ol the argument* X and 7 *o ti can be handled hy Uic form CONCAT, 
On the other turnd. Hie stae of the parbnthcacs drfwod* on tho dimension* of 

Lb* eacluscd rv/iri«i»n and ao It U &ec«e«ary to Introduce * parenlheaia 

form. The rule Cor ftiprittm* eB| 

(FUNCTION Xj X ? «- X^ HlL)--*<DElJMtT|CONCAT X^PARENICONCAT 

X^ICONCATfATOM , (UNDEUMITI ) - ~(CONCAT<ATOU , (UND& LIMIT)) 

X n (UNDGUMIT) ) (UWDEUKOT) 1 (UNDEUMITJ ) (UNDE1JMIT1 \ 
(UNDtUMIT) )NIL). 

Tlic star of the n*r«nU*eac* U cbnaen durin H the dimension p-»s- They 
arx considered to be symbol* introduced by tbe PAREN form, rather than 
axuument* of the lorm. Th* iUmun*lo« oaaa also t.11* the PAHEN operator 
the depth a* the uanmcheaes cunUinod in Ita argument. The PAREN 
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operator lh*n chontea pa/nihti^, fanutl*l« 4 or brae, accordingly. 

For ettin.pl., the nmj*l*r would produce [ a - [* - (htdj] *]* i, x 
the GEM of traoaendenUi functions, th* parent*..*. »re wnliUd U the 
ar ft um*nt id a aUic> variable, a product of two variable, or a dlvi-inn* 

i ■ ft irullny iyitib ol 

Of Un a mz* chan*. if stsoctawd with 4 bkiuIin B eymbo). One miflhi 

want to maWe the at** cfcnnxe recur.iee; howc^r. it take, only a few 

•laa ehsncee to mak* the nuie* uf tbM too larpe. The turret * , »n .=, 
u*e* character* which differ in »L« by * fc«tor nf two and U ihi» cue more 
than u*. site cHan,. » unaaUifautury. Fortunately. e*|,r«,inn« occurring 
in practice would rarity require more than one Mm change IT the rccur«« 
rule Mr* U be used. The eecond p*** c.rHe. ch- etae with il ai it *oe. 
oui th* branches uf thr internal tr.*i the rewrite rule for the mathematical 
operator of * oy n od. of the tree may speedy that certain branch** (ram 
that nod. |n to he rewritten, mint ** smaller llM, lit order to preset 
the rewrite rule*, the smaller Slat ha* been indicated by a I nn rhe rewritten 
arraign property U*L In *r« W | tact. LI* -ire ia saved ua a pu.hnuwn 
list where It can be retrieved by the third p.„. An «*ample of a rule 
involving a «*„ change U the rule for integral, where the e^pr-Minn. for 
the limit* are rewritten using the .mailer «!■«: 

(ITGXI lATOMANILKATOMBNJL)«N!L^> 

liTO tCONCAT (ATOM D <ITNDCUMIT) | XI (UKDELIMIT) I 

<ATOM A (1) ) IATOM U 01 J Xi NIL), 
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d. 5np-taab 

Tfau notation la *""?<1 fnp «pafM!ftti*iirtfi and tor aub-cripUnji. The 

placement ot nb-fitfbU ** * prop*«Y «< W P*"Ucular yarinbU ur Juiicm* 

mm**. Tbe .ubacrii** can be pla-r-d at any of th- tour earner-, -o thai 

ih*r- «rc IS pnaaiM- .patlol arrw.i-R.oQU. Tt- avoid urine 15 dlauact 

but aimiLar operator*, ft*!) argum-nta have been introduced. Tlwy arc 

treated n- picture part- havinn **ra dimcnnKm-. Wfcam the rewriting nan* 

di-eover- a NAM operator U nick* up a , UU *crl|*-plac- m *nl-lt*t aa-utialed 

with d* ranabU or lunetion wne to rnj-jstfeff, Thia ia - Hat ot tbe Term 

PQ JBr„»aWi wher--uchXj i* on- a! th* aymUol* NE. KW. 5E. SW . 

Tbe tth arajumcut ol NAM U then plar-d at corner X<, Tuva or mum 

arguments at t*»n lame conwr aic aepar-i-d by comma-. Placement ol 

a r C urocnt* mu-t -tart at the NE comer anrt n*ucce<i count-r-clockwUe. 

Whf-n the »ubflcHpt-ploeemeai-U*t 1* enhnu-tcd tbe remaining argument- are 

placed at lb* 5E corner. For caamp.e if H haa tbe eub* ct %.t-nUcem-nl^Uit 

INWSW SW) tb-iu 

(KAM XlX2XJX4(ATOMHNlUNlL-f I5UFEHSU1* NIL XI 

(CONCAT XZ (GOWCAT |ATOM , IUNUEUMITI > X> (UNDEUM1T) 1 

<l (INDEUMITl 1 X4 (ATOM II NIM N1LJ. 
If a -ubaenpted variable lumc la raiaed to * pow^r th< eaponrnt tan— (he 
NE poatttnn U there art a* HE auh-rript*. The r-wrlia rule ttWl 
SUPERSUB and the np-raior FWUOP *tiich pre— rv— the ordinal tree by 
removing 0« maponenl from the 3UPERSUB level darin B tbe djm-nslon pa*- 

-nd uaina tt lor it- aecofld Argument. 
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For example; 

(PWR [NAM XI X* NIL) Xi NIL -#> (PWRUP (SUPEHSUli X* NIL NIL 

XI XJ N1LJN1LN1L), 
Mute that this combination of l«»lg mu« be bandied canciully H one desires 

to us* a scheme where duplicate mbexprcsskons arc ruwritlen Ami dlmcn*iun*i| 

only once* 

(.♦ Gurnet cn st iati with Inllx >vmU»N 

l me form Ua tw*i possible erohaJ representations, If U is too wlil« 
for one line, then torn* or ih* argument* can b* pUced no additional linep. 

In order I'J chuua* the correct form the Argument* muni be rewritten and 

dimensioned and lb* available line width must Uv known. Tbc arguments 

and 9V«-^U Am ttmcatsnsted honiontally until a line is Jilied. ftfeCMlt** 

lin*-p are then concatenattid vertically. 

In the case A - - B the connecting symbol # can be omitted* 
Similarly one might want la write A f . but A(B+G), omitting tbe %t 
when the parentheses remove the ambiguity. Dn the other hand, whan tha 
expression Is continued un the neai line one would btill writer 

Jl(RTC) -B . Thi* jirublvm i" resolved by as*i>ciaiinf with each 

connecttng symbol lints af those operators which cause it to be suppressed. 
There Is a tint of thoae operators which soppreea it from the left, «nd a 
list or thnie operators which suppress it from the right. In addition 
there is a list of operators which replace the connecting symbol when a nuw 

linn is started. Before an argument |sj rewritten and dimensioned iu main 

operator it checked against the above UmjIs «o that the connecting aymbnl may 
be omliiari if ocresiiry. 
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f* Title 

Th* UN* operator tjkrtt as argtim#*ita «n «tK|irit»*lcii And It* nam* . 
The vmi i* rewritten, dimension^ and petitioned on tne left edge of 
Qui ihapUv, tae expression mual then lit into ihe remaining space. 
g. Hybrid 

Some optrattira *ru simply combinations if th# othera. 

In conclusion* rrwHling is coatmltitO by the available «par*. the 

typ*. of operator* and the sis* and typ* **■" l<* argument*. The form is 
dependent on th* dimensions only if line width «* applied a* a constraint. 

O uncus una 

The dimension pa«- dart* «t the ends of the branches nt the internal 

trrr and word* towards the baee> At th* v»d« of the branches *re th* 
individual variable nam**. These ar» »Uhor the name* nf special character* 
such a* B| or a sequence of character* to b« displayed by the character 
generator. Th« name* of special diara-cisr* *r# marked with a ilaa 
and haw their dimension* associated with iham. Tha width of sequence* 
nf gen*r<*t*d characters must b* computed 11*104 their siae and the far* that 
in tha SAL language u»r*d for dmplay » and a ate mapped into character 
Generator case shifts and / is ua*d as a quote character, and alau the 
fact thai iomtf gcucratcd character* are nun-spacing. 

Fiv. dimension functions mu*i b# written for each form. There «r* 
function* for the wldth t height, depth, symbols, and argument*. Th* 
compiler ytf* these functions to pat th* dimensions ot each niciore part 
on it* property list. The tnree function* for th* width, height, and depth 
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have a U»t ol lh* dimeueionud nrKumcnXa of the form ** input. Thay 
o»* helplny. funcOona to »lne V c Oft (linm^ow from the prop-rty Uata 

of the aegiuneoU. Tha poattion of an argument or aymbo) 14 specified 
by tha cwanlinafea or lb* lower Uft hand comer or the rttU«|h coaLUiunc 
iu Thd Function forth* argumuu haa u valu* an £ *e*pr*Mioa of th* 
form (AXj A Y | — AXp, AY fl | wfefftAsCj . ^ U the poamon ot the I th 
ara.um.nl with mapect to the Jo»«r l e n hand comer ol the circumacribad 
reUana> The function for the * r mbo)» bu *a output an S-*«pre»»Jo n 
oftheformlA^ ^Y| NAMEi^ Wi-^^ Xn AY n NAME, 3 n W n J 
wher* th* i symbol which la added tv th* display by tUi form ha* name 
NAME*. AIM Sj. width Wj, «Dd relauv ponton Ax s jflfly The function, 
for the lymteli and orgum.nia have u input the width, height, and depth. 
ue well as - lint of the dltmnieiooed argument Th* cunipulatinn of tfa« 
dimenatona and relative petition* by independent function* break* down 
when MymhoU ftuch ** parentbeaae must be choeitn. a* it la not deairabl* 
to repeat (hla chutee fnr each of the five funciHina. To »o|*e thta problem 

a mechanism la aet up by whirh the width function, which is cuctuiid ftrat* 
cnix communicate Ita choic* to the other*. 

Each of the forma currently in th. eyttern la pictured in ih* following. 

figure*. Dotted linaa h«vr been drawn to Mlcaia how the ar*um*nu and 

center lln«* are plac«d. It rmghl be »*U to net* thai the human oyv n 

sensitive to ever* the anulleet mieaUu.iur.i'ntt* 
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Figure 1: CONCAT 



: 



r 



Figure Z; SUPSUB 



Figure 3: EVL 
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Figure 4: SUM 
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Figurr *: PARKN 




Ftgur* 6: LVCONCAT 




Figure 7: TITLE 
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Figure B: VCONCAT 
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Figure 9: DVD 
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O m|:*4l to thu Di^p Uy 

The LISP picture compile prnfirajn run* in Project MAC ttme *h*rtn t . 

After *ll BlpNnlM Sat been dunenaioncd. the rtunpUer outpui* 4 

dtteriptkm ot the picture to be ilUpUyed over tit* d«Upr>onc lu PDP«fc USP 

Th* picture In dlflpUytd on the PDP-ft ecope u»ini the SAL and MACKOSAL 

Unguage*. E*che*prc»ii«n picture 1* set up «« n .lAgl* MACROSAL 
object *Hli ih* picture tree mirked by Infi and right ptuinjo-paronlbemte. 
The compilrr utart* at th« b«*e nf Lb* lr«* and pn out tbe brunch**, takln*. 
thum in lift to rl C ht order, Th* rompikT »eiuU -ach *ymliol tn the dUpluy 
*• it in encount.ireri. II two *ucce**tvc symbols are not adjacent, U»-n 
the compil.r link* 1ke.11 with * noo*dl.pUy,n# reUliv* vector. When«*r 
Uie compiler encounter. * new aodo of the in-eraa! tr r * it rolluwn ihe mi 

tymbnl st.nl VUh i Left p*eudo-p*r*nthf*U. Alter ih* compiler hat 
Oniilwd Ifcia mid* *nrf nil hrintli** eilendinf (turn 11 the forreepimdinv "thl 

p*»uii»-p<ircft!be«i* |* tent. Thi* information i* nUo ecu I to the di»k to 

that the pjGtUM can be re fond rutted without n-unc. recompiled 
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Example 

The following llgur* if * pboi*«raph *f two dl*iU*y*d P»pr**»lon«, 
Th« •mirce «pr*«»ion for CI i* : 
<EQN<PWR(NAM OfR OMEGA N1L)N1L>*A NHJ 

|PL5lPRD|PRD 2 tl-<PWn Pt -I N1L1N1L) 

( PRD(»LOG OMEGA NIU<PWR|PLS tA 1 N1LM K1UN1UNILI 

<PRD(PRD i <A OMEGA 1PWH PI -I NIL) (PWRpLOG OMEGA NIL) (PRO -1 fA 
NtL.)NlL)NIL) 

PTC iTO PV (PftD{NAM IfTHETA *T N1L)N1L) 

(NAMIPLS tA -1 NIL) |M(PRD OMEGA *T NIL1NIL(NlL)NlL)NlL>NlL>mL|NlL| 

Th* #ourcc wpMiilm far Bl lm 

(0(SUM 1VIFRD tWiPWR 2 -1 KILIMIU 

(PIS *N -Z NIL) (PRDIABSltfAMlPU; fV i NlUfi MIUN1U 

(PRD(PL^fPRD(PL5 *N(PRD -i VJ N1L)N1L) 

(PLStWAM(PLS <N{PRD -1 *V NlLj-1 N1L)P N1LI 

IPRD -J(NAW(PL£ *N<PRD -i »V 1«L>-* HIUP NILJKIUNIU 
NIL| |KAM(PU *NiPRD -J IV NIL) -£ N110P NILIMILI 

<tLOG<PU5 iV £ N1L)NIL) (NAM(PLS *V i NlLl 
TH&TAWLI (PWftlPUi »V I NlM-ZNtU 

(PWRfPLS *N{FKD -* *V HILINIU-I SILINILINH-INILINIL) 
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One nuii^i of program complexity t* lha rtUni and predictability 

uf live comblnalKm* oi independent parts 01 thr input rial* wim-h inuat be 

mud- >n ordci in determine the flow uf program control, in thi* rr*p»ci 
the riiitnlay a< mathamaUcal caprc**iori* wvmi tn lie midway in difficulty 

between the divphry °' ltn ** if En^lUb text and the display *:* arbitrary 

graph** In th* display n( F.nutinh text, the data la orgaoUud in a tiring, 
th 4 only fliiUal property required ie a character co^i Hyphenation 
dect*ion* ar* uMbeJ on the word at the *nd dJ th* line. Un the other bond, 
the display of graphs iccmi to require ihn ilmiilianaou* jiosiiinmng of 
levera) nod**, #nd might require a character *lgabra ue an Iterative approach- 
In Uir display of mathematical capreosiorce, decision* can be made at each 
node of lot* (•wprentiiun tr^c, baaed on information culLntud from ahove and 
below. Tb* eontial Importance of thin tr«* atructure make* LISP a 
convenient Unguagu lor the program. 



Chapter X 
LINEAR IttPUT Or MATHEMATICAL FXPRESSION5 

R,W. Floyd dctcribee tin algorithm lor parting a lanfuaco with a 

prec»dvnc* grammar. FlnyH defines An operator grammar *e not with 
no pr^uLlMu containing adjacvitt n^-tprminal symbol*. A precedents 

nrarnmar u then an opflratnr grammar in which |Ivftn two ordered terminal 
aymhola, one tither appears beft.ro, at the tunc Lime, or after the uah«r. 

m all series of production* leading to 4 string la the lani*uaie* To* 

production* shawn 10 Figure I will, with three exceptions* produce ih« 
desired input etrinxe as a subset of all the *U In** which they produce. 
With the exception of N. which *t*nd* for any digit, and L. which elands 
for any letter or the alphabet, tfao Utters arc the non-terminal s«<nbolt. 
The initial non-i^rnunai tyuUiul i* V, Tbc prodachnn* 10, 12, 19 and 4i 
all represent claaaes of productions formed by taking any number ntS*t 
or F's. aepar*t«d by comma*. 

To verify that these production* form * precedence gMmmor, Ui* table 
flhnwn in Figure Z is formed. Fur any two terminal aymboLt T. and T„ 

Tj is > , < , or - T^ F if it appear* before, after* or at the same Umi aa 
T, in a aerie* of production* Uariinj; lo a string of terminal characters, 

and 10 which Tj and T ; arc at »om< point la the MnU, either adjacent or 

separated OOly by nun-trrminal character** Floyd giv** a eystematic way of 

checking e proposed eel of production* for these relation*. In Figure 2 li 
caa tie aeen thai only one of ihoi* relations hold* for each ordered pair ut 
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unuknal nymbuU, and ao the production* do (orm 4 prueadenee grammar aiui 

n *irir»ij lortned Hy ih«»« piodotium'* can b« parsed ualne. Floyd** algorithm, 
Thuae production* produce Sinn*;* whirh dltfer (rum th* airing* to be 
input in thr#e way*, and *o in* input atnnca rnu*t h< preproceeeeeV In 
lh£ input mring** the unary mmu« I* written th* wuiu a* the binary ouc, 
the prepro«**Qr rccofni**" it by the im*nedtiiu.l r preceding left p*ru n the*i* 
and change* * l *" ,hcl *< ^ order la conlarm wuh prbduLtion* i0««4k Similarly, 
the uuole*. ', which precede a left partntheai* ar* changed to doubl* quutrt. <•, 
ir. * ft ru* with prndurtitwie 1, T, 4i,4J and *+, nn*l>y the fltrmj; ID.N typed at 
the TOP-6 Is changed to DIN by the PDF-* ** it pick* upth*» *uu«*prca*ion 
ailcrea* integer N trom diepUyod express ton IV 

To in* paralng algorithm muet be added a description of how meaning 
t* analfued to the parked e-*pre*»ion* At the input *tnoc id parsed, tha HOB- 
terminal symbol on tha left aide of each production diecuvitrad in repreaeni-d 
by the LISP eipyennjon whUh i* the meaning of that pmduetion* For 
example X * y would be identified aa an inatancic ul production U and 
changed to (PLS X Yj- The atop* in par-»ina X^CiD would be* 

XtC*D 
X t <PRO C D) 
(PLSX (PRD C Di |. 

Th- function which foetna tbe USP -ntpetrnHOO woeUlod with each pet-duc 

tiun 15 found «n lha property lt*l oi tbe led m«*t luwiilnai symbol or the 

right aide oft** production. Som«U«ici. the -nine terminal eymbol la 

Jell-moat in antral production*, but ihe> production In which th* ayrnbol lie* 



ciin iheo be d*t«rmined from th* other terminal *ymbol» In th« production 
or the tucaj number of *vmboU in h- Productions 3J through 41 are 
loud for |«pnHly f so that * function will not h**e Id b* placed on Uw 
utopcri r DM o( each ku*r and digit. Th- method or ai.i^ir^ meaning Irj 
thcan production* U ai.a different, for iUy mmt be transformed lolo LISP 
atom* and number*. Co rrr* ponding En th« meaning a*.i^m-(iu ar* iKr 

ruin*: 

I- - {ATOM L| 

N * (ATOM N| 

MATOM* . , J - (ATOM L. . - • 1 

KIATOM,,,)-* (ATOd£N,., ( .K 
Than, n poat*nro£e*»ina Junction In applied \n the Jln^j parsed eaprn-eion 
QDd Ulc iulMtpronioni liming with ATOM an replaced by th« USPatom 
o* »ufnb«r made from Iba chancier* In th*: ruhejtpre salon. The remaining 
mcaninc *aai|puncnia are ahowrj In Ficar* 3. 

A Oow chan of Floyd'* paralne. algorithm in »hown In Figure 4. Thia 
chapter will b Q concluded wilh a deacription of ihe LlSP program lo peiform 
it-do algorithm The top level function APAflSE accept* thu Hat of input 
•ymbol*, which ta in rcvar.* order, rtytftM it, and flv*a it to AFARSE! 
for the preprocessing »tup. APARSt then parse* this preprocesscd airing, 
usins the PHOG variable. U. V. P, K, and S fnr lemporary results. U 
la the U.i of eymbula to b« parsed. The an. we r |» built up on P. NIL la 
u.*d for the loft and rijbd end terminal aymboL In brief, lerminal *rmbolB 
on P artr combined into phree**, Lc, non-ierminal symbol-, mid theec 
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phrasea ar* combined with othor terminal «ymboU into larg-r whraeea 
until llicre 10 only one phraaa. t»»e mull, beiwmn the two terminal N1L'»- 
The flrat alrp i* to put the right terminal NIL on P. Then, the iw»l aymbol, 
R, U tavkan Itom the input Hat U. Wh«i II la empty, lha tell terminal NIL 
it taarn* Th* n**i Hep t* to 1*<* down th# Hat ul phraaea end tormina! 
■ ymbuU on P, calling the terminal *ynibol under consideration S, until one 
la found with hlajbar pmc#dcni:e than R. Thia mean* that S beion** to a 
non-terminal phraar which cam* downeJtor tho ohraa* containing B. Control 
I* acnt lo D, *h*re all terminal aymbola in thia phraae whith have equal 
prudence with S. and the lntar™una, phraa-ta at* determined, Th*ae 
symbols and phr»«» ate placed on V. whore they arc combined into a ptarmae 
by l function aasnetatud with 5. Thia phraae r*pUc«a Ita parta on P and 
th» cumpariaooof iiymbola or* P with R l» reaumod. If S la not *realirr than 
R, then a chack in made to a«* if R ia NIL, in which taae the proceaa la 
complete. If R ia not ML, th«n R la added to P and control H o*a to A. 
wh*ra a new input aytnbol R t« Ukca and the old R bucomoa 3. atnee it is now 
at ih- front ol P. Wh™ thia proce" i.. (inland. ft It* final phraae ia opciatec 
on by APAHSB2 which combined tho ATOM phraae* into USP atom* «nd 
number.. r>-acrlption ol APARSE* will be deferred until th- function* whUh 
rr«ais ibe phras** ha*c been described. Aa *tat*d above, a function la 
„.^ui^ wiih-achiarmloataymboL Kuiwb«ri, POINT, and Ui*m1« ua* 
Oh function PFN5. U the number or literal baa no phraac immediately to 
U* rifthi, th*n th« alructurc |ATOtl W> la crFAttd by PFN*. Oiherwiae 
th« phraa* will ba of inti form and ibe new symbol la added to it, 
[N (ATOMX .**)! b*coma* {ATOM NX )- Moat of the otb*r 
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(ipdralnr* use the uicctinn UPFN Which cr«dttti a binarr prcit* Structure 
tram « binary »nfbt one* (X, op, Yt Uucurnvft fnp X Y|* The exceptions 

are IX NEG VI which becomes [PLS X IPIt.D -I Y) L (X LBK Y r Z. . . . ftilK) 
which becomes {NAM H.. .X), and I«F, For UP there are tbre* cu«a. 

<LP THCTA XJ become* <PRD -1 JCj, ((ATOM ,..1 LP X, Y HP) 

become* i I ATOM. .-IX Y - . . }, Finally. the subscripted function efcMi 
( (XAM * • . F) LP X. Y , ♦ . RP| becom** (fMM . . , fF X ¥ .-.> }. Th* 

fumlion PFNi is u^ed to remove the cammA« in c«*e two, And the function 
FFN2 in ttMftrl In remove the comma* in canr three, pUcitut the function 
■Irurture ol the rod a* the NAM body* 

In conclusion, APAHSE2 will b* described* APARSKS lout* fnr the 
structure* .ATOM A»i«) which it change* into a USF number it the first 
chArac!** A it kn WajSJt or a LU4P atom If A i* • Itn m! Literal itmrn 

are formed by PFT46 wllich uses the LISP character hnndbn* fuucUona. 

Kumb*ra ax* formed by PrN4, thu number i* built up as the firm m*mbrr 
of the list of digit*, the second member being combined with it until all 
digits have been used or until POINT i* reached, indli-jting that the number 
is floating point. Th* digit* to the right ot POINT ar- combined into a 
lifting point fraction by PFnMi and thtn added to th- t*t*g«r part. 
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;. v#a » c ». i *x 

1. C*S **■ 1 t(&) 

5. S.P • P Z*- I *V 

6. S+P 17, I -iKIY 

7. f^'ID) *e, x -mOO 
fl. P-#D 39- X y Rfp.t) 

9. D* E JO, X * it 

10, D*(S P 51 ate Hi n -**B 

11. 0*X|S| 32, R *D 

U. E^Gtr i>l. Y -N 

14, e^E-r w- v^v 

15. E*F 1*. B *L 

16. F-#G 17- B -+LA 

IT. F-F*G >■« A *L 

ia. r»r/G i*. AiN 

19, C-*H 40- A -»LA 

2*1. Gfr(OH) 4i A *NA 

21. HfHtl «. I -"(S.S) ml** 

figure 1 
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Chapter XI 

TWO DIMENSIONAL INPUT Or MATHEMATICAL EXPRESSIONS 

In the pmrttaftfi chapi*r, a mrthem-ftlLciil expression represented in 
li»t ftruclur* Tofm ww ch*nrod Into a text book atyle e»pr«**Um through 
th* application *if a *urie- of rule*. Ftr*t, Ih* nrder ol argunwnie wa» 
rearranged and pr-fi* operator* l»«*mf liiilxop-rutrira. Then, thu 
u*pre*ti»m «U e*pree»HI in tcrme oT two dimensional furma. Finally, 
the exact eie* and jmittai of ttoac iarm* *nd their coxrr-puodlnu aymbcil* 
wi * determined, in tfd« chapter, a method by which this precea* could 
to rewrfrcd will to *ug ( e»tcd. CoiwtUInn* under which the «*r end poaiUon 
of individual ■yaibol* cto be u**d to p*r*e an *rruy uf .ymkole will to given. 

Kl.r.r (4) has developed a apecUl typewriter which allowa the or/rift** 
to be *|*irud up and down ft* w*U ** led And right. Character* t V p*d on 
tlda raachin- arc placed in » two dlmeneio.nal array tn cor* memory. 
Klcrcr haa in algorithm for t* an« Latin* Oil- array Into a Un**r airing. It 
would taVO be po**lhl* W generate chuMcrUf* on the Hieplay lace. TeiUeman 
|l) ha* di*»itwttt rated * proyram which racognliv* individual hand printed 
th*r*acr». Thi* pr-agram could to u*ed to rMPgnUft a Dinn? of primed 

rh-*ractcr« n> ■••omlng that all uverlapplnf aire*-* forra A -Ingle rh-racter. 

The program »uld remain several *trot«d tohind the Wr, aaaomino tl^t 
no character ha- more than eny fivu «ruke» and th*t all o! the elrutoa Cor 
h given character *re made in feqimnce. Lharactitra cimaletlna. oi 
die connected port, will be parked ingnshc r In ihe pureing program, 
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Whm The ii i iu.-i,.r |« reccnjiiiavii, it *ui l* r *pUt?d tiy a nUrtdnrd 
character in nne of acverai atandard aLa** And moved into tn* noarent cell 
oi An arr* r on the duplay face. Tbo u«»r can DfUl and correct inv filtc 
chaiaclera. The order in which the t-Ktractera ar* generated c&a be 
aaved m an bcuriatit aid in paraln^. The* characiera are poauiancd in 
* matrix *.n the diaplay race for two mnu Poaitjona ouch a* A** mu*t 
be In^rpreted either a. AB or A B , the u.er can cornet a false inl-rpr-tano 
bclorc parsing begins, furtbernuue, it character* are allowed to hav* any 
coordlnaiu* on the scope facts then Ibe paraing program li given rcdnmUnl 
imontiatinn. Tbe parsing program wuuld have to consider many character 
position* as equivalent. This means iW H does not have the po**ibilHy 
ol terminating a string by finding no character to a given position. 

The first step in parsing >• ** lran*form Ihe twa dimensional array of 
characters Intu a ana dimensional airing. To do this, information about ih* 
relative poaitiuna ol the characters muoi b* used. Sine* adjacent characters 
arc oftan rrmined together, it j* eOitii.ni lo sort the character* into a two 
dimenaional array. Klerer mil an array with dm cell for «v*rr possible 
typewriter position. Another pnesibibey is tn ua* a list structure array, 
with the coordinate* of each character mm lis properties. This would 
t-h* lea* storagy if Klerer's array ia nearly empty. To pel ihe characters 
into a one dlmanainnal string. It (a nace-asary to map group* of characters 
with a given vortical relationship into a given horiauntal rabuionahlp. 
For laatanxe. iha cbaractar* compriain V the numerator of a divtaion will 
occur before the character* comprising in* denominator. Klcrc* identifies 
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these |roups of characters in u»p»es*ttins containing subscript, superscript, 

And blading symbol forms by Impaling soms runBtrAlfit*. F»r»t ( the 

symbols which be in a given area vllb resp#ct ui a binding symbol are 
taken to cnmprlsu an argument of that aymlKil. For lUpli, too symbol* 
in the numerator of a division must lie over ih* division bar* 5*-rood, the 
allow* position of input symbols it constrained so thsi a top tu bottom, 
left to right scan will encounter the symbols in a caantniical order, so 
thai every binding symbol ran bo found betor© th* symbol* in H* arguments. 
Finally, superscript* and subscript* must occur in * given position wiib 
respect to the base, and occur on ths right only- »* ih« ** **** ™ 11 *• 
■ caniW Grst by the haft Ui rigid scan* 

Thsso are not r-ry severe constraints; but it woold be possthlo to relaa 
them .« that the wi " T~ cwW b* butied. To do Una, mU ihat 

the forms ran be ordrr»d: 

GONCAT 
5UP5UB 

LVCONCAT 
VCONCAT 

UlNDlNG SYMBOL 

TITLE 
In addition, thu binding symbols can be nuriially ordered. For mmrtlsj, il 
LWQ division bats occupy th* same horizontal space, ih- limner domin-ius 
th* sinaller. Onto till* 1* accomplished lh * uo ° dimensional string Is formed. 
First, all symbols related by CONCAT m found and repUcsd by a string with 
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the corresponding position arid dimensions. The position and dim*nstoo* arc 
found from the definition of the CONCAT form in lh* la*l chapter. Next, 
*U SUP3UU'* arc formurj in the same way. If no SUPSUll'a ar. fuimd 
th*n nil LVCQNCAT'a a» formed. Hoe/evar, if some SUPSUB's are found. 

then CONCAT** arc coosldemd dgisin, In thU manner, each higher Uvul 
form la rmisidcrcd. When binding symbols arc icnsiorrcd, Ihe form lor 

*ach lowest ranking member in i»acb (roup at ordnr»d binding aymboU ■«• 

constructed. This process it continued until all the ■yn\lioU ha** been 

converted intu on* linear string. Any form which can be d*rin*d for Ibc 
previous chapter can be treated in this manner. Of course sUc mu*t b* 
u**d to distinguish A from B r Context dc^ndnni forms, however, enrn* 
b* hsnuled. Fur CKJtmpJ*, inL J the a And b wuuld not be rccugnl?:«d lo 
be Id the VCONCAT relationship units* th- vertical reparation was near 
that specified in ih# Last chapter- Ho»v«r. thl« relationship is implied 

by the Uic*i pnrenibescs. 

An sut#ri, the above parting scheme could tic null* Inefficient, since 
some forms might be consider** #*vi*ral times betonr the* were combined. 
It ibOoU he possible, however, to consider the *>pr'*sin& la a systematic 
»a ' . following the tree etructur* in most case*. 

Once th« Mxpretaioo baa been conwrtcd to a linear string, II can be 
parted by th* algorithm given earlier for the typewriter* 

Robert Anderenn at Harvard ■- working on both a formal definition of th* 
two dimensional syntax and a parsing. *eheme* He ha* independently 
•usgested idea* similar to those in this chapter which he hapes to carry much 

larthcr- 



Chaplor XII 
THE SYSTCM PflOGJlAMS 

Thnu ayaivtu yiojram* *"'" conairucted a* a hn«i» fur the mat hematic* I 
lahsnioryi Time Sharing USP, tb* PPP-6 usf dauphom- link, and the 
PDP-6 USPdiaptay language. The drv*lopmcni of tbcae aysipmn r*H|ultcC 
ikn additional cxp*mliiu« ot programming i&art and their use in th* finished 
jyitara. results m «nm- lo*» In both «pac* and apeed. There-far*, (he 
description ol ih«a* ay«tcm* In th* fallowing cpmpben will b« introduced by 
a diacuaaion of the purpose they •vrvu in ike research and •umi: ul lb* 
factor* which cuidn<l the many deci*iun*. large and small, required ror their 

LunatruCUOO- 

In brief, the purpose of programming rutcarch L* to lcw*tigaie the 

ainiriur* And beluwiar ot compld* system*. Legitimate rciuUti of this 
research an* wotltloa; program* which demunalrat* ih«i roailaauon of 
certain Uveln at luchnulogy in a givnn area* nr program concepts wldch 
hav- been found useful Tor system deacriptiim or (or programming certain 
processes. 

In practice, th« development of working program* ha* uflen kinged 

largely oo wiwlhar ■ulficlrnt high cslibr- droit, properly nrganlned. could 
be eapended. raUtar tliao on th* m*cuv*iry ot major Ideas, System program* 
allow warbn in teJaied area* m bel P eacb otbar by working together to 
d*wlop a system which will be used by all* Working alone result* not 
only In the duplication of effort in writing program* to perform certain bamc 
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Ett&cUODli but resolt* in a myriad of programs Which ■» cumphetety 
Incomputable bet* n*r of nunwwm In vul differences* Voluntary 

collaboration mi r be initiated by writing a lyitttt program And offering 
it to the poblir. If fell Li dm.*, th-n it U nkvuiiy to gl*. the public 
what it w*nta> Thle is burm out by the acceptance of thee* system* to d*tr. 
The potential users of lime-eharlng USP had goals similar to the writer. 
The <ystcm had only one objectionable new feature, the method of writing 
file*, while providing many new convent uncus. Several people contributed 
additional improvements nnc alter twi: v «ar9 Moses and Fenicbel rewrote 
»t completely to form an exccllcm eyeLem which was 0**4 in this tbeti*. 

Throe people have uved the dalapbone program; Ibcy fell the USP «y*lem 

took up loo much *p*ce in Lb* PDP-6. so they eapended considerable effort 
to provide a new environment for the program and then never did anything 
with it. They ncv* r got around to improving Ihe reliability of the data- 
phon* program, which would have benefitted the author. Occasional mal- 
function of Ihe daiapbone program reduced acceptance by potontial casual 
user** Acceptance of the display Un C uj£c at Propel MAC among the more 
recreational programmers was roUirdcd when a Vtfr*fod nf PDP-b USP 
with many small improvement* sup-reeded lha version m which th* display 
language «il originally imbedded. Not enough rare was taken rn clearly 
delineating the steps required in move ihe embedded language <n a new 
version. Also, some of the conventions, although useful, were too 
controversial. Considerable interest he* been shuwn by owner* ot other 

PDP-6 machines, who would like Nome diaplay facility. Also, tbu 
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*mb*ddin£ oi i-0 routine* in U3P ba* become mare pnpula*. 

Hv«cm pm(r*m* can alto b* an Hid tu the indinduai pro fl ramm*r. 
Important re*eareh pro<ram» can i*>- a loo* Umif to construct. Thi* 
Wnt\t prti£jamm«r« to plan far mor* than they can *cc-umpU»h, to rto work 
vliicb baa an incorr-rt cniptMi* in th* li|hl of th* «l*i« u! ll>e art »h*n 
thw work i» iini»h*-d, And to ln»* tim* moving (rum on* machine to 
another. U a prner-mmer build* « #i>»tiu» program a* h» build* hi* 
b**ic mulinc*. then b« i* !«** lllwlv •■ m*ibu the caret*** dociilon* which 
ln«i him inflexible with r**j-ect to the *bo»* difficult!*-*. Thu important 
thing U not tu undertake much more work bec*«a« you are buiUinn a 
- f ut tim, but in do wkal you do in a form vultabl* for a public *y*t*m. 

System pmer*m* arc also u**fol in the dl*cov*ry and communication 
of imr<irtaut concept*, to hi* recent th**i*, Tcllelmnn d**cribe» the 
PILOT «y«uth, which lm« th* programmer *lt«r the effect of hi* procedure* 
by Inaertina m«ihod* for hnndlin* *pcclal ca*e* which arlae a* th* program 
i» u*eo\ In handlln* each ca*e »oparaicly, th* programmer mutl b. 
careful, or b* will neglect 10 ****ch lor a general cuncct* which will 
appropriately d**eribe all ot tba caae* and which can be communic*i»d to 
oiber*. A programmuw; hinpuanu I* a good m.ihod of communicating the 
many u**fui Idea* needed to trcal a new problem area. 



Chapter XIII 
PDP*6 LISP INPUT-OUTPUT FOR THE DATAPHONE 

TbU chapter doicHUt the PDP-* U3P Interface with the ruuKn* 
Which bt«U and mceivea rh*ractf»ra wrr the datapbOae. 

Tbe datAphonc opuretve in epqurntce break mode, * equimtiag eervlr^ 
each inlUiavuund. U rnuit be turned tin and on with tbe LISP function dp* 

however, *u«n it i* runnine.* Input int output lu II *rt handled in the earne 

manner a* lo the teletype, pap*r Up* reader, and paper tape punch. The 
dAtapbone in controlled by the control character*; 

A Write on daUphone. 

C Do not writ* <>n dataphonc. 

D Re-ad from dataphODe. 

E Do Dot read tiaui (Uuphona, 

Control character* tin be typed from the litletyp* or executed With the 

function cchar . 5lncc GTS5 truncal** lin«n Innevr titan 71 character*. 
> carriage return is Inserted wh<inev*r 72 character* have been out pal 
to tbe dataphonc aloce ih* la*t carriage return. If the user aunde tbe 
A£CU cfalliChtf % through the darenhonr program, tt will be **ni ae the 

CTS5 quit character, *imtUrly ASCU « in tatcrpiclcd ft* th- CTTS5 interrupt 

character. There are icvera! USP function* Written in machine lanauaae 
which ir* neeful for daiapbnnf profrafnmina/ 

dp tx) If xi* NIL the dataphunu in turned nil: 

cilhfpwi^f it is turned on and initialised. 

241 
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dpii {*} The viluL* o! ilpd (>) U a flag for 

character* In the data phone input huffrr 
If * it NIL. dpd returns NIL if tber* «• 

no characters; otherwise, it walls unlil 
som* *rriv*. When Character* arc 

reccivwd this function return* a List of 

the nMtlc of tbe character* and th* number 

*jf characters. The mode la & number 
determined by the sender. Character* 

***nl fnim CT53 in the same manner as to 

a norm*) commit ara assigned mode L 

tiyrj ( I Returns the numtwr of danicUr* In Ibe 

teletype Input buffer nr NIL if them *r« 
nunc. 

cuhar |x] E«f*cut«# th* lower case ASCII character 

■ as a control characiur. 

To establish communication with CTS5, turn on the datnphr.n* by 
vHtfcutlna dp (T)< Then smciii* ru« | I and type S followed by a *poce* 
The mUtyp* eon now be used as a CTS5 consoU. 5-voral useful features 

of the LISP functions CIS*, dpwrita, and dnr«d ar* described below. 

LISP Hxumtslim* for these functioned are ai ih« *nd of the chanter* 



dprcad I ) This function Waits until lhar- *- input 

Hum the datapbune. n th*n nrtnli lh* 

f harat Icrs on the lolrlfpc one by acrn, 
J( U receive* % t JC dwi not print tkia, 

hut instead evaluatea the 5*ehpre»*lon 
which follows, 

dpwrite ^Jny) dp write tai.cn twe form* af inpnt. If 

y !■ NIL dpwritit ii>umvi that X I* 

a hat 11 atoms and send* over the data- 

nhann Lhv character* in the PHAMBS uf 

lh*a« atom*, with a apace between 

oach PNAMB* Olhcrwiau it tatttti k 
a» On 5-cxpruaftinn. 

ciea | ) cta^ jJluwi the ulcr to opuratv lb* 

PDP-6 an a CTS5 contain Th-r* ir« tvo 

fcodca. lucal And H-ind* ctaa t* Initially 
In local mod*. In this mod* U accept* 
S- ran tea* Ion* ftjr av*l but wairhe* /or 
the tingle atom 5 -cypres ■tuna 5, STOP, 
and L- 1: 11 tirnla S It go** InUi aand mode, 
U it find* STOP it terminate* returning NIL. 

If it find* L It aeiul* ovor the d**tapfr*in* Ihi* 
two S-cuprattion* which are typed flcjrt t 



it* 

but »tAyu In Lacdl mode. 

In tttind miiJf it »cmJ» character* one 

bv one while watching lor *3 and #. 

\h rrturntf it ta local mudv. If it ace* 

p" It sends Ifac craLuotiun of Lh* S- 

4xpro»bon which follow* aad theo ty[»#i 
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IDEFLIST ( ICTSS (LAMBDA NIL (PBOG (O Vl A (COtfD | (TTVD NIL) (GO 

B) > ( (OPDNILJ (DPREAI») I IOO A) B |SETQ U (READ) ) |TERFRI| (COND 

I (EQUAL U (QUOTE 5) \ (GO C) 1 I ( EQUAL U (QUOTE STOP) | (RETURN NIL| ) 

I IEQUAL U (QUOTE LJ ) (PROC2 (DPWR1TE (READI T) (DPWRITE (READ) 

T| ) 1 |T (PRINT (EVAL U NIL) 1 ) ) E (TERPRJI |GO A) C ICOND ( ( DPD NIL) 

(DPREAD) | f (TTYD NIL) (GO D| ) ) |GO CI D (SETQ U IREADGH) | |COND 

( (bUUAL U0 ) (CIO El ) ( (EQUAL U f) (GO GJ > ) (CCHAR (QUOTE A) ) 

(CCHAR (QUOTE W] J (PRINI U] (CCHAJt (QUOTE C\ ) (CCHAR (QUOTE V| ) 

(GO C\ G (DPWRITE IKY Ai. (READ) (CDR ALI5TI } T| | PRINI #| (GO C) I J ) ) 

EXPR) 

(OEFUST | (DPWRITE (LAMBDA (X V) (PROG |U) (CCHAR (QUOTE A) ) (CCHAR 
(QUOTE W| ) (COND (V (GO C) J \ (SETQ U XI A (COND I (NULL Ul ( GO B ) ] I 

I PRINI (CAR UI ) (PRINI BLANK) (SETQ U |CDR U) } \OQ A\ C (PRINT X) 

» (TERPRI) (CCHAR (QUOTE C\ ) ICG1IAR (QUOTE V) ) laETURN NIL) \ } } i 

sxrat 

IDEFUST ( (DPREAD (LAMBDA NIL (PROG (U V) (SETQ U IDPD T> ) ICCHAR 

IQUOTE D| ) A ISETQ U (CADR U) | !> (COND ( (EEROP U) (GO C U ) (SETO V 
IREADCil) I (COND ( IEQUAL V SI (GO D| ) » (PRINI VI (SETO U (PLUS U 
ftOTl947t73S| ) (GO Bp D (TERPRIJ (EVAL IREAD) NILJ C (CCHAB (QUOTE E) ) 

(RETURN NIL) ) I > ) EXPRI 



Chapter XJV 
PDP-6 USP INPUT-OUTPUT FOR THE DJSPI^Y 

A SyHmu for DU^Uy Language CooM riir ttftn 

The system nrnvtiSi** a language maciosal fur the yenemtion of 
picture tarli caJlcd objecte* An object can bo any combination ni poinin, 
line* and ctaitcterii An object in generated tiy calllny tb*» Junction 
macrooal [NAME; DESCRIPTION^ described in the eecond n cft W i Th* 
most common way lo de«erin« an object it lu establish a <et point. The- 
se! point la established utili*in C PAHAMETKR, LOCt , and LOCX etai*- 
racnts. Ihf e*art fnrmnt uf ihe*v statement* to discussed below* An 

object description lu lorrmnuttrd wilh a STOP JUifnirnl. If NAME Is T« 

the current description wiU be *^p-nnb'ri to Hie description of the last 
nbjuri najMtmbBd. The tlrat example, dfcsp, cvnitraieB * larfc object to 

this ruimir. 

Tlw user communicates with A display through a Light {ion. As the 
light prn nwrrf^ arrua* the screen, It* trajectory C4ti be uawd in many 

different way*. For i**nmpl«, It may he used lo determine a point, » • ■* 
of point*, or a lino* Or if a eukpart ut tlm display has been defined as *□ 
object, the trajectory may fa* simply interpreted at a pointer to this M»j*et 
or a point on the object, Thu LISP (unction* embedded In the display languagci 
facilitate acquiring th" data needed to make these diffpri*nt UvvU of 
bat* viiftMi inn- 

One problem In mtlitinjt the light p*n is to determine wben it ie n«ar 

the screen and not jnst beina moved into plan. This la tolled by usins; th* 

3M 
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width ol iKi: lisid of view 61 the pen aa rnc&tured by 4 tracking cross. 
Tills width decrease* a* the pen approaches the nut-i; and a tenter dot 
la displayed whenever the field of view it Jest than a certain prescribable 
limit. Thin pen distance 1* available lo LISP. 

Tha approach of the pan fo an object to considered significant. Just 
how *■ I-!*** the pen m«il rume befure bmnj noticed is k jiru(ram vArinble, 

Us meet recent position within this distance is recorded; Id addition, so 
are the last 5 such positions* each at least a prescribed distance from the 
preceding unc. This feprescnts a crude way ot gradually forgetting the 
details of the past. It is also possible to jet the current coordinates ol the 

pen, ubtaLn a list of all objects currently nevn by the pen, lu rvpurt wh«n 
the pen sees *n object with a name other lK*n u given name, or to r*-qmr- 
sn object tu mov* wilh the pen. 

Th* emarnple function sketch is * LISP funclitm i - ng -• vi r*| of these 
reaturoa, TKa function uses a subroutine to display five different light 
Imtluns* If the light pen Is held near one of these buttons, the tracking 

cross will be centered aooot the point where the pen Is seen. The program 
Interprets pointing at these buttons to mean I) draw a line, 21 mow a line, 

3\ delete a line, 4) suppress the cross and 51 return control in the teletype. 
Tn draw lin*e louch the first button* * new line will then be drawn whenever 
the pen leevee the screen and then returns • This process is terminated 

whenever Ihe pen returns near cine of (he lichl buttnns. Additional LISP 

funclion* could he written to expend sketch into a program simitar to SKETCH PAD, 



mi 

Often one «1dU lo communicate lo tl» ditplay cartain baaic forma 
Which arc LuW uaad in conal meting larger unita. That* inputs might he 

& set of leltvr* which arc to be parsed into 4 sentence; or they might be 
a *et of circuit elemente or mutlc ayitibol*. Id SKETCH PAD thi* la 

done uy indicating the type cf form anil then muvlng the light pen an that 
tbe parametera of the form, tba and point* of a line avgmant for inatancv. 
can ba abdlractcd from lha trajectory. Alternatively, one could abatratl 

both the typo and the parameters irom the- trajectory. Tbe example program 
argua usee a method developed by Teltalman which enable* the uicr to 
teacb tbe machine lo replace a tingle Line by a known form. A line la a 

alngle muvement {however complex} on the aurface of lha diaplay without 
lifting the p*n, Tha U5P dat* alructora ia convenient for atoring propvrliea 
tif tha furma tn hr rerognitad* 

Tha parsing of wry Urge displayed expression*, such as LISP 
5 »e*pre«ston* for example^ can be difficult for people. Furthermore, 
theie may be alternative wisicsi, People cau be aided by intensifying, 
upon rcqueat, grammatical aubexprenetoiu or fub* object* containing 

referenced aegment* or hy providing additional diaplaya meaningfully ralatad 
In Uia flret diepUy* Tfaeaa might h* ralatad viewe of an abject or ahadad 
abject** Pxirlhar Havalnpm-.nl of tn* ayatam ia neadad in ihia aren. 

It ia tha t*ak of th* programmer to organise a program »nd data b**e 

In auch a way tUat the moat needed input* to a machine will have ehort 
r*pr«simtalinn* and tha moat nredrd eampulntlnna will be efficient. The 

Lombinatorial aapacte are such that this mual be dona through a aarias of 



i-'- -in of ror,(>?h. An tmtttrtanl point In that it La not poanibl* to complet* 

an enttr* level a" a time. The moil useful cuneepts At * firm Iwv*. only 

bpf on r eleai with the <*-*pl[»rj:nj| of higher Iwela Thu vxploration of 

higher levels without intermedial* emu:* pi* ht, however, almost impossibly 
tedtOUS. It 1* important In in tixptirimontnl situation to have A system where 
one tan make changes to any rir»irrd depth and provide for the lrra|uUr 
growth and reorganisation oT the J.t'.i base. 

In tl ■ present display system, c xper.ru entail un will probably indicate 

that new statements tor macrceai arc needed, .i? thai certain objects occur 
so o.ten that more programming effort could well be spent in generating 
them efficiently. To provide fur these pueeibilitiee macros*! has been 
programmed as a syntactic extension of too scop* assembly language, sal. 
Haj ** s I JSP function which creates objects from lint* of octal numbers* it 
in described in detail in part 11. Provision has also h»n made tor the 
anditiun of machine language subroutines which altar the objects as tbey 
ar« displayed. Furthermore* the system is organised no that no statements 
need h* made about features of the display language which are not needed. 

By embedding these display facilities in USP one makes available a 
wealth of mechanisms wnlcli have proved uaWo) in the analysis and generation 
r*f language and In the development of systems which can be increased 
incrementally In complexity. 
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The Ute of U3P in this system has two distinct disadvantages* Flril, 

it Is not possible to Interrupt th* USP *r*i*m at any point in time a«i 
immediately employ ill full powor, H m*y be in ihe »il«J*t of garbage 
collection. Cartage collection with Ui« current version of PDP-6 USP 
requires a nobcable limn. Second, tn* data types arc too limited. It If 

not convenient to *cl Up the iypc oi Hat structure used In SKETCH PAD* but 

thin fan be approximated. A serious prvbUm is the inability to set aside 
blocks oi registers lo contain diepUy instructions and to store tnJormitioo 
about light pen Actions. 

To set atound these problems * fixed but re* of 2018 words has beer* 

set aside for description nf the dietilay. All cummynlfiUun between USP 
and the display goes through this buffer. This buffer contain* two kinds 

nldaia structures; display lisle end header*. Oiw hvadvr Is associated 
with each display liet, which is a list af half wurd Liimmatids for the display. 
The headers build down from the lop of the buffer and the display lists buUd 
up from the bottom* 

During display an Interrupt routine cyclss through a dispatch table. 
Dispatches can occur tn a pan Irsck routine, a ruutiuu which display* the 

cantm-ita uf the display buffer, a line drawing rmitim.. and e rotiline Which 
tf rmlnatcs the display* 

The pen track routine display* a cross as was described earlier. In 
5 crude effort in give Ihu routine enough display time eech cycle, it i* called 
between display of each obj-ct In the display bulfcr. Use of the clock would 
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b* hollar. 

Tli* formal of Uie header* in the display buffer is A* f«ll**w* 



NAM?: {Pointer to «h atom) 



A * ON-OFF bit * (dUpUy lift length uOuittfi to start 

■if display It* I 
- 1 

D * Tracking Cross Jutnp bit 
C = Mow with pun bit 



P«nhil distant* 


Pro 


hil cuuat 


£ubr address 




ARC 


Mmt rswM Y 


Mmt r^crnt X 


Y 




X 


V 




X 


Y 




X 


V 




X 


V 




X 



Pierre. I Header Format 

Ivsch display list ha* a nam* which is kept a? the first »'jh! ol its 

header* When an abject is referenced by a U5P function, tlic header* are 

searched for one wit I; the name mentioned. 

The Interrupt program cycles tnrou^n the headers. It picks up a 

pointer lor a DLKO Instruction from the rlfht half of the mtund wnrd ai 
earn header. This ttUKO is terminated by 4 STOP Instruction at tbu and «i 



«*tb dlanlay llat. H tbe auhr addreaa ir n <t 0. then ihr auhr at thia 

addrea* will be cAscuted when the STOP i* rvathed. 

If the light pen 10 aecn during display of some diaplay Uat, cimtrni 
guea immediate Ly to an interrupt prog rim. Several conditional branchiae* 
can occur within thta program. Tbe Interrupt program firat re-diaplaya 
thu diaplay liat a* a check agaiuat light yen nolae* If tbe pen I* aeen > 
accond time tbe pen crot* movable bit i« checked. If thia Hit t» a 1 th* 
(hiq tracking croa* la centeted about the- point where the light pen wn* aeen 
and tbe real of the diaplay li*t la displayed- Otherwise, a check ta made 
tu aee If tbe center of the pen croa* is withtn a apectfied minimum distance 
of the point aeen. It not, tbe display hot ia continued «1th the Light pen 
r«vnauled. If the pcu la close enough* the courdlnate* of tbe poini eeco 
am atnred in the fifth vord of the header. Tbe Laat five word* of the header 
contain the coordinate* of point* *een by the pen In the paat* Each nf these 
jflgtary point* la at leaat a apcckflod distance from the preceding one. 
Thla diatance la in tbe left half of tbe third word of the header* When a 
new point I* seen, it la added to the htatorv point* if it te far enough sway 
from tbe one moat recently ainred or If there are nnw Tbe number of 
hlatory point* la Kept In the right half of the third word of the header. Thla 
number can be act tn aero by LISP* Whenever there are more than five 
hlatory point* the oideat One la loat. After the point aeen ha* been 

appropriately atnred, a cheek In made to a««r if th* ohj*rl *hanlri mov* with 
tlw pon t H bit C i» *at, a pointer to th* dlepUf lint 1* lrim»miu.il to th* 

pen track rnuttn** Th*» riiaplay liat i* ih*n finiah«it. 
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DlepUy Until are put inn th* butter by* tbe t*l lan fl u. C * U A Uuc 

in l« he drawn with the pc*. A 1*4 point for the lino is ur**tnd with the 

*ul_ LanfiUafC Its dlftplay list :. intra mi'rpmpnkj by "«* ^m drewinu 

murine. Thl* latrtmnntinc i* ttrmtnateii when tht pun linivr* the screen. 

macro»al [x.VJ nucrotil interpret* it* argument* And 

then *:alU fc*ii un the revolt. X !■ ih* 

llr#l *ruum**ri for Mi. T ifl a description 

of a display hit for ual. V ... . Lj«t of 
lieta, each of which i» a macro. The 
hrai word of each macr* i* art alnm which 
baa under the property MAC ROSA L a 
function of one Argument, mac ratal 
get* tin* function and applies u to the 
remainder or ih* macro bat. The reauli 
of thia function i* a liit for »al_ beuinnmji 

and cfulinfi in ror»dc I. Thl* llai i* prefaced 
by two int«a*rv which gtrc icawvUvrty 
thu mod* thai tbe display will «nd op in 

■nd thi* mode tn which it muvi h^fiin, if 
U .' to interpret thla lift! correctly. 
macro**! a-joem!* th« »oceee«tve macro 

**P*ntHnns # u* log the pmfiicme mlr^ra 

to crnnte the proper linking uf mode*. 



Thi- following macro word format* 
4r* in tbo •y*lem; 

i. (PARAMETER ptfnvnaule scat? in* vr.ii 1 >} 

NomrnUe ih* r»r»i word in a *et pntnt, 
thl* atatemoni rm*u- a parameter word. 
It pcocnablo. tc«l«, or iDfeoftlty i* N1U 
the en r respond in* fi*ln uC the £j*ram*Mer 
wusti i* otx enabled. 

i, (LOCY o> 

QfUUi a non-di«pl*fin|i Y point wcrrf 

wliicb set* the in: ope Y coordinate Lu A. 

ThU in normally the ipcond statement in 
* *«t point. 

3* (LOCIX nl 

Create* a nrm-di»pirt¥* n C " (*»lnt ■Mfd 
which *«U the flCQpc X coorninat* io N 

Thi* ia normally the third Ann laat state- 
ment in a eu*; |MLnt. 
4. IST0P1 

CrrHivit a parameter word wiiU «iop 

unabted. This (u normally the last 
■ letittnent in a tile play h-t . 



*, (15TOP) 

Crf*4tflB a parameter *ord with stup 
enabled *od a IU|| that th- pruviou* word 
hu a breakout bit, Tho oat of I5TOP Ifl 

caplalnvii in Uim d*»rH|*tan of »a^ which 

6, (LOCYO a] 

Cm*U* a divpUyinf Y pjiat «urd whiih 
art* th* tllnpUy Y conrdm&t** to n and 

dHplayfr a point. 

7, ll^DCXD r.) 

Cr*aJ«a a di*£ilayio|[ X point wtird which 

twin \?.r display X coordinate to n und 

3, (LTNEX) Y^ — X tt Y n > 

Criratr* 4 sequence Of doh -displaying 
litir srprtirnfB Jrom vetlur word** The 

itUf-Uy start* it the laai paint divplavcc or 
nl by LOCX, LOCY. Earh inr nimciu ha* 

■U. ff-JK,*^, Y = Y lM OV 

9. (UNEDXjYj — X^YJ 

Crcatta 4 lm« Uk* I-INT. but dlipUy* 
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10. fLQNGUNE X, V t X 2 V^ 

Created a ncm-di a playing vector 

cotitlnue wurd. A Uoe will be drawn t rutn 
ihn current dkapLay . ■: >:-inr. ••* r to Ihit **$%* 

cc the display. Toe alope or Ih* [Sam i* 
|Y a - Y^/ptj - iy. 

11. 1LONCUNKD X L Y t X^ ? 2 ) 

Createa 4 line Ufce LONGUN&, btit 
«!i»phkYa It. 

12. [CHAR X| X n J 

CrttAt** u ilt«pl*ty of character made 
word* which ur. th*= PriAME'i of the atom* 
Xi* Nu epam* art: hi* cited between the 

U [XjYiZ] X la ih- u*m9 ol Uuj dUpUy liet to be- 

truua (•# T, If X la Ti then thn liat la 
■p|i**nd«d ui the laat on£ created. If the 

pn»riira- li-l -nil* In STOP (iODOOgl, ttic 
STOP I- removed. tC U eadtt iD laTOP 

(40KM>OO fl ), it not only r*muv*tt tkla but 

teroe tb* breakout hit (4UOOO0 6 ) In the 

previous half word. V la a description of 
in* llat to be created* There ar* iwo farm* 
far th* alitm*nti of Y curre*puudi&|| to two 
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mode* for the Ant-mhtv function >*X 
The functi on le initially in mode L 

In mud* 1 eal removed U*t* Of olame, 

at * lime, from Y* Each Atom i* a number 

ur i- bnund to one Cn the dotted pair Uel 

? . For each pair of Hit* *al form* cm* 

ritapUy half word instruction by ahiftinp 

the number* on the aeconil lUt the number 
of place* specified by the correinundma 

number on the lir*t Li*t. Whwn it encounters 

NIL nn t\ it joe* into mode 2, In mode 
2 *al take* number* ur nan-numerical 
•tome one at a Ume from Y £*cb number 
ts a display Half word. Tf a mm-nume j iul 

atom la encountered, - -t '.. :.* at the 

previous ttumUr to **« if it put* the dlspUy 
into Increment ur rh* racier mode. If In 
tbAracur mud*. *al assembles the PNAME 

uC thu acorn M character*. If Ln incrvmcml 
nuidtf, **_l getm a Ijm Ol full word* off the 

iktunV* property List with the indicator SCHAR* 

It H*k*mbLea these as Incrernimt mude half 

y ---' Consecutive no n -numerical atom* 

are astmnbhid together tn the Same mode. 



Wtwn ^*l find* NIL, i* return* t«i mud* L. 
Mile!** 1 la more ilcxiblc* and mode 2 i* 
moru vconomicoL NIL in not a Icgul 
ubjuci itarat 



ln ir* dearnption bcluw 5 aland* <*>r th* ntm* of *n object with A set 
point. W Blamta for In* mmi« of An object with or without * not uolut. 



*mv Ls3 

frunniv tsj 



.clrt ] 


flllll Lw] 


plrh UC.Yj 


pUDl'tL 3 


i«L 3 


pyt 3 



R*turna the current * coonltiMlv <jI 5. 

Return* th« current v coordrftMr ot S. 

Mattes abjucc 3 fulluw the liuhl pen w*wn#v- 

S ecru il lUUftVVfl 5 

Nc(jAt«* amy * Ruttim* 5, 

Int rem cot • the **t point nxirdin-tc* ol 5 

bf X. V. Returns S 

CWrt* the dUpUy bulfer. Return* NIU 
Dulutim objnet W irom thr display b'jff-r 
and ritt-urn* W. 

Sun* Lhfl n*n tracking crt»«§ At X, V *nd 

return* NIL* 

5tup* tin* dj*pJ*i* or the pen trad* crnaa* 

Return* NIL, 

Return* the *> Coordinate n( the [wit. 

ftriurn* the f uiwrdluatc ol the pvn- 
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r* CI »P L J Rcturo* KIL i| ihe pen It Ut l*om th* arreen. 

■ "» [ J StArta iKi> rii.pUy build op in th* buffer* 

DUpUr will continue until *imrc Li Im 

c*Urt. 



flunrn 



C 3 



Slope th* tiivplar mid re:urn« Nil. 



pldwjX.Tj Tj ii^ ih)S rr.mnuwl, mn. itnooial to ict 

up a #et point At tliv current pan roaiuon 

fullawitd by a IttO Unflh mliti*? line And 

terminated with ISTOP. Then call pldw. 
Incremenia of Ungih .n tv.»i X And ami* Y 
will be Added ii* tfci* n-bjcti until the pwn 
leave* tli« icr.^ Return* NIL. 

phrlr C* J Clear* thu p*n approach history pointa of 

object W And reiurna w\ 

F* |Wj Returns a lint of th* pen Approach hiaior? 

point* lor object »\ 

pbel LW;Xj Swui to X ih* minimum dintAocv between p*n 

ApproAch history polnta fur object W 

X ia An integer between And lr^*, 
phcZ IXJ Seta id X th? minimum diaunc* between pen 

Approach history point* wfcfcb ia ataumed (or 
newly created objects. 
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pta>[x3 spl * %n X ln * m * Kmum distance on lb* 

screen at which th« pen can ace an object. 

X I* an Integer bviwvcn .tail 40. 
■inl (w;t2 S**» lo V <b* intenaity «' abject W. Return* 

w. W la an integer iMpra anil 7. 
acopf Lwi t WiJ Goples object Wl am} name* Ike copy *2* 

Upturns Wl 
plahT J R*um»s a. Uwt of all objacta currently beinc, 

■can by the pen. 
*#cl \W;Yl 5«ls ihe scale of onjori W to Y. Returns W. 

Y is an Integer helwean and }. 

ijUi»" 'iWl Returns ihu name ol lb* first object other 

than W tcco by the p* D - 
ptenwt 3 Wails until ibe pen ia MM 1 iHu stretn and 

then m turns NIL. 
pafttrbw I i WaiU until the pan is not n**r ihu streeu 

And Ibun return* NIL. 

pip [u/J !j ih# tracking croa* la not folk* win* the pen 

and pjp Lwjha* been **scuied, tfi*n when 

the pap • *** object W, Ihe tracking cross 

will btt tvnicrtC about ih» pomi oE W seen. 
Returns W. 

punjp[wj Neaaiaa pjp and return* ML. 
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P**< t J Return* tl« nimf of the must »c*nt object 

to be »ccn liy ih- prn or NIL ir noo* tave 
been Bti«n «ince pohc wa* •■»» ■ it ■ ■ 

P*h* I ^ 5*i* the taft object mn fay «h* pen (0 NIL. 

R-turna NIL. 

■ Line tsj Return* a U»t of th« coordinate* ol the *nd 

points at the i.n- •tffrnem* which man* up 

object S. 
tiuhr IW;TJ Cauvet the aubrouiin* beginning at ltn?.*tinn V 

to be e*eculoU iiarh time object W i» displayed. 

■lftc LWJ IntentUleft « ■ub*ofpren*l r jn of object W which 

Ifl iniUtAtuil by tk- bc.hr pen. 54ib*ipr*««j . .,, 
are marked tn Lh* object by pavudo pareathcaea 

which 4ro not displayed. A pii-udn left 

p*ren in indicated by the parameter *vrd 
6OD0Ol a and a ptcudo ri(hi p*r*n by the 

parameter word 600003.. 

Counts the number Of paittido Ml saiciu 

to lh-- un-v.fl iTir-.i subpart of W. 
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1 MV KFOND] 

JDETLlST I ( DISP (LAMDDA (N| (PUDS W V){MACR<JSAL (QUOTE DtSPl 
{QUOTE { (PARAMETER I J M ILOCY 1) ILOCX II IUNED 0> 
U5TOP) > } I (SUTQ U | EXPAND N KILI I A (CQHD ( (NULL U) IRETURN NIL) ) J 
(WACHOSAL T (U&T (COND { (EQUAL (CAR U) (QUOTE U| I (QUOTE (UKED 
D UM)}I< (EQUAL (CAB U) (QUOTE D| I (QUOTE (LINED MO T?777T77T774| I ) 
I (EQUAL (CAR U| {QUOTE L) I (QUOTE (LCKED * 7T7TT71T7T74 OJ J I 
(T IQUOTE (LIKED <M 01 ) H IQUOTE I1STOP) > > I (S£tQ U (CDR U) J 
(CO A) > ) I \ EXPRl 

(DEFU5T { (MV (LAMBDA 1X1 (COND I (EQ X IQUOTE U| ) (QUOTE D> ) 
( (EIJ X (QUOTE D) I (QUOTE VH 1 1M X IQUOTE L] ) (QUOTE n) ) 
(T (QUOTE LI ) ) M I EXPRI 

(PRJNDEF EXPAND} 

(DETUST | (EXPAND (LAMBDA (N UXP) (PRCC {ABCDi:| ISV.TQ EXP 
(OUOTE (U R D ft) ) ) START (COWD f ( fcEROP N] (RETURN EXP 1 ) ) PE7CJ ?J 
(PLUS P« -L0| I LOOP ISETO A ICAR EXP) I (SETO EXF (CDR EXP) ) SETOD 
(CAM EXP) ) (SETQ EXP |CPA EXPl ) {5ETQ C ICAR EXPP I (3ETO E 
INCOKC E (LIST B A (MV ft) A A B C B |UV C) B C C (MV B) C B D1)> 
ICOND (EXP (CO UJOPl 1 ) (SETO EXP E> IStTO E NIL) |GO START) III) 
T.XPIO 
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|Pl*INDKl'3KETCH> 

IDETUST | |SKKTCH (LAMBDA (N XI (PROG (U W|<CONO (X (CO A) ) > |PJP 

IBUTTON (QUOTE 51 IN* LTM I (PJP (BUTTON (QUOTE D| W |T»| ) 

|P/P (BUTTON (QUOTE M> )+p 17»J I (BUTTON (QUOTE P> 7*# 17**) 

(PJP (BUTTOH (QUOTE Bl 111* 17*41 | A (POHC) (SETQ W (PLHW NIL> J 

(COND ( IMElMbKR W (OOOTE (D M) ) > |CO C> M (EQUAL W (QUOTE 5) | 

(GO G> > r (EQUAL W (QUOTE BJ J (GO H) ) ( (BOUAL W (QUOTE P| ) (GO t( ] 

( ICQUAL U (OUOTE M))(GOE))( (EQUAL U (QUOTK D) > (SDLT W1 1 ) 

|GO AJ C (SDLT U> (SETQ U m (I1UTT0NOJI W| (5ETQ W (PLHW W) ) (CO fi) 

E (SMV W| (PUNTCIIWI (5UNMV W] (GO A( C (SDLT U| (BUTTONON W> 

(5ETO UW|D (PUNTCIIW) (PTCHWJ (COKD ( (GHHATEJIP (P* J lb»| (GO A| I J 

(UNEDHAW (GKN5YMI N I) (GO D> H |SI>LT U) (RETURN JUL) 1 (SDLT U) 

(SETQ U Wl (BUTTONON W) |PUNTftK| (CO AM > } ) EXPil) 



(PfUKDEr LINCPRAW BUTTON BUTTOHON BUTTONOSl) 

(DEPLiST ((LIKEnhAW (LAMBDA (NAMEQUAUTT SCALE) (PROG mUPTCHW) 

3AL NAMS (APPEND (QUOTE ( (Hi (*) ($ 4) ) ) (CONS IUST HIM SCALI* 

(COWS (UST 4) (APPEND (CONS (LIST IPLUS £ZH0f fPVJ | I (COWS 

(QUOTE |0» IU&T |UR (PLUS IMtM (PXJ 1)}|| (QUOTE ( (*) <<i# « # C 41 

|#) M#M) ) H » > ) WD (PLDW QUALITY SCALE) IftKTUBK NAME) )}}| KXPft| 



(DEFU5T ( (BUTTON (LAMBDA (NAME X Y) (SXYING (SAL 



KAMI; (QUOTE 



#> m m imimi t*) </i»M» i« nam* <*» u»«** m i* 

(DEKUST ( I BUTTWON (LAMBDA (NAMEJ (BUTTONOHl SAME «C NAME) ISY 
HAME 11)11 LKPRI 

<DEFU5T * (9UTTOPO?!! (LAMBDA (NAME X T) <*XYlrtC (fiAL NAME (QUOTE 

( <« t#i w fJ«i4> iff) (aaH*tt l*> HMIM> l»> (/M*l*1 t*l 



lift 



(PR1NDEF ARGUS MAKSTRIHG MAKSTRINGI MAK3TRWG2 

MA!WTR!KC M 

DEFU3T C {ARGUS (LAMBDA MIL {PROG (U V R Q MERGEUS? NQ) (5ETQ U 

(IjNKDRAW (QUOTE ARGUS) Z I) I (PUNTCHW) (SETQ V (MAXSTKING 

(3UHC Ul ) ) I5LTQ R (MAP£ V A7REE5 (QUOTE GETC1 ) ) (MApj AW EIGHTS R 

(FUNCTION (LAMBDA |W£)GIJT U5T| |MAP LIST (FUNCTION (LAMBDA 

(CANDIDATE! (SETQ MERCK U4T (MERGE* MERGEU5T) ) | | 1 1) ) (COND 

( ITiULL MERGEUST) (CO A) ) ) 13KTO NO (CDAR MERGE UST I ) (5ETO Q 

(CAAR MERGEUST) ) (MAP MEKGELlST (FUNCTION MERGE!) ) A (5DLT U) 

(MAGROSAL (QUOTE LAST) |UST (QUOTE (PARAMETER 1 3 J ) ) (LIST 

(QUOTE LOCV>AYMlKHUST (QUOTE LOGX| AXMIN) (UST ICOKD I (GET Q 

(QUOTE SGKARl) (QUOTE SCHARI 1 CT(QUOTE CHAR) ) | (COND |(NULLQ) 

(QUOTE ? I j (T Q| I ) (QUOTE (STOP| | ) ) (COND ( (NOT (EQUAL AMODE 

(OUOTE TRAIN) \ I (RETURN Q) \ I (PRINT R) (SETQ U (R&A0) ) (Ct»lD 

I (NOT i* OVAL Q U) ) (GO B) ) 1 |CS£TQ AWElGHTS (MAP4 AWEIGKT& R 

IFUNCTJON (LAMBDA (X YJ (COND I ^MEMBER L 1 Y| (PLUS X 1) ) (T M I 1 ) ) ) 

ft (CSETQ ATRE&3 (MAPe V A TRttlS (OUOTE PUTCl ) ) (RETURN 1. | ) ) ) \ EXPll) 

IDEFLIST ( IMAKSTRJNG ILAMBDA (I4MQ (PROG (U V MIN MAX VJ V2) 
tMAKSTRJNGa (EVCRTOTHER UNE| } (GSETQ AXMJN MJN( WAKSTKlNCt 
(EVEftYOTllER (CDR UNfc) ) ] (C5ETO AY MIN MINI (RETURN U) || I ) EXPR) 

IDEFLIST | (MAKSTRINGI |LAMUDA [XI (COND ( (GREATER P (CAR XI V*| 
(UST NIL IMAKSTR1NG3 X NIL| \ ) (T |U£T (MAKSTRING* X NIL) NIL| I i M 1 
KXPRl 

inBrUST ( (MAK5TR1NG2 (LAMBDA <X) IPROG NIL (SETQ MINI CAR X] ) 
{SETQ MAX (CAR X) I (MAP X (QUOTE MI K MAX I I (SETQ V (QUOTIENT (PLUS 
X(AX (MINUS MiN) ) *) ) fffiTQ VI (PL.US MIN V) ) (5ETQ VZ (PLUS VI 
(QUOTIENT V t}| 1 (SETQ U (APPEND (MAKSTRINGI X) U) ) (SETQ VI (PLUS 
VI VI I (SETQ V2 (PLUS VI VI 1 (SETQ If IAPPRND (MAKSTRINGI X) U) | 
(RftTUKN NILI I ) ) } EX PR J 

(D&FUST ( (MAK5TRING1 ILAMBDA IX LEFT) (COND | (N'JLL XI I) ( |0R 
(AND LEFT tGREATT.RP |CAR X) VZ) ) (AND INOT LEFT) (GREATER P VI 
(GAR X) ) I I (PLUS 1 (MAKSTR1NG* (CDR XI (NULL LXFTJ I ) ) (T UAKfrTUJNGJ 
(CDR X) LEFT) > J | I > CXPR) 



CPillMtr MAP MAPJ SUWI RVCaVOTHEA MlHMAX MERGEI 
I MERGES GCTC PVTC| 

|DErlJ5T [ |MAP (LAMBDA (X TNI (COND I (NUL XI NIL} IT (CONS l**H 
ICAR XI I (MAP (CDR X) FNl ) ) Ml J EXPRI 

IDEFUST | IMATZ ILAMDDA IX Y ON I ICOND < (NULL XI NIL) |T (CONS 
|FN (GAR X) (CAR V) ) IWAPJ ICDR X) iCDtt Y| FN) ) ) | | ] ) EXPR) 

IDEFUST I ISUBI (LAMBDA (X) (PLUS fcHTl94?67*5X) ) ) | EXPR) 

IDCPU3T ( lEVERYOTHER |UMI)DA (XI iCOND I (OR (NULL (CDR X) J 
(HULL ICDDR X) I I {UST (CAR X> ) I fT (C*W& ICAR X) |EVEft¥OTHER 
(CDDRX) I I ))) | I EXPRI 

IDE T LIST ( (MINMAX (LAMBDA |X1 (GOND { (GREA rtRP X MAX! (SCTQ MAX XI ) 
( IGKEATERP MIN X} (SETQ MIN X) | (T MIL) ID) KXPR) 

(DEFUST ( (MERGE1 (LAMQDA (UST) (OQWD ( (GREATERF (CDR U5T1 NO) 
(PROG* (SETO NO ICDR U5TI I tfCTG > ICAR UST) > ) )(T NIL) 11)) EXPR) 

(DEFUST < (MERGES ILAMODA IMERGEUST) (COND ( (NULL MERGEUST) 
(LIST ICONS CANDIDATE WEIGHT) ) ) I (EQUAL CANDIDATE (CAAR MtiHGEUSTl > 
(COK5 ICONS CAKD3DATG IPLU3 WRIGHT |CCAJl MERGEUSTl ) ) (CDR 
UERCEUSTI I ) (T ICONS (CAR MfcRGELlST) (MERCED ICDR MERGEU5TI I ) ) ) ) I 
)EXPR) 

(DEFUST ( {GfcTVC (LAMBDA (PSTRIKC TREE) (COND ( (NULL FSTJU^G) T&EEl 
( (NULL TREE) (COND((ZEROP PSTiUMG] (LIST (LIST U| I I <T (COM NIL 
(PUTC (SURI PST1UNG1 NIL) I I ) > I (ZEROP F5TR1NG) (COND ( (MEMBER U 
(CAR TREE} | TREE) |T (OPLAGA TREE (CONS U ICAR TREE1 UNI 
\T (CONS ICA11 TREE) (PUTC (SUBl HTK1NG) (CO« TREE) |I)))|1I EXPRI 



\i k'J ill '■ \. 

LIST UK OF THE LISP FfcCGilAMS 
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I |ATC*l XIX I 

lT(C&rl»rlCA4 Al ihX^lHAPUCC** XlcryNCTIW »KPI 1* 4CLMI #11 

IK*PifL*^rAtA*GU:>T F*P P*. I ?r I t CC*'*U 

imuLLiCOR a»^li:th<lim plisio 

lTK0ft£lCAP APOLIifMWPHCU** *^U.tST*E*P 

IIAHDtEOlCA^ EXPMOUOIE HA^I 1 iwt L« CDUP APr^lirm 
iCCIKOl IAI0**ICAR XffGD^TM tLlATirPLil EX»^>» 

1 TiC«lr.ih^ualln!^.tWiT EMMCAAi A«0*.I^t)HlLA&l KAS AflOLIST 

I inuN9£PP(CAh APOCl&TXNILl 

MtUHiCAh ARt^LUlM<LI>1«^Af. MftLE&TllJ 

MGCKAAM AKOLtSl IIU*J01£ Ht*>»l IILAMtCAA A^U-liTlM 

itkum&iCaax aboli&imla^mla^ rB4*.rsUUJl H>> l>| 
M 

OFFirjfM 

(Ani*LA«ftOA<HM* , A* Nlfr«U» «*l U I 

I > 

i?tf^>*nfXriLAM*lOA|AMO*(EO X(qyOTE 1«FI MtfWHMW Allll 
I I 



in 

GMPlLFdFm*! CTlimi! 

CO^PILEm £»LGr. ffftfQ ICWD .»£P£*£> fiUflV EHV1 fOftVZ 

*ru_ fLUA? £-*« *Wtf> *«lii*t^ PftilhMH OVjirtL* DQMM OGJ ftt;£«U4 

etnunbifrh t*t*W CO*EP ftlljU* lhiohli.t 

**&*& *»Pti FS|M *C05 MA* I £4C -CSC FCDI FM4n FtQSH 

M*UN U'J*H FSECh fcMii fuvfc OtIC *GF« 

«<C0 «Afc>iO tCODC M***U A*6ii *i»*n A*L& **** >MO 

OPui OfU* |tf*AD prvn -OJpEI fPLi *-»>ft0 «l*wiT tvOOTE EOUGTEI 



JTi 



T . ^ itxvanx iki trorir, uflULt ico* am U iinuiL «cnn» Nil ictt *H 

IT ICONS IOU0TC «0» riill iCBim 1LAWU I* VI IW6 IU VI UflQ *J i CX 
ft Ul ISEIQ V «Cn« Ml I0«) lf?F«UWBP m (KtQ U imi*ruH U DM MFO'J 
II !£** At *? *W> ^l> * l '^-'- * tCUlVj* i VMM C l*MW» <C<il*S U V) I a I 
C*All> MFENuWBP (CAD* M> tr.J C|lt HEffi V IA*KD ICDt VI VM led CI * I 
itTO U IHWUF^H O <C10« AMI ffiCiO * **PW) icao* Xi VII IQOE)Ml ■ ■»■«> ' 
LAMBDA i* Yl UUW UWU ICO* Ml tl M I CoH> I CM XI IAPM! UL^ M "i 
MM ('•*!*»«*** lLAHBfcA Ml luft tMlD IHU»li£fM' *l l«Iht*S>F Hi IANP lEUliftL I 
CAB 11 l-UUlfc F»TII <«JWJai- ^CArDR X I > M > > (HlCL iLAhBOA tA| I COHD I If** 
L ItCm AM iCAA "* It IMV4L «M}4 '»>>!>> IFA.IJAF IVA*W>X iXl ICUftO H W 

rtflESF xv ipiv^ x O.Oii H iQuvjittfi T i^lu* icac* xi &. >i <pl.u& ic*^™* » 

i j.^iniii IEOP* ILAW* l« VI IC010 UWJftt <"« M <Quuf[ CftVM i'*>* 
j ItxB M <E*!*V1 ■ <™ft v|M| It iM>0(Wr iC^Hi <OVO'C D«V| M ILIftl V ni 
LMMM ltO*Vi ILXM&QA i* »» iCt**r> I MtVLL I COOK AM t|£HKVJ <CA* *i icap* 

X> V>i IT lEORtfl ICOOn Al i£uf*Y* ICAft XI iCAJrt l| <i)IH> CEWV? ILA*n& 
4 UC f il IQlftD MVU HOOH E>l 'COfAa * ICON* V *Mi I l£tMAI» tCX* £> 

ItCM* A (CUXa I*VjE i ka> i'M <C0O» illH II ItiiWi I C*» H <Cg*tS (CAD 
1 £1 itCftV? X * *C0O* £UIM)M I^LftL^iit-P ILAWprtA Ul Ivfi iW.|!t-«> M I 
EQUAL <CA** A| iWUU FSlMM> <t-MLV*Ll*r llA*r*DX IA M ICOlW I (WlltL M ■ 
* 1 1 ■*!««£*■ *CA* X> V) <*j*JU1LIST 1CCP A» Til II ICQW < CAS Ki flLHijaU-H 

KM M rinii) i*M>i i-'^ua .n icufc* KM x* MrtFl ifti'j iC*> ti) ic 

OR Al I II I \**-V2 fL^^&X M VI IC0*D M HUUi> I COB Ml ILtM Ml * r ICC'»3 
CM V* LWZ JtfUIOIfcLlSl ' i..:-> II i l^^fiHP KA« *M »IL* MAT- KM M 
> ILIST KA* V|i| It I LAS I ICA1 MUM Kl^« Y|>>MM l«*HLi ILAN&BA IA» 
CCOAfD MMILL ICUS *M 01 »I*WLL I OJO * Xll ICA« Ml 1 1 <CC*i IU' . ' M'.' 
MM1I IEPBC ILA^DA IX M KOKO *<^^ ItlfHU*' <^ n£EHQP fM Ol i\ ltfl« 

X V I^WDIE *>BPi IFtACflOU PfiC»»A>H| i ^urtCII^ EWtPJHlM ituVJ iLAhpyX 
II »l ltP"4> A IC^*H * -il>H It^CO ILArfoJA I * I ILMO A *M M Ifr'La 1 1 A« 

fiOA IX M 't'Ut* A i IOWIE l*Lfrl <FW*CM,« .■*... II MM OH £C£«Of M M 

1B-TI* lL*nt^A i* M (CtiAW Mt»-iXL X II '« 1 L • I I A'W ItLWtML X l«V-IL I«rM 
\I*JT I£vuAL * 10-VlC I'ifMM M Hi-J*l * 1-uOIf i*if>l HILI (I4'J*J * ' (U'iti 
EHt^ *J M'^Otl'*' Ml t.>,Ai.t.P * Ml I I l£ft(KJfi WWOIC GH^MMM »LWP *L 
AtlBOA l» V| lililP V llll ItfLtAf iLAttfiOA Ml I C^XiU M/f>tJP X) 11 *T Ml* 
Fb X *FILF*P l£v%l MIIIIM ICPI1 ILA#flOA ^X V| (CURD ll£UTl£t Yt *| tlO« 
IAULU XI lAULt TM M*»l MAftO *%<** U«i^AL A i,L'Jl£ I US II > HJtHO* VM 1 
1 IIEWAL X lauClf jHf |l HWOt* |A)f |i I'AW ' ' " BE"P *| ItKlftuS" MM 
E»V* (OYO*-uW * ^1 I »*!!*»« -I V*ti M*'j. ifn^'t*^* m L'-Jii'E-* »■ irjifr 
TM iPrlX.^** • Ml I IA*5 |M^MBE»P "< IMUNBCtP M IHOT hflUj^i* AIM iT"Pr 
X VM *l ILI^< i<M>T£ P^Si X r riUll IM I H*P <ti -«5X I** KDViD M 

XI Ikwn KAti a; [OgOTf 4A.IM tCLM. ICAJ M l»^P* l«*B »l JUL 1 1 

nwPl l-Ar-L * li^Hwti /rVJllllH ' '•*•" * lLAnpuA IM ItOrttf Muu»at^ Al 
r«1L> IIA-TOh*l ICUWJ ICkvLL iQfr a I^Jttt'E^MI ILIit »L|it AMI |1 ^ 

ILIM M ILAjI aiimi tht*** lLAMiDyl Cl**U 1 1 HA I ICPUH AM ICvW I 

iAt«-* KAA AM »LIM <CAII A I ICONS KAt* XI I L M I |COH# (t»A»* l> 

lHK>j HIL tKA^L <COA< H lf*rtCtjOX* HAPm I I ILIA »Ll (LA'jI !•'*-** ML M 

APL (COAH X) frjfttltujfi n*i*l*l » »Vl^t iC-^ij ICaAP (1 *>MHI» *' ILflN* 

*R Xi iHi;*'* ICM XI J -^S :cxi* xi v IDEPENU *L*/-xoi'.* iv m iqv I'irf 

ual. * il i«Eviif* - lu.i mi - E iLiai * L*ai OIDI WHOP ILXMB 

^t tMi lAAft lOt^Otfl* 3 A* l*Er*£P Mil" lu^jl IL,V* -.r.fl ,t\ j,. .V H^tiLL I CW» 

rjl *Cfcft Xll *T ILA^t ICC* MhDI l^AHL tLArtBW ^x m U^D UWLL I CO 
♦* XM XI It ICO*V IV K^ *M l^XPL lCJf> A i i MM* I-irLf* |L«-^i* I* f i 

^^fiii, 2 NjnPi IPBOG l-l K-.1J MCA IWLL »i nw>i.V1| IRfcll^fl XJLM 1 1 
rf(l>*P tl i«£tUX^ Ml MULrti- M \RET*A^rt m| tld* l(«JXL X IW-.>H It'll l£C* 
ilAL V HiA-OlL | r VMi UfljK** ifijois I Ut M II IAETII w I|XUM A M-lw ♦ ICO 
N- 2 Kli*f *<IL|>IM iCo*tf Mf*lA-L K-)3« ui I l*fcltfirt ICAH uMI * ■-— 

till (CC^D MH-LL KOOOfi oil l*ttU*»l itA|>« VIM H tBEtOSiM ICCAb • I i*J*» 
litlitl* I 1 H'Eluttr. tttyt* * M» IC0HI ' ILA^i'tA fM i£»l? IAS- i 

M IEOOAL C t Ul IFlOAT AMI H^ It^L-^L ICAh XI IOl»T| r**Mi l£*WXL IC 
^ M ICXOLPXMMM l»XJUL** I LA*60A IX *| I^Al^ IU> lifl&'J IDw*ilH A T 
it '.4<:iu-Xft ift£D**J< I ItAxC^ *C*a J* fCAOD* *jm itim ; icacip ot ual.;;^ U)| 



ZJ9 



lim <Pt>r*jrt lLl*tM)t I' *i l^iO IL*| '^f_l* u IQUftUN * Vi- i^<Utfi <d£3Ji 
krt IPlO^ iT!-.Ei KAfi Jl iWttUR ull 111-^*1 ILAOR -> ia^lm JIM HIHCEi I 

t*o« u» icaudm imiiiim luvntit* iljl-wa ii h fp^^ *u* i^etu - * ...j .^ 
* m (HEIuJift IRCtlNLri |T'rt£a (CM ^: IGftJhH* till itMEj k*^ til * . Ai 

JIUIIH iPflAhun (LA4t*tiA I A t I 'C&AO t<t^t I CAM *< I JJblt lit m t ...... 

« <p*«*.u" ic*Dfc xi v i IKrfHitu* IlAUh a i ■ hi lirtlfcta* a i ICOhp Htuuc* i 

> <M|*ftl4 IFJPI (HINUa -i Vlll I* If**! |p4|Ivu5 iCl mil IT ICXP1 * V 

IOMUH ILA*£DA I* Yi l^frJO IV) <C«*V> <ia?*a* *i 13ETU u iCvf*j r 4CUh 
Ullll IT lit 1 - v *C^«i tc**>ti II <C-j"» <C*H*< 'i v|>|>) ttvtlO l(4TGrl <1 < 
1EIW J iC&Ko A (Cvfti } Villi II CftCId U KjIj *<A»i'l *i l<«n> k^- -t . 
tllil tntlbHri jjiii cttfrjwt k^Sjda M Ti ICU*£ MOV IFiOAtP *l if. u 

'li iwt-iitM a hi nu«rf M£**i*3C* * »ti l«uQlimi * n» i» ili^i iq 

*>tE FRTl ItiOCTIElT * I6Cj 4 fii iw3T|CHr * |*CP A ill MVilUI l&CD <L 
*n*jl>A il ty iCUi#L> lUCt«f IHEhA|'4&j.« - tu 1} CI |uCt> V lHfcWAlf»usfl J m 
11 II rblU 11LMI 
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CCMPUtlltUPL f'Uf* ej?u*lii 

CWIU I |HC*L1 H*F"D EPfiO C0Vt> E*EG t^VS GH1P E^IKUS? APNF 

L&&P fTLEXP f^ CKV **c**l M.PJ ffiPJ *»*:p£ DEPEND 

flFflO LAST PITOL FOftr^ P*ili*UW PlS'IuN DtfiVJu** 

OOWJU UCQNU* «D itHUWrt£»P U41Q4UM fl'J*I dWV EORVl SDR'tflH 

£ T 0P 



m 



HlCL*LL£CI tLAXPUAix t | *CL<T> X Y>| I 

<o&c** (L*«ao* t*a ai T^ vi i le&cpj <£*;±£to aid i 

K*CP| hZ XI Y? YJi ICGftU IIGR1? *i UJ ICOHO (iCft'* ** i|, M vi MLiSP * 
2 YJ> ILIoT v; an it HI*f a* mill MLi^ *\ *Z\ «iu | (GRIP *■ T£| 
lLt*l *? x,,i M itiftf yj Kllll IftfrCPl \f Yl U Mm|»}1 <BGCP1 I LAM3DA 
■H ■! T J Yll ICQ&0 llftiUt* *I H| iLtftl ILItf ICOfttj HOR^ *» VU <;■» I* 
<r*>LS 1 Y1H) Hi <COf»D HLS5f> A? Ui ILJ*1 *£ l£»L& -* YrflH «r HILM> 
1 IfLSaP ■: 131 tLIM iLl>> Nl -COho I iLa&P It 1 t*l A|i |I IfcPLi Yf -J|H 
J HUM IT NiLIDI KGC* 1 ! lLA.tcOA tJtl fCGHO 41 H JLL Al h|L » if ICAR Mil) 
> *GflI»* tvi^L-A <A M ItOlJ MAftO l£OWAL X IvvJTr . k- ] | iVjl (EQtfAL f lb 
WJffc llfllll ll MELUAL ' l-L*t£ TA'II it]L> H4\0 <*Jl»6E»F A| HUHfltW r 
>) tWltAltrtt- A fj| il itRNim i»Uir£ GATPi|>li| 4L»P <LL*aJA <a n 1G«1* 
Y VIII KLlUU iLAMjl* Mi Ki*4i> HtJuU Jl IG^OK •]•!> Ol HAHQ M&JA 
L K« 41 IvJOTE "Lj|i (ItJLL *CDODd* nil ICL»*U MAUD < L^uAL tCAQR Al iu 
Wilt *l*l> IHUWEMP (CfttjiM *IM iC*v£*« X 1 1 itAUO UaUAL k*p;« K> lULOTf 
•!•!> li^CBft iCADft AMI ka|** All IT NJLill i I till J im CCLC'H iLArtttl 
A <I Y> KWO M^OlML ICA* A| lUJ0t£ £UHM ILJif ttAJGfr £-H| iCLCfll <CA 
M <l Yl ICLCU1 <C*DD* *» Yi ftU.li mc^iml ICAR ■! l&UGtE PlaI> ICLC*12 
ICU* A| Y|> M «CLCT)J IUS! * lllLI MIH! ICLC1* iLAHoG*. IK r> ICLCH1 
IWAJMalMPLIrY VII 
KOfipl l£f>ICA» fli^ult t%\ 1 * 

(flevtnACiCORiRiTV^nseicuQ mih> 
<f itiir yiii iii 

iCLCTSOlLAHfi&AIA MK^Iil^;<*iiP 
lW<l>Li ItLCTf iCVCr? ICLCIJ 11 KLClt. Yll Y>|| n|L Om», ICLC»b UAh^A 
ivj (COHC* HKiiLk II Itiai t>| I *' ICCMiS 'L|^' ( tCWt <C*« *> 9>l KlCT» 
UUfl ^11)111 ICLCI7 ILAl»(lJ4 (A fl ICUI4U llAULL A| VI II Itt«M I COP Hi 

ICLCY1- JCAAft I) <CDA* At » KCAfi K| ML (CVCUC ILAt4BflA IL* I Y R 

•*i ICO^D MftL)Li VI ICONO MMUU <CO&^ til ICLVID MtoJLL Hi ILI&T iC*- n 
l(PL» J ICADO Yllii i I tin If icpn* <(Ap Ti ICtCTLO W* A HCn T| jt 1111)1 
I MFOU*W KMB Yi KUP *>l l£*«n MftOI l»ULt Hi I ttO^O I* hOLL fQT» «W 
0<e CtJ'ifr.^i <a^'r t^no ,CLCT|0| lOU*^l|on ItlSl l/l IC0*5 a lUUDf 
6 iCUTUTAfU^ <*»£ tHMt Of«t lAClCf* «rtU*>t« »E3 I* YCU «|h1 to CULLECT Dft tH 
E FIRSmil fM II TIM IT lcLt.10 U A IClMfr ICLCTH KA« A | I'.Afl Y|| |C 
W Yll KO* Hi fllll II ICLCHO U * t ICOH ft| *\\)\\ KCC1U ILAKfipH 1A 
yi icuiu ICA" YI IClCHII Hit mm YI Mt\P«D lAPftii <QAP4>4 1| I CA^DR All 
I ILI5I IC*!>* IMIIII (CLCIIll iLAMnciA <A t u li iPPjo iy n\ Kutto niitM. 
t Yi MtWi 4CLCU1U J illi ilMiLL *| I COflHi I IA)^l t> IflEluBft Y|| <T ( 

Bfi^an icofis *c*n t) OWI> *c*0*( yi iCkCrui Ml icoo^ yi j ■mmhi ma 

NO iMOf lAttX KA4 J||| fhULL IC0OA« £|>| (Gu All MAftp »hOY lAf.JT ic*.V 
»M» l*(ULL ICPIIAO Till 100 iMl I IfWH IFCOO£ tCA* Y| 0| | ECOQ£ IC*i? l\ 
«>M l«crbni« iCLCtlll a K01S «CaA V) ICWS l£PL& iCAOft f I U| ICTOft MM 

u <r«5fl zmii it i»fftn«tii icuih* ironi iru /I n » o ifpn luill 4 is*? 

W V ICAH £11 irOHO IIAHO l«l>f IftllH ICAH f|h ffttfLL (C^DAV Till l&C?P * 
If*" Yl|| |1 (Sff^ ft | L JS1 | C A0 T | , CAfl mill <OJ O n l^flJ ** *CA* til 
1Q7NO MASP IftUl lATO 1 * KAK ||>t (KjlL I CPOAV Mi I S r tU V ICAH j))| (I 

tifiO ■ IL16I KA* v| ICAE VMill k.0 f i r iiri* v mr.CP icaA vi ir^ 

Yi KJti ri iCAO» RIM IbETj ir (C4I* <J> ICW4L iil« 1HUIL fC4DR VII I HULL 
V>| I GO EM UHUtL I CAR V| I l&* ?u nft^r ■ i^Lt < Cm r V||i *ac»J A tC** 
V ICAAH V| Aim iftOltp I l*4Ul InuLL IO0AR VIII liclj M iCOha I CAOAR VI A 
M|l D (COtD mO' (SjLL (CAD" Ol" i^£T*j t ICONS K*D* Wi ICO^i lfP,i ( 
CAOI? VI Ul ICPC« Y||| Ml ICOHO MftVLt IC'COR VII I GO Oil! IClrfKi I IHQf |A| 
JLt ICAALXIA? Vni litlj v |.:okj> tCAAOOd VI K0f*% <* YiMH I CO'JO I I MOT l*g 

ll (CAcACf i am v fifrfl y koms itadadi* *cna vu k^ a titiu <t w 

r TVR«J <CLfI11t A Y U ICOR Oil r li'lii A irOfla ITA* £i Xir (ro Ml|l ICC 
tTJUi ILAVDOA CU Zl irOH& MnUiA /» 1ILI it iCUnS l{AM 1} ICQHt. *j ICLCF 
Mil U ICO« ilMIMM ICLCMOI IlA-y>&A IV M i»*PG Ml KUtU I'EuUAL V I 

v-totr atasii iao a>i i it:,.uL v ivUjt* rEaii uHiLtfn vim UftAtus ii>jorc h 

fc'LPlI A C0EFU1I iLI&r ILIil i j jjoI* CtClV>rtOtt| i«OUt< aim iu*JOtE ^¥0*1 
I IrferVHft mil ICLCV4 rLAuBQA ti »i tC-^O UM m iLlcf i£A* Al |KL|| 



naz 



II dPPFWi I£LCT<?1 (Cn*« *l ICA* V I J ICLCT* ,c C *l * T «* fltlMII tCCCl 

■u , LA hh i n »cOfco n*w.t- ■ * Ha* *•*«» ** ni l * 10 ' 1 ICia °° *' " L * 

tBQA* nil ICQ** <rO«D UlttUL <CA** «■ I CAP A* AC tE*RD ICAf* 'I ■<*;* 
* ICAA* Kill* 1 T <«.!" KJOCir bi»»i I0U5TE *t*l I MAR *> ICA0A« M l|"J 

,f ."■;« t: 'Tff-ll * IC*»- Kill ICLCT11 ICIXP >» 'HIIII ICUT4 IL**MA IJ 
VI ICUNP tiriUU. ICIW T If *«L> UEOtflL KA*fl »> lOWrE PlTiJI CC0H1 ILI*1 
ItCODt IC#L*«» f- Ai K«V**« *l KH« *»» VI *CLCI* ICDH *l CCOCO I C*« *l 

'I .X /'h-UI? laU«7 ((Mil CAD* O ll-TOL JCgf*"" 

»C^ r| V. 1CLCT4 ICIW Y> lOTM tCAP ■*■ tfllll II K«4 LJ5T l|«K A 

Yl Q> 1 ICO* *l V| (CUT- ICG* Tl ICO-HS IC*« VI M|M-IH ltLCT**l "•*"?* 
M it M u f VI ICI^O U1ULL ICL* VI l MtL| MAAB IB>€»EM> ICAA VI iGWTE 
*|MI lEJUAL IMA* ut tWOlt ^Hl l«Uf lU£»£"t- KAr»A* VI IsJUDtt M->M> 

iwm lb 4i istu i iaci*n kapha* oin 'c*mi» nwn. si i«io u iove* 

Hi* I Hit ,CAA u», 1QUU |« ITHE UP0WI1 u> 1-1 S rACTC* CA* **1 6£ HANDl 
f& i?£fuafc ffi |f tOO tfl»H >0 :_*»|*OE tfUMWT COLLECT 1*0 HMHH I COW 
tiruJAL U LOUDTE **$!> iMElvM ,CLCT*J ICOhS ICA« Wl H H 1 ICOT V) t v< 
,U »iCT b o <Ht**Z "APf* » ICO" «llll <*0*D MAJOf l««CP 51* i«H? O Jaw 
nir <lUi <WOTI *l>» I**>1C M-l Ml^OS 5J HILI IOUOTE *!•) Dtlll <«ETU 

4 VII lCt>Ct*| iCO.*i ICA* VI PI B * 4CDK VI V V|MM llHtir I0£^K0 iCA^ U 

I (ouoir »i«iii *c^«^ *n*l iECOoe <ci>V urwAL ICAAB 111 IOUOIE hVBil I 

fftrift* UM (T ICA^ tf-ltl 01 ICOHO IfCUUAL I CAA^ J| lULOtf P« 1 1 CCAK>a« U» 

i tr in y icon^ iliai <*voi= su*i i*j4«re »j*i a h <%ufiii iowic 'j;> io 

JUIE »l*l IWaPSIi tA^HO V < CUR till I* rtlLI VI* iLLCf*! ICCAJ^ ICArf U| Pi J 

• LA^e^A (XI KOHO KI-4LL Kpfi An ftlLI H tCiHi ICQRI * J ^Crfc IC 

utl% ICA^ tt» |L|aT ^iliM ICLCM iCOR Xll|>ll> KH^ tLA«BOA ui | C oN0 
IIEOUAL 'CAR II iCUrtTE PAOH I COR AM |T IClSf * ItlLI I H I II 



ro 



QErHEM 

(OUOTEIDElSLBSTI EM* ftfflOELME£j| 

iLlSHiUUie 'JPVhCAP* QLOOLL} HflUOtE DOLUtBiftlLl 

IfciOTf ILIsriClUCTt OMltOu* (*PUrtil0L *r»et*MLii 

IDUDTEIDEL OOLLAI niU^fLin 

M 



nrrtfcr 

UIDIFF ILAIBPUT JUMFFJ l*RJ» V| »|l) 
»Dl*F2 ILA*E0A| T * i i(<Jti f j* i«Ot I 
MRFfcfl V Ml 01 MMW *l ■«'*[> H1U4U * V* U M IHII I1W01 iflULC IGET 
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latt*J WlteMll MiLEOFLtl* ItlUiflE U«»ri IWDTE LI.Hj 

Iff&Tufl* U.MJMMtCKr.UH^ m - At IfftDfi »^» Dt^U" ^>;' f '^" J° 
uQfl «1«l LflUDTi EHt*Oll IOiqt( NCOueil (OEFLI51 lU&l IL1*1 - - 

ILAi! tm» uill IRETUV* IfcritM ICM U| J > I I *"tlUR» UllMn IWOTE Wi|WM 

niic*un«iaiwLtF>i7i«iiiiaaiMittii v » ■*« ■ * 

CLlSr S I1MW11 l*€f r 4*4TE IWAI3 ■ »M1 "«« -0**1111 MWU5 »U 
»W* It «l IIM.W 1 1 WIMP ICWH* *H K ••**■ I V ""*! 

cami* vim item* y <ri^*r& iipa*4i icao* vi *t «aw* vim it itmim 

E NHM aur IOJ0TE EQKI 'I LIU <CAP* N « "i ITHWMII ICAO** *l a HJ 

Nt LM tl iTRlftlU * X nn|l> 
iTRIUm 1LAh P B* U A S> If HIM LI ITBIWJ * * Hi NUt 

f « 1 1. ■ 1 I • UlluM »» <Llit I4»t>iilf AT«*i i UIaI ICOAO M 

titii 1 fll ll I" ML II II lit* it«»L V *l WIXICMILUI fltlli 

I if Ij^LECI KAtt VI tiyUult fKf>| IlUI iwKilE PfliH 

cmui icmr n * iplus* iiM itiwii icadue r. unn <t***Ji kado 
I -, I (PLUS A IrftftM ITAMAI CCADfl t] Mill ICADCDA Till (NUD1C "** » * 
iim i vjvir i* 1 **! i lur.tn icad* *i * 

intFfritEflCE H |flHEAL5Uftll'CADim m i I TRH4A1 IC*0" tibmI 

, ■ , .t«fiiC«llWKll1l*l^ii. * * HIIIM1 Nl .„.,., . 

t ICW K*A »■ «-* Pl - ICIM "» IHJIKM*MI iLAf*l>d* n*i tTSHOI 

t Nintntnt trwn«:?A a*hUO* <y * it I i**e» iu v i v & h* 

tCOH^I IWOLLlCcntL*:*! OlM«U^U^W» * « Mill 

!2H "ffliffiiT'iKi* i iw f.u «« - i cam. fii »s»««!H 

Til A lift* »* IC0« ltl"PJ liWil L t ItOPV OH f.U II 111 ICO-*0 MW ICP1 
<- i r,| *WT^ L i*l llCTWi < «P «ClS i a ;«P? 04<FLi VI KU Oil ll> I«f0 
y (COU ISUU1 I I ll»IOL ^1 vit <Sf10 L IADP1 Hi iGOAllil 1 1*"*" <W 

u^AL ll (OUOir f-PH IETJW VII ai CT (L|*l b » V £IJJ" J™*K" iLAWBOA 

It U V ll ICC1D UKUWL iCOB VII I tCNli I IEQ»*L U lOtlSTE PLSII iHftPLSZIJ 

I iJuSp (Till KOCKW> (CAfl Vi f| IfMHTl I JT -C*fl v. U IfrNKTl 

* j .ai" Vi ^i ai*i >m n «'»t*fi ■ u <co«v ) i C w& 

;^:^;t:/ , ;:; r ::,;:;; l -i ,,^., , ummcump -m,at^ v.ti 

^Slt'vT^OUQfE PU>1| 1EUU*L «CA^ »l lUlAiTE PKOM) U«i»L • IC*> »» < C 
■34 VI (LIST HID It *r rt^f-L V iiiMClt~H iL^iyOA lt*l llRh^T U ^Jl'tJliy- 

mi rSSi vt ai MHvpt kapo*» vi i>m iimiofe p^i n«Hte» v *n imuoy 

r-kKftJ iHroi VI Xm ITWHEM r .Mil i T*«t»l /LMM l V A JlrtO ilWRL 

irtiW V*l HILT IIFWIWV4P llftHKAl ICAB VI Ml fi «l ilUhi-iftl lfl*T1 tm 
^MTIW "^PA <V J) ICOW UIWWII ICOH V. *. itRr,< 9 4 V UMsq 1 
k!|| ll ITHKM I 011)11 M«WflV ILAHiiDA tV A| ICC^I> UOR l***P i£0«L C 
«D« »l Al tfOUAt KAODII *l *aool€ JDFIII ll>£P£hO ICAOO" »| *« IDEPE'iO tC 



J2* 



AOi>0» -I in i?QsKfl«i itQftSrfrOIE ^cHcxriw Yniiah^ ■ "mi 

IT ITfirtCfc* UTMfttl fftioi tJ aim 

ll> nwOFF ftANS^tx Hi <cOht> IIHULl ICDHP VII NIL I IT <C04S ICA* Tj ItVO 

FF ICpn Mllllil <!*«<«;* <LAMfl&* 11 xi ICQUO n*f>8FP 1 |TwO»f t.j I IfliK 

flfc lC0**5*fjOlr AStiD*V)lCP* tn 

1 18 ^*^ * *IH I' H*^M * + l»*H*«l IhTOC M AIMlJl l!P*t»9 ILAHIUJ 
* II 11 1CU££M&* iLi&l VI l*F*»f.f*p UOt>1C l*H*r |> Th£ LC¥faT l>D*ER £f || 

(cws * icons lowjir >m ujst nil imi iiftiKflft uavboa <v m iF>ur0 r ( 

Lt*T Hill lPul*» IIAUAPA it Xi ICOhfi ItftULL *CIW Vi| IL1ST 
"H IT <CCftS <<Aft Y| iPUl? (CDR VI Xiumi iTftMfki UAUOOA. 
'V "I <CCftO <iAf*D <C* »CJJ*L irAQCD* Ti IUk>JI£ |W|| I'.niuHBrffB UAGDOtf 
VJH IAHMRjERp 1 ICA&&A Till lp*0t (Ui fOCTO (/ IFP&EIQ tr^n l)|W2 <COF-V < 

Tfln<«ji mrow ti x <cadr 'hi Wl 01 in icoho » iwxl ji ii[i? aiv 

IWttm T X ICAM riHlM l^fTfi u IHCP icm t>i I > ItQflO i I MM fJlj&TDE 
PFHD U lt«M V|l H«m#» J <CftD» VIII Iftf lUltfill ^|r.^|l ***** 34 i ICO^OJHP 
2 lCC*f ISUB&I K*PP* VI ICAD& V| v>l *)lL DIM >jiim 

■•Flu** iran*** v i tam«« * Mint n tmmn v itkkam? t am 

III! fGETL |L*«BC* IV "| ICWD It HULL *l *|L> <*Fai>AL «A*a n Ai itT/*K 
t|l H IGEIL ICDR VI Unit ItftftKBl ILA^dtt* IT J} iCOfO HEOVA.L t «• ii 
litre* YiannyLL<CA*lL*SI ViMOlH«C*rtlLi^l M>M>liHM6)| ( u^Ai 

t * n icd*d iimjt icE?ti4 v n iok i hoti£i£0*n>ihi^ ti i nnancei iTtnci v 
ai kii it lafLt^- ka> ti iojcie p^o> ilim iouoic plm iwtiwji had* 

VI * n llOMm iCABOfl V> ■ it *)TLi> MGuOU FlSi iLfal i-l'[;T- *j , . . n 
an*,*M ICAU* ti I Ii |TR^*9J1 iCAUD* v| « 1) HILI> a«uOTt i -fi I KH**D M 
A^^iM^TfOEPCHCXM&PKJLpM (H|||.^ IC€P£I«D I i*pr* V| ^|| IlIST IQuOTf P 
*0J i|ti^.o«! <C40" '1 % 1> (C*OI» TI MUI IT IT4M.41]] i H MM I KOUQT 
E IUHI 01 4 TSf4V.it* t 1 V J DIIMi I Tflftufl iLAHp^A »t n iC0«4l> IlA'liV VI VI 
OfOML f *t M f (HOT IMPEND T Mitt rilNiUt V NJLDMEUML IC*» T| lOULMfc 

m^>i m4^ha * in ir irnfif.92 icons »c*» vi i*mpl <C&ff »i |fu»»CT|0N <l 

iMtfriA lu> Cr^NtlA 1/ HUM A I I I I i 
(IttNftfllll fUNftOi 

IV I ii iCtJZ*MQH ILI*I 11 UPP«hD IMJH !»EtKi*( ThE LOwEil PO^tr- 
*JF|l ICOT15 ^ lAPPCnQ I0UDU IA1 A TUftCTlO* Uf| I (LTiT llMMII iJUtiftt*-t 
<*P iLAVDO^ IT Xl iCOJlO Uvft IttHUMBeUP Ti IEUUIL A T>> 1> MAl^H Ti K|Ll 
IT I^ULL OTRi^f <L*ST M iruncilON ILANBUA iui »t^AL U MlHlflil U*l 
CF«P CL«i«9DA IV Xi ICOHO ME<|OAL v ■! T| Mftt>1 I UEPFhO t K>| h| L > <l**tt« 
Ft ICiff T> IQUOTE <PL^*4|f*MI I C**3 IWA^L ICW M IFUA^T|0« <LAWDA <Ut 

icav MOFPfnn xj «> mcr*p u kd <t nimu m-r^cn icap vt 'ouoie ip 

H3 PABIII IFAMO fHAPL ICW Ti IFOtlCriOH ILAH0OA IUI IC0M3 I iDEPf «W j i| 

I tHt'HP U III IT IPLSFftF tl 1 1 111 l>| |f HJLM>I lPL£fnO iLfirtflm |*| | AW | 

WMfl-Jlf* tt *»«Jt IPMlNt/SF Ttntl IftiP ILAPW4 I Y | KOHO 1 • WJVL I COW Ml 

H MCM T| if*Kn ICOO TIM *T 4|L>MHi 

WFlNEti 

<1»V.«AHL*»B&*I* uliCOtkO 

I'AfJULKW * I MUlMLj&tlCASfl T>uil| 

t HCUfvSlCAfV VwIffffi«41<C0^ T|U|,| f|| 

T'Sr4»Jll*LA«fT[>*iT MtlCOHD 

iinytLlCDs Tititr&Ticc^ mica» >mi> 

<TIC0haiCAft TMfqn«?llifua nin| Ml 

*HftCLEAHF<LAW^Oti X | | ZQ*0 

(IATDA1 mi 

UWLUCD* AltlLlST MfLU 

ITK0A1SI^CL€AHP|£AP M|IC*UCLEAh^|CO*l IIIMII| 

11 

Ot'l^ECl 

Ht^Ht?«tLA«!itA<T H XilOUESTIotituS' »» 

lA^PEnDIOuOTEtUHAT i% TME LXFA<iSlQ«4 Of # 1 1 l |if 

vicoort itixtouorc rcnauoie *Qxt*tH>rti t 
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101c* L|i*> 

KiT-rnm?? uAftniA n * xi ipac* hil 

<flLfWRiTE I0UGTE USP'Ri IQU2TE L|5P> I'^W V H in 
IPRIftl 0UUA«n{PRIHli t>JL'lt I ApW>*d£ M MRiTLRft fttL I I 

ii ma(o *l*kip* i r • i-i*hu i imll icdh tti n iic*** ti ic*ho *ccj*4 mi t 

r niDui HBftMH iL**\m* IT H H ICOMO MEOVAL KAft ti IOU0TE E£Hl I IL( 
*t ICAR *| "Hfrti; ItAuR ** ft A| i'-'HU ICADOU tl ft A) H1LM IT tMi.PL* 
M^M/l ltP-H*V T * Ml: ft XllMIl ITHHMA) I LA" ft DA (t U H «t 

(TftftKt lRFYE*&E ITRNCIO <«EVE«LE (WM T U « 

tftlftDS 5MIHIH I1PM6? ILi-HHIM 1A tl I TOftl) M HULL X) IL|£T HlLlI tl 
■ lE/fJifl** IC** All lt*£ft&P ICA* TIM URftKftZ ICOR H I CM V|i) il I COfti 
ICP3Q iCAtt At (CAR Vll iTflM*) 1CDR *> ICO* TiMiHl ITM*4l M-AMOP* "» 
V U flt ICOJig H&M*tfAP H IL€*CPft UM VI It I TtthC^l I COft* I C*>*"0 V IftttPLS 

iTRftfct} H UM | *i V U <Aua>1 ftl.HH UKftfcft iLAftpOA H> l»N06 IU VI ICON 
D <lftULL X) *H(W»ift (QUCSlitM RlL iOUOTt ItUVlSlLrt 3T Z£ftO*IIM1 lit TO 'J 

inrvcfl&t ii* ist'o v lepvo i icar um* ire rim <iph**i ivisi vi ieheg * 

I iCCfr Ul HUH 1GETL ILAftBOA If Al I CflftO MHULL T| MIL) t (EQUAL iCAAR 
Ti A| iC.JAt til 11 IfiEtL iCD» TI Xll|l> tTftfifc* <LArt&DA tX TI KOftD MOM 
IHULL *l irWLL >M HILI It (REVERSE ITRH02H ITRMH OUI1 HtftUlw Ti* 
iRfVER&E AM YlUDl I 1HHHZ27 ILAMerM I* Ti KOhO HRClT l£££ftbP icAff AI 
M IL1ST IH*PL5 I iRHXa A T)l|l II ICOT^ IMKPL* I IflftAJ X VI* llRftAi?V7 K 
DP II TilMM lU^r ILAHtfUA iTI ICDUO U'lLLL ICCOR Til ML* IT ItORS K 
AM »| llwflrr ICDI rtnmi ifftftM ilAW&Ita \t 1\ ICOAD **RULL Ai *i I IMA. 
L t| AI IT ICON* *£PLS »CA* X* ICA» Til ItHftM ICuR II ICBR TiliMH < T« 
HAM <LAyfiOA IH XI ICOHU lilFROP Ml XI liftlftUSP HI ftlLi IT ICCKS I TAht 
^1 I5U0I ftl XIDIH URftO ILA^6DA H T| <eOHO MOM I HULL A) tftULL Y|i I 
LIS* ftJLlv MO* U£E*0? ICA" HI ltit*W "Afl >>ii Iffif**^ itU^ A* i COfi T 
III It ICOft* IEPEO ICAR XI ICAI* T| I l tAAO lCt*H II KCft Tlllllll IS»P*W 
H.A*ttt?4 M fc H it (COftP I lOHtP iLCA&ln Xl |Af3l R|) * ;*P*«i A iTALf A I* 
DD1 11*1 lTAt£ iREVfRSf A» iPlOS ILE^UT** M inim^ I AOOl RUM IPLUJ IADO 
I All t*|AUS CLEftOTH IHI B Sll IT liR^SiHl ft I fA*t A lAaul fill R iltlll I 
$R 3 «H1 ILA^BOA IP H 5 v i; AI KOftO lUCAQP hi M iiOR ILiiP iPLOi P tHI 
ftt»S ITJWES IA0D1 *i viM Hi*** S2 iPLUi ft !H|ftU\ MUM RllHI IftOI iLij 
P 4 Mill f$AP*RU P H R V U AM It IEPL& laAP««C|l *= M « tf iJ A I l!iK0tfMl 

P H UDD1 Ri V i? AI IMM l&ftPM*J i LAMBDA {ft X T ^ H 51 I PROG * > L' ** 
Pi iSffO J ISUBt ITIN£S S2 Sill A IfrEtQ J IADP1 Jl > (COND M&*n> j f*j IU 
EfwW Jin IJfTO u iCOHAOUii i if la ft ivjoJ ICCIW HHlftUiPJI 4C0ftD Ml 
EDUP i4£hAiha€H J S?l* iQtJOTIEfti J 52 II II (AUDI IGfUQMEftt J tj I M M It 
OHil B I5€ta M IA001 »a»* tCO^D MQPtP ft lOJOfJENf iPLui ItfPES il *\ 1M 
flWS J 1 1 tPLOi 0,1ft Mill IfiO Pill liftO P IADD1 IHlH i«!ftJ& (T|t*ES H 
£JM i^L^i IftlhUS J) 1flr(£5 51 IPL^S * IN|HJS ftiHMU C ISETC ? ISUB1 P 
il (COHO (Id IL55P P HI ILII** P (MlfaJi J I > I 1 00 0>l* I iC IiJ U I CGltt I IPL 
& ICAI U> IEPRD Itf^l P * I1AA 4PLUS P Itlftii » AUDI 12 1 «MI »V 1 *l 

!5«PnRi IPLUS J Pi iPf^lS S IHIAAJS ft*l IRAI iPLub J P i"tftU^ lT|ftES <P 
LU5 M -II IPLU& & itM.US "ilini *1 HI* i COR UU I <TjD C* D I^ETO \t I 
CO*£ I EPRO I'TLEaP 51 ICAR On ICT3R lill i 1^0 Aim l&RP«Rl iLArlRDA CM A 

it a i i pnos ip Lf oi cictg ft oi ft teenp <ift*Tp n fti iseri/^n uni i&eto o i 

COftS IEPRD 1TLCAP il i^PPAfii ft 5 IftAX IPLOS ft IftlftUS <T]HE& I5UB1 4j 
fill I J R W AM Ul> I5ET0 H IXCOl NH I GO BlH) (5VPWR11 tLAN&PA |P ft H V 
«2 AI ICOftO I < HULL I COR AH I EOVd I^P"* ( CA* *l r*l IPfLliP fit I j IT l£PfiO 
lEDVD ICPUR (CAR A) ff| (PiLEAP *>| i^u*; «PlO& P ("IftuS iTIMES * VIM 
IPLO& ft .m[*il'£ RM IftAX U IPLU: P IftlftUS lTlto£$ i ft 1 1 tT|NE£ ft i PVU5 i 
H]rj_'\ .mmi IAUR1 VI *2 ICDA fclilltll t TAtt ( LA*OpA II HI I COHO '. n-. 
P Hi HILI I IftL'LL X| KOftS I TAlf H1L (SOfil N)lli IT iCOfti <CAfl I> ITA^E 
IC0R X> tSWl ft)lnll* (I#tft>:i0 ILAM0PR *X> ICOftO Mt/tPOP *C*R ">l itPH 
k|U ICC*T A>|l 11 X|*|| ITRftKl3 ILAM5QA IV ft A| iPROti IU V Rl iSEtO P B I 
iSElb U INAP TM A iSETO V ICOftS IEOV0 IfRftLUl U At iFfLEAP Bll ^n KO 
ftt' IIEGUAL R HI iSflyCft V| II <*E1C « lAl?01 Rll I At TO U tft«P lOlTPJ U All 
I ICO Mill ((Rfttilll ILAMtiOA IV Ai icCftD MHOf «DEPEft0 V III (COPT V|| I 
IfOUAL * AI 01 OfOUAL 1C*A Vl lOUOTf ORV n <LI5T (QUOTE EVL* ■ G fCO*^ 
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M MliI II i COW* <C*« 'I »***l 'CLi* *> i fui. (iu" M nitfw* <U| liaf#r 111 L 

I|H)MIM iUhi/I il*"ji * u n *i t\*'*B i I^DU M ILI3I "h >l II I Cull 

t\ |fcRM ft Ml | |raJ*U2l iCtff Tl I5UB1 11 AM MM9 ILA 

"fi3Aiv a Ji KiMO 

MOfl(tii» * tuiiurAn*<u. ( i m mkuhcii i'oualica*i rnouOl* aICM 

tl HO«|J ilur'^*' n;A!>* VII MLI M Mh'^Afrl 1 T<W.9l '> <LI*r KAftti * 1 1 J I 
]| H (TrtHCtl iMufcQ] f| 1HSI mill II is*LfcCT ICAft VI 
M'4u-wl- A-P«[rttf llTKHKH VICOHSIO DTE WVKCE* *iMl«H«i«| n<lt 
I IflOblr AlKHGldRltf^lCmfilG »T ;"ji'COW YHOWK9I 'MM 
I |OU0K *LSl lT=*t*l 

<IKMM «C40> *l * /| (latflii. ICAPV ti ^ £ii) MClUDW **I*Q| I TRAM II 

UHC) (ilAttf* V> > il |1AH**J ttOOV VI * till HsluOU P-^ I ICSNI llGHTF 111 

Mtb (CAtjF* T> ItlrflfcUf IC*Ufl fill I IWHK^I Ml HlLl MeNHua* IC**>W*» til * 

-ni(r^ HAUL*? iCAOfi *» * £i IfAHnqj IC*C*f 'H i TrJiao] Vi iCAMrR *' tPLUS 

lUH'Ui niT|NKS ?l«| lUa ICaDD* V|> < TffNO? KAP* *M > M > I <I I "(VCfrit I 

rftft*io ififvrasr i ^nt*««n <t»n«;q icaw vi * n hcwm 'W to <iftf«"i *i 

IOlDO* *>h?U>I M4U\jt£ 1**5) liqUKcii (jur*< iJtliiL f* t /I I IWP t>| I 
lliJOU TlUVl I IdHCOl M»*4C I'lllt »> * £| IT*G#* Tl)| I IfllAMf UOHl iMfci 
K91 ISUfM MffHOl r>i K|sr 1»l| I IIUOTE **tfi I TO»W f ICSftD ElJlOT *»•*» 
*.*:* rn iaTQhoFf iiP<»i*u UtfiCF yj HIM M4Ht96 INTOl tl Xi MUMi IT 
l*TD*OFF * fe I f llB*lK*l *l Nil iTHftK*^ I ItOftt ItKOI M«M,0* Vi I |T-*i»'t ' 

KM l! lATCH&Ft- V ) 1 1 |TflNM>1 *i XIMIM 1*10*0** <LA«B0A l*> ICW MAT 
jh ir f| U EQUAL KM Vl IQMHE ATCHH iCADt t|| II ICO^ K*H V| |HAPL 
<CD« VI IFUHttlOtt UC^iriDMIi MH*X9| UAKHflA IT) IfAf* CLA^T 1| 

* IHLiLl ICAOVILAH* Vl)lO| 
< n;*EJ«ILAST MM II 

1 

(TftlK'H ILAH&DA tr m iC F -*T*D f I HULL »l h|Ll tir/fHOP ITAfi Vll <C0HS |T 
ii i <C0ft VI AIM II ICDH* IApPCUP K (Llftl UA* Vi rtlLM I1RM4J ICOR V 
> KHIMI lT*tM«94lLAMe^l«llcd^ 
H0*UT0* XI 
<*H*LLIL*D' »>l 

M.JLLi. .^'.* t*^l II 

»> It^UAL UA» II iQltftE AM OHM I I* <4«lHWa(» iCAuAlLA»T Xli 

J H1LI II ItAliD lAAPt A I^Of*Cl|Cf4 IfiMv HI IIHW^O 

it-AHEOA tl u H *i tCOnp II ui IT iTHHMi U .'* N i i > I » tms<9& I LAUtjDA IV t 

* 1CDH& ICA« VI ITflhWl ICM V| H AIMI mi»A*61 iLAHftflA I* 1 *l ICOHO 
MMULb KOfi HI »l IT IC&HS IHKPLS (TNMKltl I'W KA* *i A Ii « •»» ir 

m«M «ti>ff H »* ah 

DEFlftEil 

^«fi<?MLAW&OAI^ H AMC^OlfitVe* 1 - ii I '*ILI5l F AlO«f( Tl I 

iA^oc^nioui>iFi«HAT ia tmf sct oi cn^«icirr*iA it* M* tA^ANAiCi ormtisr 

lATRNClFF TIICUCIC |NlA4GU0lT TOHUUOTtE ^Ctf£M IHi M M I M I 
M 

DEFTHFtl 

igu^5TICt)tiLArirtDAM Vn»1«0Gtai 

'F|t_E**M*i^* r *IC LrSeimiOApTE LlaftlQUDTE £M 
IFILEAPHDIQUDTE LT^PTRMQuOlE L "A^ULl&l iOUOlt dlKti) AIL 
tLlftllQUDlr PtLllMlTEiraUDTEIQUbTI U '^1* I HOOOTEIOUOIt ^l^'tM 
aiS'lOUOTF guFSriONKLI^ridtXIfr OUOIEI*I iLt^MO^I' ouoteitmi 
<0UO»tl*'Al*l PCLLAf«>l 

»OKifFipa]f#?iflto't<iesnfiPti»i i i> 
irucA»v*DiQLOrr Lispffti touoff lI^mtjOTc cai<ii> 

tfli.€*?*iXHOVQ*f L15PTOMOJ<»IF L I3»l 'QUOlfl Hflt 5UMf WOjIHh 
4CHAr^lOUOTE4 
^AVF 000? Tl 
iiftiU»ftf LtiPti L1S»t«i 
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<FIL£&££M01UTE Lla*TRi (GuOT£ ^HLftfcM 

if UEfKOflOlGuOlE L|MH*)l<lUQ1t *EIb»>p> 

iftfTLMtH Ul 1*1 
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COMPILE 14 

EMiD T*W*12 fSrtt&l 1*»H*;G? tKf|«M 1H4K6 OEU Iflntb 
t»NC£J2J !¥«* IHM) M<tacf| f*N*3 <*Pb" 5HPVM *flP*«<J 
*flPaft^ bftPuftM U« r*W«|0 TBHM9 **H*lil T»«1J1 Wiftfl 

atomopf T*r*44i i*»*c*j ra«K9> i*r*9* Tfl«9l TRN*9b tftfuefriit 
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